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PREFACE 


This book has been written in accordance with the syllabus 
of Higher Secondary Course of the Board of Secondary Educa- 
tion, West Bengal. 

Regarding the *subject-inatter wo have tried to make the 
exposition clear and concise, without going into unnecessary 
details. A good number of typical examples have been worked 
out by way of illustrations and examples for exorcise have been 
selected very carefully. 

Important formulje fi^ve been given for ready reference. A 
few questions of the recent years have been given at the end tc 
give the students an idea of the standard of examination. 

It is hoped that the book will meefrthe requirements of those 
for whom it is intended and we shall deem our labour amplj 
rewarded if the students find the book useful to them. 

Corrections of misprints and* suggestions for improvemeni 
will be thankfully received. 


B. C. Das. 

B. N. Mukherje 



by Profs. B. G. Das & B. N. Mukherjee 

$ ^ 

(1) H. S. Trigonometry, ( 2 ) H. S. Algebra & 

(3) H. S. Plane, Solid * Go-ordina,te 

Geometry \sith Mensuration. 

These books, written by authors who need 
no introduction to the teachers and the students of 
Mathematics, have removed the long-felt want for 
authoritative comprehensiv'^e text-books on Higher 
Secondary Elective Mathematics. 

Besides claiming masterly treatment of the 
subjects and containing copious exercises 
capable of stimulating the interest and self-effort 
of young learners, these books eliminate Ihe 
unnecessary trouble required for working out 
references, as in the case of other books in the 
field, written according to class-wise syllabi. 

These books have the additional advantage 
that they present the different subjects in their 
entirety, thereby enabl^ig the young learners to 
readily grasp the subjects without the risk of 
losing sight of any part of it, as is so often the 
case with books hitherto used Ify them. 


U. N. DHUR & SONS PRIVATE LTD. 
15, Bankim Chatterjee Street, Cal. 12. 


Higher Secondary 
Elective Mathematics : Paper II 

PEANE GEOMETRY 

(Syllabus for Class IX) 


To prove 

111 an obtnso-anglocl tciai^le, tho sq[uaro on tho sido suiitonding tho 
obtiiso angle is equal to the suii of the squares on the sides containing tho 
obtuse angle, together with'" twice tho rectangle containecl liy one of those 
sides and the projeclion of the other sido upon it. [ Theorviii 1 Pages 4-5 ] 

In every triangle the square on tho sido subtending an aeuto angle is 
equal to the sum of the squares on the sides containing that angle, diminished 
by twice tho rectangle contained by one of these sides and tho projection 
af the other sido upon it. [ Theovem. li Images 5-(l ] 

If a straight lino is drawn parallel th one sid^ of a triangle, tho other 
two sides are divided proportionally, and tho couvorsi*. [ Theorem 3 Page 17 ] 

If two triangles are equiangular their corresponding sides are 
proportional, and tho converse. • [ Theorems o and 6 Pages 53-21 ] 

If two triangles have one angle of tho ono equal to ono angle of tho 
other, and the sides about thosg equal angles proportional, tho triangles are 
similar. [ Theorem 7 Page 23 ] 

The internal bisector of an angle of a triangle divides tho opposite side 
internally in tho ratio of tho sides containing the angle, and likewise tho 
external bisector externally. [ Theorem, S and its converse Pages 33-36 ] 

If a perpendicular is di;awn from the right angle of a right-angled 
triangle to the h>potenuse, the triangles on each of the pgrpondioular 
are similar to the whole triangle and to ono another. [ Theorem 9 Page 37] 

The ratio of tho areas of similar triangles is equal to the ratio of tho 
squaios on the corresponding sides. [ Theorem 10 Pages 38 39 ] 

( Chapters I— II, Pages 3—i8 ) 
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PLAICE GEOMETRY 

( Course for Class IX ) 

Chapter I 

ORTHOGONAL PROJECTiDN 

1*1. Orthogonal Projection. 

The foot of the perpendicular drawn from a given external 
point upon a given straight line is called the orthogonal 
projection of the given point upon the given straight line. 

In the adjoining figure^ P is a point 
outside the straight line and Fp is P 

the perpendicular drawn from the point • 

P upon the straight lino XY. Then p 
the foot of the perpendicular Pp on XY 
is the Ortliogonal Projection of P on. 

A'y. 

If from the extremities of a given 

line, straight or curved perpendiculars 

are drawn to a given straight lind of X ^ Y 

indefinite length, the portion of tlie 

straight line intercepted between the feet of the perpendiculars 
is called tlie ortliogonal projection of the given line upon the 
given straight line. 


Q 



Fig. 1 Fig. 2 

In Figs. 1-3 the portion pq of the straight line XY intercepted 
between the feet of perpendiculars Pp and Qq drawn from the 
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extremities P and Q of the straight line ^PQ on XY is the 
Orthogonal Projection of the straight line PQ on XY, In Pig. 2, 
the point P is on fhe line XY. Hence, p, the foot of the 


Q 



P ‘ 

Fig. 3 Fig. 4: 


perpendicular P 2 ^ coincides with the point P of the straight line 
PQ, In Fig. 4, tlie straiglit line is the Orthogonal Projec- 
tion of tlie curved line PQ on the straight line XY, 

Theorem 1 

In an obtuse- anqled triangle the sqnurc on the side snhtendina 
the obtuse angle is equal to {he sum of the squares on the sides 
containinff the obtuse angle together with twice the rectangle 
contained by one of those sides and the projection of the other 

upon it. * 


A 




ORTHOGONAL PROJECTION 


Let ABC be a A in which the A.AGB is'obtuse ; and from A 
let AD be drawn perpendicular to BG prfduced, so that CD is 
‘the projection of the side CA on BG. 

It is reqd. to prove that AB"^ = BG^ +04^^+ 2BC.GD, 

Proof. Because the ZD is a rt. angh 

AB^ = AD^^-f BD^ . [ Theorem of Pythagoras ] 

= 4D"4-(CD4-BC)" 

= 4D" + + BG^^ + 2BG . CD 

= 4C" + BC® + 2PC.CD. [•-• ZD = art. angle] 

•Theorem 2 

In any triamile square on the side subtffndinq an acute 
angle is equal to the sum of the squares on the sides containinq the 
acute anqle diminished by twice the rectangle contained by one of 
those sides and the projection of the other side upon it. 


A A 



B D D -B C 

1 Fig. 2 


Let ABC be a A in which the /LACB is acute ; and from A 
let AD be drawn perp. to BC or BG produced, so that GD is the 
projection of CA on BC. 

' It is reqd. to prove that AB^ =AG^+ BC" - 2BC . CD. 

Proof. Because the ZD is a rt. angle, 

. 4B" = AD^ + BD"^ [ Theorem of Pythagoras ] 

= /ID" + (BC - CD)" [ In Fig. 1. BD “ GD ] 
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or, = AD^ + {CD - BC)^ [ In Fig. 2, BD = CD-BG] 
= AD" +fCD" + 50" - 2BC.GD 

= AG^+nG^-2BC.GD. [ */ Z J-) is a rfc. angle ] 

N, B. In tlio previous two theorems, it is noticed that in the A ABC, 
if (i) AB'^ > AC^4 BC^j the ZC will be obtuse, 
and (ii) AB'^ < JC‘^-\-BC^, the Z_C will be aL£^to. 

It is needless to point out that if AB’^ = AG'^ + BC'\ then according to 
the Converse of the Theorem of Pythagoras, the ZC will be a rt. angle. 


An Important Deduction : Apollonius’ Theorem. 

In any triangle the sum of the squares on tioo sides is equal 
to Uvice the square on half the thirc\ side together with tic ice the 
square on the vicdian which bisects the third side. 



B DXZIBD CX 

Fig. 1 Fig. 2 


In the AABC let* AD be the m(^ian bisecting the sides BC 
at the point D, 

It is reqd. to prove that AB'^ + ZC" = 2[]W" + AD^). 


Construction. From the pt. A draw AX perp. to BG or LG 
^|)roduced. 

Proof. Suppose AB and AC are unequal. Then of tlje two 


angles ADB and ADC one is obtuse and the other is acute. Let 
the A. ADB be obtuse, then the A ADC will be acute. 


from the AZ55. =55" + ZD" F 255.I).Y. 

[ Thcor. 1 ] 


and from the AZDO, AC^=GD^+AD^ - 2GD.DX, [ Theor. 2 ] 
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Adding these ^wo results and remembering that BD-UD 
( D is the middle pt. of BG), we have 
AB^ + AC^ + Ai>^). 

N. B. If AB = AG, the proof of the theorem is easy enouRh. 


4^ Illustrative Examples. 

• • 

Ex. 1. The Z^ACB of a is (U) ; prove that 

AB^ = AC^-^BG‘^-AC.BC. 


A 




Lot ABC be a A in which the ZLdCB — 60°. 

It is ro'^d. to prove that AB- - AC' -h BC - - AG .BC. 

Construction. From the pt. A draw AD prrp. to BG or BG produced. 

Proof. In the rt.-angled A-4BC, the /^ACD—G(f (Hyp.) 

Z.B/1C=30°. 

.*. the side CD opposite 4o the ^DAG=iAC. [ In a rt. -angled A it 
can be easily proved that if one of its angles be ‘10°, the side opposite to the 
D0° angle is equal to half the hypotenuse. ] 

Kow, in the AACB, the /_ACB is acute. 

.*. AB^^AG^ + BG~-^BC.CD, [ Theor. 2 ] 

^ ^AC^ + BG'^-AG.BG, [ •.* = j 

Prove that a triangle whose sides arc 13 cl)ls.^ 1 1= cins., and 18 ems* 
is an acute-angled triangle. 

Here the sides IS cms. is the greatest side of the A. 

the ^ opposite to this side must be the greatest Z. of the A. 

Now, if it can be proved that the Z. opposite to this side is acute, then 
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the other two angles oE the A being less than this aH^le must also be aoute 
and the A will bo an acute-angled one. 

From Theorem 2, we|Vnow that in any triangle the square on the side 
subtending an acute angle is less than the sum of the squares on the sides 
containing that angle. 

Now IS"* < 12=* + 14". 

the angle opposite *to the 18 cms. side is ai^i^cute angle. 

the other two angles of the A being less than this angle must also 
be acute. 

•/. all the three angles of the A being acute, it must be an acute-angled 

one. 

EiC'S. The angles B and C of a triangle ABC are acute and BE, GF are 
perpendiculars to AC, AB respectively ; prove that BC^ = AB . BF+ AC .CE. 

Let ASC be a A in which the A* B, 
C are acftto and BE, CF are drawn perps. 
to AC, AB respectively. 

It is reqd. to prove that 
BC^=^AB.BF+AC.CE. 

Proof. Since the AC is aoute, 

AB^ = AC^ + BC^-2AC,CE. 

.'. BC'^ = AB^-AC‘^ + 2AC.CE. 

In a similar way, since the AB is 
acute 

BC^^AC^- AB'^ + 2AB,BF, 

Adding these two results, 2BC'^ = S1AC .CE+2AB .BF, 
y that is, BG^ — AC mCE"^ AB m BF, 

IfO is any point within a rectangle ABCD, show that 
OA^-^-OC■" = OB" + OB^ 

Let 0 be any point within the 
rect. ABCD* Join OA, OB, OC, OD* 

It is reqd. to prove that 
OA’ + OC’ = OB’ + OD'^ . 

Construction. Join AC, BD and 
let P he the pt. of their intersection. 

Join OP. 

Proof. The diagonals AC, BD 
of the reot. ABCD bisect each other at P. 
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•.*. in the £^AOd, OA^ + OC^ = 2{AP^ + OP^) 1 
and in the A BOD, OB* + OD'‘ = 2(BP’ + OP") J 


[ Apollonius* Theorem ] 


But AP = BP [ *.' ACt BD being the diagonal# of a rect. are equal ] 
OA^ + OC’^--OB^ + OD\ 


Ex. Prove that the sum of the squares on the sides of a parallelogram 
, is equal to the sum of {he snuares on its diagonali 


Let the diagonals AC^ BD of the 
par”*. ABGD intersect at P. 

It is reqd. to prove that AB^ 
+ BC^ + CD^ + DA‘^ -=^C^+PP^ 

Proof. Since the diag''^'’^'’ of 
a par”, bisect each other, 

AP=-CPii.ndBP=DP. 



} 


Now, in the AABC, AB^-^BC’==2{AP^ + BP^) ] 


[ Apollonius* Theorem ] 


and in the A ADC, CP‘" + PA^ = 2(AP* + PP'') J 
by adding these two results, 

AD" + PC* + CD" + DA^ = iAP^ + 2DP" + 27^P" 

= 4AP" + 4BP" PP=DP] 


= (2APj" + (2DP)" 
-AC" + PD". • 


Ex. 6. Prove that ir. any quadrilateral the sum of the squares on its sides 
is equal to the sum of the squares on its diagonals together with four^ times 
the square on the straight line joining tffe middle points of the diagonals. 


A 



Let the middle points of the 
diagonals AC, BD of the quadrilateral 
ABGD be X, T respectively. Join 

zr. 


It is rcqd. to prove that 
AD" + DC" + CD" + DA" 

= AC" + x^D" +4zr*. 

ConstruptioD. Join AT, CF. 


Proof. In the A ADD, AD" + AD" = 2(DF" + A F") 1 r , „ • . mt. n 
and in the ADCD, DC" + CD" =2(DF" + CF") J I- Apollonius Theo.] 

by adding AD" + AD" + DC" + CD" = 4DF" + 2(AF" + CF"). 
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Again in th 0 ^AGl\ AY'^ + CY^ = 2{AX‘^ + 2XY^) t Apollonius’ Theorem] 
AB^ + BC^-hCD^ + DA‘^ =4Br‘» + 4^X“ + 4A:F^ 

= (2BY)^ + {2 AX) * + 4.Yr" 

^ =BB" + ilC* + 4Yy». 

Ex. 7. If 0 is the centroid of a triangle ABC, prove that AB^ + AG^ + BG^ 
= 3{GA^ + GB^-hOC^J^. ^ 

[ Tho point of intersection of the three medi^nis of a triangle is called the 
Centroid of tho triangle. ] 

Let G be the pt. of intersection 
of tho three medians AD, BE, CF of 
the A ABC, so that G is the centroid 
of the A. 

if is reqd. to prove that 

AB^ + AC‘' + BC'^ 
-3(Gi4" + GB=* + GC"). 

Proof. By Apollonius’ Theorem, 
we have 

AB^-hAC‘^^2(BD^ + AD'^) 

BG'^ + AG--- 2(AF‘^ + GF^) 
and AB " + BC" = + BE^), 

Adding these results, ^we get 

2(AB^-\-BC‘^ + AG^)^2(BD^ + AF'^-\-AE'^) + 2[AD'^ + BE'^-\-CF'^) 
that is, i(AB^ + BC^ + AC^)- 4(BD^ + AF^ + AE^) + 4(AD'^ + BE^ + CF'^) 

= (2BD)^ ?■ (2AF)^ + {2AE)^ + 4(41;" + BFF + CF") 

= BC" + AB- + 4C " + 4(4B" + BF" + CF"). 

. • . 3(4 /; " + BC " + 4 C ") = 4(4 B" + BF'" + gF") . 

Since G is the pt. of trisection of the medians, C4 = 54B, GB — '^BE and 
GC = §CF. 

.*. 4AD^ = 9GA\ 4BF" = 9CB" and 4CF" = 9GC". 

. • . 4(4B" + BE^ + CF^) = 9(C4" + OB^ 4- GC"). 

Hence, 3(4B» +BC" + 4C") = 9(G4'" + GB'^ + CC"). 

U, 4B* + BC'"4-4C*"=^(G4" + GB'" + GC'"). 

Ex^. Prove that the locus of a point, 'lohich moves so that the sum of 
the squares of its distances from two fixed points is constant, is a circle. 

Let 4 and B be two fixed pts. and P a moving point, such that 
P4* -^PB'- — a constant. 

It is reqd. to prove that the locus of P is a circle. 


A 
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vfuusii uviriuut eroin AB Jiiid. lot 0 bo tlio niiddlo pt. of Al^» 

Proof. By Apollonius’ Theorem, 

Pil* + PjB^ = 2UOHPO^) = a conftant. 

But A and B being fixed pts., the middle pt. 0 of AB is also a fixed pt. 

.’. .40= a constant. 

Again, since ^O^+PO* is constant (proved), PO must also be constant, 
i.c. the distance of the mgving pt. P from the fixed^t. 0 is always the same. 
Honce^the locus of P is a circle with centre at 0, the middle pt. of AB. 
Exv^. In a trmnqle ABC, X is a fixed point oj trisection of the base BC 
adjacent to the angle B ; prove that 2AB'^-{-A0‘^ — GBX'^-\-oAX'^. 

Let X be a pt. in the base BG of 
a triangle ABC such that BX=iBG^ 

Join 4X. 

It is roqd. to prove that 

24^J' + AC" = 0Z^.\^' + 3IA:^ 

Construction. Bisect XC at V. Join 

AY. 

Then BX=XY=rC. 

Proof. Kow, in the A4BV, *4P’ 

+ = 2{BX‘^ AX)"^ f Apollonius Theorem ] 

.*. 2473" + 24 r-* = 473A'" + 44 A’". 

Again, iu the AAXC, AX^ + AC~ = 2(X Y^ + A Y^) [ Apollonius’ Theorem 1 
Adding the results, we have 

24P‘“ + 24 )'“• + AA'-^ + 4C" = 47 AY" H- 44 Y" + 2Xr" + 243'". 

.-. 24B"+4C" = G73X" + 34X", since BX=XY.. 

Ex. 4<>. If G is the centroid of a triangle ABC and P any point, prove 
that PA " + PIP + 7 '0 •’ = 04 " + GP" + GC" + 3GP". 

Let G bo the pt. of intersection of 
the two medians 47), P7^ of the A4BC 
and P any point. Then G is the centroid 
of the A ABC. Join 7Y4. PP, PC, OP 
and GO. 

It is reqd. to prove that P4" + PPM- 
PC'" = GA - + GB'^ + GC‘ h 3GP\ 

Construction. Join PD. 

Proof. Since 4G = 2GP, ivith the 
help of the precciling Ks. 9, from the 
A APB, wo got 2PD= + PA “ = CGP'' + 3GP’ . ‘ “ 
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Now, PB® + PC® = 2BP® + 2PP®. [ Apollonius' Theorem j 
Adding these two results, we have 

2PP® + PX® + PB^+ PC® = 6CP® + 3CP® + 2BP® + 2PP® 

ie. P4® +PB® +PC® = GCP® + 2BP® + 3CP® 

= 4CP® + 2(CP® + BP®) + aCP® 

= C.4® + CB® + CC® + 3GP®. 

•.* GA = 2GD], 

N.B. There will be no change in the proof, if the point P be taken out- 
side the circle. 


Exercise I 

1 . ABC is an isosceles triangle wliicli AB = AC, and CD 
is drawn perpendicular to AB ; prove that BC^ = 2AB.BD. 

2. The angle ACB of a triangle ABC is 120° ; prove that 

^B"=.4C^+.BC" + iC.BC. 

3. Show that a triangle whose sides are 17 cm., 13 cm. and 
11 cm. is an acute-angled triangle. 

4 . The sides of a triangle are 13, 35 and 43. Show that it 
is an obtuse-angled triangle, and tliat the obtuse angle is 120°. 

5. The base of a triangle is 12 cm. and the sum of the 
squares on the other two sides 234 sq. cm. ; find the locus of 
the vertex. 

6. The base BC of an isosceles triangle is produced to D 
making CD = BC ; prove that AD^ = Ai^ + 2BC'^, 

7 . 0 is the point of intersection of the diagonals of a square 
ABGD and P is any other point. Prove that 

AP^+BP^ + CP^ =404^ + 40P*. 

8. ABC is an acute-angled triangle and AD, BE and CF 
are perpendiculars to the opposite sides BC, CA and AB ; show 
that AB^ -f- PC" + CA " = 2UP .AF+BC,BD-hAG, GF). 

9. If the sum of the squares on the sides of a quadrilateral 
is equal to the sum of the squares on its diagonals, prove that 
the quadrilateral is a parallelogram. 
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10. ’ Prove in any quadrilateral the sum of the' squares 
on the diagonals is equal to twice the sum of the squares on the 
straight lines joining the middle points of tfce opposite sides. 

11. Three times the sum of the squares on the sides of a 
triangle 'is equal to^ four |jimes the sum of the squares on the 
medians. * JPro^e this.** 

12. AEG is an isosceles triangle and A is joined to any point 
D in the base EG or EG produced ; DA is produced to E making 
AE = AD ; show that the difference of the squares on EE and GE 
is equal to the difference of the squares on ED and CD. 

13. The sum of the squares on the diagonals of a trapezium 
is equal to the sum of' the squares on the two non-parallel sides 
together with twice the ^ectanale contained hv the two parallel 
sides. Prove this. 

14. In any triangle prove tl)at the difference of the squares 
on two sides is eqnol to twice- the rectangle contained by the 
l^ase and the intercept between the middle point of tlie base and. 
the foot of the perpendicular drawn from the vertex to the base. 
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2*1. Ratio and Proportion. 

The number ^\’hioh expresses the relation whicli one quantity 
hears to another of the same kind is called •the Ratio of the two 
quantities. The ratio expresses what multiple or part one 
quantity is of the other. 

To determine what multiple or what part is one strai^qht of 
another in lenj^th, wo divide the length of the first by the length 
of the second, their length being expressed in the same unit. 
In a similar manner to find how mar>^^ times a quadrilateral is 
of a triangle in area, we divide the area of the quadrilateral by 
the area*of the tT:iangle, both expressed in the same unit. Hence, 
the ratio is an abstract number and not a concrete one. 

Suppose there are t\v.o straight lines 12 cms. and 8 cms. long. 
To determine how' many times the first of fcliem is greater than 
the second, we divide 12 cms. by 8 cms. and get the absolute 
number -V- or -j. Hence the ratio of the lengths of these twm 
straight lines is f and tliisj’s usually written as 3:2. If the 
measure of two quantities of the same kind be units and 

units respectively, we determine their ratio by dividing units 
by ‘6’ units, which is usually written ns a '-'h. By omitting 
the from the sign of division we wr’te ‘ ’ as the sign 
of a ratio. 

With the help of a ratio wo compare two (luantities of the 
same kind. As two quantities cannot? be compared unless they 
are of the same kind, so the ratio of two fiuantities cannot be 
ascertained unless they are of the same kind. Again, if two 
quantities of the same kind are expressed in dilVeront units ; 
to compare the one with the other both of them have got to be 
expressed in the same unit. Bor example, there are two straight 
'lines 4 ft. and 8 in. long. Their ratio will not be denoted by 
4 : 8 or 1 : 2. Both of them have to be reduced either to feet or 
to inches and then the ratio of the two has to be determined. 
Hence the ratio of the lengths of these two straight lines will be 
denoted by 48 : 8 when expressed in inches or by 4 • t when 
expressed in feet and both of them will give the same result 6 : 1. 



RATIO AND PROPORTION ^ 


15 


The two quanrities 'a* and ‘5* of the ratio a : h are called 
the terms of the ratio. The first term ‘a’ is called the antecedent 
and the second term is called the conseqtent. 

Commensurable and Incommensurable Quantities 

If two quantities can be expressed asi multiples of some 
common factor as unUff.e. can be completely expressed by the 
ratio of two integers, the quantities are said to be commensurable 
to each other ; and quantities that cannot be so expressed are 
said to be incommensurable quantities. 

The two quantities G ft. and 10 ft. are commensurable to 
each other as the ratio of these two quantities can be expressed 
by tlie ratio of the two int^ers G and 10. If the length of the 
side of a square is 1 fim.f then the length of the diagonal is 

cms. lienee, the sides of the square is not commensurable 
witli the diagonal as the ratio of the two cannot be 

expressed by two integers ; or in other words, the sides of a 
square and its diagonal are incommensurable quantities. 

Proportion 

Four quantities are said to be prdportiongls or in proportion 
when the ratio of the first to the second is equal to the ratio 
of the third to the fourth, or in other words when two ratios 
are equal, tlie four quantities forming the two ratios are cjalled 
proportionals. Suppose, the ratfo of 'a' to ‘6’ is equal to the 
ratio of ‘c’ to \l\ then the four quantities, a, 6, c, d are 
proportionals or in proportion. This is ^usually expressed by 
a : h = c : d or a \ h \ \ c \ if , 

Of the four quantities a, h, c, d forming the two ratios, the 
first ‘a’ and the fourth \V are called the extremes and the two 
aiddle ones ‘5’ and ‘c’ are called the means. The fourth quantity 
d’ is called the fourth proportional to a, b, c. 

If throe quantities a, 6, c be such that the ratio of the first 
to the second is equal to the ratio of the second to the third, 
i.e. if a : h^h : c, then the three quantities a, b, c are said to 
be in continued 'proportion, the second quantity ‘6’ is called the 
mean proportional between 'a and ‘c* and the third quantity ‘c’ 
is called the third proportional to ‘a’ and ‘6’. 



16 


rtjANE GEOMETRY 


Eatio being an absolute number, all tlie four quaiftitiej 
forming the two ratios of a proportion may be of one kind oi 
the first two quantities forming the first ratio may be of one kinc 
and the remaining two quantities forming the second ratio o 
a different kind. This will be made clear by an example. Withoui 
committing any error, we can say that the ratio <tf Es. 10 to Es. i 
is equal to the ratid of 6 hrs. to 3 hrs.^ since both of them are 
equal to 2 : 1. Hence, we can rightly say ^tat Es. 10, Es. 5, 6 hrs, 
and 3 hrs. are in proportion. 


Some Important Fundamental Theorems on Proportion. 


If four quantities a, h, c, d are in proportion, several other 
useful proportions can he derived frdm this by making suitable 
operations on ^ the given proportion. The method applied to 
arrive eit a particular result is given in any book on Algebra. In 
Geometry we are only concerned with the final result obtained 
after the operation. The different results go by different names 
as given below without showing how they are obtained. 

(i) If a, Ih c, d be in proportion ij\ a : b = o : c?, then ^ 

(1) ad = hc ; this operation is known as Cross-multiplication ; 

(2) — \ this operation is known as Alternando ; 

c (t 


(3) ; this operation is known as Invertendo ; 

a c 

(4) ^ r ^ ; this operation is known as Componeiido : 

0 a ^ 

(5) ^ I > l^bis operation is known as Dividendo ; 

0 (t 

and (6) ^ ^ ; this operation is known as Componendo- 

a-h c- cl 

Dividendo. 


(ii) If ^ ^ then each of these ratios 

X y z , 

__a + 6 + c-H . 

+ + ••• ' 


this operation is known as Addendo. 
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eorem 3 

1/ a straicjht line is drawn parallel to %7ie side of a triangle, 
it divides the other two sides or those sides produced proportionately, 

r 


B <3 • 

Let the straight line JCY he drawn |1 to the side BQ of the 
AABC to cut the sides AB and AC or those sides produced at 
X and Y respectively. 

It is required to prove that AX : XB = AY : TC. 

Proof. Let the str. line XY be drawn il to the side BG of 
the /lABC to cut the sides AB and AC, or t]jose sides produced, 
at X and Y respectively. 

liot the str. lines aLV and XB be commensurable to each 
other and let m be their common measure. Then each of* the 
str. lines AX and XB can be divided into some equal parts, 
each equal to fn. Suppose AX is divided into -p equal parts, 
and XB into q equal parts, ^ach equal to ‘/li’. 

AX = pm and XB *= q^n. 
ylX : XB = pm : qm = p : q. 

Now, through the pts. of division in AX and XB draw str. 
dnes 11 to the side BG, These 11 str. lines will divide AY and YG 
into p and q equal parts respectively. 

Let the length of each of these equal parts be n. 

Then AY=pn and YG = qn, 

AY : YG = pn : qn = p : q, 

AX:XB = AY\YC, 




P. 0.-2 
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Alternative Method. 




Construction. Join BY, CX. 

Proof. Since BC and XY are i)arallel, 

ABXY=^ AGXY [ on the same base XY ] 

A.1XY : ABXY= AAXY : ACXY. 

Now, tlie areas of two A** of equal altitudes are to one 
another as their bases. 

AAXY: ABXY=AX XB. [ the vertex being the same 
and A^X^Y : ACX"Y=ilY YG. in the two cases, the A^ 

. AX : XB = AY YG. are of equal altitudes. ] 

Corollary. Tf tlie str. line XY drawn || to the side BG cuts 
ABt AG at X, Y respectively, fcen AB : AX = AG : AY, 

Now, by Theorem 3, 


XB 

AX' 


XB YG 

s 

[ by Invertendo ] 


in Fig. 1, 
and in Fig. 2, 


YG 
AY 

XB + AX 
AX 

AX- XB 
AX 
AG 


YC + AY 
AY ' 

AY-YG 
AY 
AB 

ax'ay 

N. B. In a similar way it. can be x)roved in this case that 
AB:BX=AO;Cr. 


i.e. AB ; AX= AG 


[ by Componendo ] 
[ by Dividendo J 
AY. 
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Theorem 4 

[ CONVEESE OF THEOKEM i ] 

If a straight liiie cuts hoo sides of a triangle, or those two sides 
^'oduced, importihnately, then it is parallel tg the remaining side 
’)f the triangle. 



B C 

Fig. 1 

III tlie AABC let tlie str. line be .v. cut the sides 

Ali iind AC in A" and lA’cspectively, so tliat y)X : XB = AY \ YC. 

It is reqd. to prove that the str. iino XY is 11 to the side B6. 

Proof. If the str. lino XY be not 11 to BG, let XY' be 11 to 
BC and let it cut the side .I(^in Y’, 

X AX: XB-^AY' : Y'G. 

But, by hypothesis, AX : XB = AY\ YC, 

AY' : Y'G = AY: YC. 

by Componendo in Fi^j. 1 and by Dividendo in Fi?. 2, , 

AC: Y'C^^AC: YC, 

YG-Y'C i,e. the two points Y, Y' coincide with each 

other. 



the str. line XY is 11 to BC, 
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Construction. Join BY, CX. ♦ 

Proof. Since the vertex Y of the A^IA'Y and the ABXY is 
the same, they are of equal altitudes. 

AAXY ; ABXY= AX : XB. 

Similarly, AAXY: ACXY=AY: YC. 

But AX: XB = AY: YC. 

AAXY : ABXY=AAXY : ACXY. 

.-. ABXY=ACXY. 

'But these two A® stand* on the same base XF and on the 
same side of it. .’. they must be between the same parallels 

z.e. X Y is ii to BC. 

0 

Corollary. If A", Y be two pts, in the sides AB, AG of a 
A4BC, so that AB : AX= AC : AY (or AB : BX=AG : GY), then 
the str. line XY is 11 to the base BC. 

The proof is similar to that of the Corollary to Theorem 3. 

Exercise 11(A) 

1 . Three parallel straight lines cut any two transversals 
proportionally. Prove this, 

2. Prove that the straight line which joins the middle points 
of two sides of a triangle is parallel to the third side. 
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3. Prove that ?he straight line drawn through the middle 
point of one of the sides of a triangle parallel to another side 
bisects the remaining side. 

4. Three straight lines OAP, OBQ and OCR are such that 
AB is parallel to PQ and BG to ()B ; show that AG is parallel 

PR. 

5. ABG is a Lnanj^ie ana tarougn ly, a poino in AB^ DE is 
drawn parallel to BG cutting AG in E ; GF is drawn parallel 
to EB meeting AB produced in F. Prove that AB is a mean 
proportional between AD and AF. 

6. Prove that the line joining the middle points of the 
oblique sides of a trapezium is parallel to the parallel sides. 

[ Hints : Produce the oblique sides to meet at a point ] 

7. Prom any point in me base of a triangle, ’straight lines 
are drawn parallel to the sides of the triangle ; show that the 
point of intersection of the diagonals of every parallelogram 
so formed lies on a straight line parallel to •the base. 

8. ABG and ABD are two triangles and M and N are the 

iddle points of BG and BD respectively ; prove that MN is 

parallel to the join of the centroid of the triangles. 

9. From a point E in the common baSe of two triangles 
AGB, ADB straight lines are drawn parallel to AG^ AD meeting 
BG, BD at F, G ; show that FG is parallel to GD. 

10. E is the middle point of the*median AD of a triangle A^G 
and BE is produced to cut AG in F ; prove that AF=^iAG. 

[ Hints : Draw DG li to BF.^ 

11. OPQ is a straight line drawn through a fixed point 0 
and is such that OP : OQ is constant. If P moves along a fixed 
straight line, find the locus of Q, 

2'2. Equiangular Triangles and Polygons. 

Two triangles or two polygons are said to be equiangular to 
each other, if the angles of the one are equal to the angles of 
the other, when taken in the same order. 

In equiangular triangles the sides opposite to the equal angles 
are called corresponding sides ; and in equiangular polygons 
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the sides adjacent to two successive equal angles are called 
corresponding sides. 

Similar Triangles and Polygons. 

If two equiangular triangles or polygons have their corres- 
ponding sides proportional, they are said to be similar. ^ 

It will be seen later on that two •?^uiangular triangles are 
always similar. But two equiangular polygons may or may not be 
similar. 



In the two triangles ABO and DBF given a])ov 0 , if Z,A *= ALD 
AB=/_E, 1.0= AF and if AB : DE = BO \ EF=OA :FD,th. 
two A'" ABC, DEF will be similar. 

Again in the Uvo polygons ABODE and FGIIEL given here, 
if AA = AF, AB=AG, AC = All. AD= AK. AE= AL and 
\{AB • FG = BC : GH=CD : HK^DE : KL = EA : LF, then the 
two polygons ABODE, FGIIKL are similar. Since AA= AF 
and AB= AG, the two sides AB and FG being adjacent to 
these equal angles are corresponding sides of the two polygons ; 
for similar reasons BO and GII are qorreponding sides, etc. 


D 



A BP 0 
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N. B. The sum^bf the three angles of a triangle being two right angles, 
if two angles of a triangle be equal t'' other, the two triangles 

will be equiangular. 

Theorem 5 

If two triangles are equiangular, their myrrespojiding sides are 
■proportionaL 




E F 

In the ABC and DEF, let AA= Z.D, LB= LE and 

It is required to prove that AB : DE = BG : 7vF= CA : FD. 
Proof. From AB, AC cut off AL, A^I equal to DE, DF 
respectively and join LM, 

Then in the A" ALM and DEF, 

AL = DE, AM=DF tod AA= /LJ). (Hyp.) 
the A'^ ALM and DEF are equal in all respects. 

/. /^ilf is II to 

AB : AL^AG : AMU, AB \DE = AG : DF. 

Similarly, it may be proved that BG : EF— AG : DF, 

AB : DE = BG : EF-=AG : DF. 

Theorem 6 

[ CONVEESE OF THEOEEM 5 ] 

If tivo triangles have their sides proportional, when taken in 
order, they are equiangular, equal angles being opposite to corres- 
ponding sides. 
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Let ABC and DBF be two A® in which 

AB : DE = BG ; EF^GA : FD, 



B CEP 


It is reqd. to prove that tlie -4, G opposite to the sides 
J5C, GAt AB are respectively equal to frhe A" D, E, F opposite to 
the correspondirig sides A’F, FD, DE, 

Construction. From AB, AG cut off AL, AM equal res- 
pectively to DE, DF, Join LM. 

Proof. Since AB : DE = AG : DF (Hyp.) and, by construction, 
DE = ALand DF=AM, 

AB : AL = AG : AM. 

LM is [} to BG. 

.V the /_ALM^ the correaponding A.ABG and the /_AML 
= the corresponding /_AGB. 

the A® ALM and ABG are equia-ngular. 

/. AB : AL = BG : LM, that is AB : DE^BG : LM. 

But AB : = (Hyp.). LM=EF. 

And AL = DE and AM = DF (by construction), 
the A'*’ ALilf and DEF are equal in all respects, 
the ALALM= the Z.DEF and the AAJfL-the Z.DFE. 
But the A ALM = the AB and the AAML = the AC. 
the AB = the AL and the AC -the Z_F. 
the remaining AA = the remaining AL. 
the A® ABC and DEF di,re equiangular. 
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N. B. In Theorem 5, it has been proved that when two triangles are 
equiangular, they are similar. And it has also been pointed out that two 


equiangular polygons may not be similar. 

Suppose ABODE is a polygon 
draw EG 11 to DE to cut the side Ej 
figure that tht two polygons 
ABODE and ABO EG are equian- 
gular, but their corresponding 
sides can never be proportional. 

If they were proportional, then 
BO ; OF would have been equal 
to BG : OD Lp, OF would have 
been equal to CD, which is 
impossible. 


. Through a point F in OD 
A in G. It is clear from the 



In order that two polygons may be similar, two conditions 
are to be satisfied (l) the two polygons should be equiangular 
and (2) their corresponding sides should also be proportional. 
But in the case of two triangles, one •of the two conditions 
will be sufficient to make them similar. Hence, if two triangles 
pre equiangular or their corresponding sides are proportional, 
they will be similar. 


Theorem 7 

two tTZQ/lZ^ftcS IlQ/VC 07V6 ClTtQto oj' tlt& Ori/t^ i.i£lvlvi/ lkj OTIC CLTLQtc Of 

the other and the sides about the\qual angles 'proportional,* the 
triangles are similar. 


•a 




In the ABO and DEE, let the LA = the ZD and AB : DE 
= AO : DF. 
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It is required to prove that ABC and DBF 2 i^ice similar. 

Construction. ]|rom the sides AB and AG of the AABC 
cut off AX and AY respectively equal to DE and DF. Join XY. 

Proof. In the A" ^ZFand DEF, AX=DE, AY=DF and 
the included = the included AD, 

the A'^ AXTslucVDEI' ^ are equaj^n all respects. 

AAXY= AE 2,nd AAYX=AF. 

Now, since AB : DE = AG : DF. AB : AX=AG : AY, 

XY\s II to BC, 

the A AXY= the corresj^onding AB and the AAYX 
= the corresponding AC, 

But the Z^N'r=the AE and th^ AAYX = thQ AF, 

,' , the ZZ? = the AE and the 2.C = the AF, 

the A^ ABC and DEF are equiangular, and lienee 

similar. 

2*3. Illustrative Examples 

Ex. 1. AB and DG are ilie 2 >arallcl sides of a trapezmin ivliose diagonals'^ 
AC and BD intersect at 0 ; p')ove\^ that AB : GD—OA : 0C= OB : OD. 

Let the diagonals AC, BD of the 
trapezium with the sides AB^ DG parallel 
intersect at O. 

^ It is reqd. to prove that 

AB : CD = AO : OC=-OB: OD. 

Proof, In the A' it 01?, COO, AOAB 
= AOCD and ZOBil = AODC, 

[ •.• AB is '! to DG ] 
the A'' AOB, COD arc equiangular, and hence similar. 

.-. AB : GD=-0A : 0G = 0B : OD, ^ 

\^x. 2. Prove that a line draion parallel to the parallel sides of a 
trapezium through the point of intersection of the diagonals is bisected at the 

point. 

Let the diagonals AC, BD of the trapezium ABCD intersect at 0. Lot 
the straight line POQ drawn through 0 parallel to AB or CD cut the sides 
AD, BC at P, Q respectively. 


A B 
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It is required to prove that OP^OQ, 

Proof. In the A* OAB and OCD, • A B 

ZlOAE = Z:OCDand l.OBA = Z^ODG 

[ •.' AB is ! to T)G ] 
the A* and OGD are equian- 
gular and hence similar.^ ^ 

OAiOG^OBiOD. 

(OA + OG) : OC = (OB + OD) : OD. 

[ by Componendo ] 
i,e. AG : OG^BD: OD, 

Again, since OP is ’1 to AB^ the A* DPO and DAB are similar. 

BD: OD-^AB: OP. 

In a similar way, AG : : 0^*). 

But AG : 0G = BD : OD ( proved ), 

/. AB 0P=^AB: OQ \ that is, 0P= OQ. 

Ex. 3. In any triangUt prove that the distance of the oi tho- centre from 
any angular point is double the distance of the circnm-centre from the opposite 
A side. 

Let the pt. of intersection of AD, 
BE, •perpendi(jjilars drawn to BG, GA 
respectively, bo 0, the ortho-centre and 
the pt. of intersection of the perps, 
di^wn to BG, GA from their • middle 
points X, r bo S, the circum-centre of 
the A ABG 

It is req’d, to prove that OA = 25X. 

Construction. Join XY. 

Proof. Since -Y, Y are the middle points of BC, GA respectively, 

.-. Zris ii to AB and = iAB. 

Now, SX is i| to AD, both being porps. to BC, 
and (S.Y is !| to BE, both being perps. to GA. 
the two A' SXY and OAB are equiangular, and hence similar. 

.*. OA: SX=AB : XY=2 : 1. 
i.e* 0A — 2SX. 

Ex. 4. Prove that the two medians of a triangle intersect at their point 
of trisection. Hence, show that the medians of a triangle are concurrent. 
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Let E and F be the middle points of the sides AC an3 AB of the A ABC 
and let the medians BE and CF intersect at O and let D be the middle 
point of the side BC, 


A 



/. BG : OE=*GG : (1E=-BG : 
/. GE=\BE3.ndCrF=\GF. 


It IS required to prove that 
(i) GE^^BE and QF=\GF and 
(ii) the three medians of the A ABC 
are concurrent. 

Construction. Join EF, 

Proof. Since E and F are middle 
points of AC and AB^ FE to BG 
and = JBC and, .*. the A" FGE and 
BGC are equiangular, and hence 
similar, 

E=2 :* 1 . 


In a similar wav, if the medians AD and BE intersect at G\ it may be 
shown that (r*E- ^BE^ i.e, tiie two pts. G and G' are coincidental and 
G^n = iAD i.e., GD=UD, 

Ex. 5. The diagonal BD of a parallelogram ABGD is divided at E 
so that BE is one-third of ED and AE, DC is produced to meet at F ; show 
that FC-=2AB. 

Let be a point on the diagonal BD of 
the parallelogram ABGD such that BE=iED ; 
let the join ol A and E be produced to meet 
DC produced in F. 

It is reqd. to prove that irO = 2^ C. , 

Proof. Since AB and DF are parallel, the 
two A* ABE and DFE are equiangular, and 
hence similar. 

AB : DF=BE : ED=l : 3. 

.-. DF=?jAB. 

^ But AB = DC, being the opposite sides of a parallelogram. 

FC = 2AB. 


A D 



Ex. 6. ABC is an isosceles triangle having each of the angles at the 
base double of the vertical angle BAG ; the bisector of the angle AGB meets AB 
at D, Show that AB, BC, BD are pi oportionals. 
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Let ABC be alL isosceles A in which AB = AC and each of the angles 
ABC and ACB at the base is double of the vertical ^BAC ; let CD, tbs 
bisector of tho Z-ACB meet AB at D. 

It is reqd. to prove that AB, BC and BD are 
in continued proportion i.e, AB : BG = BC : BD. A 

Proof. Since the Z.ABC = the Z^ACB=^ 

2/^BAGt and the sum ^•the Z. ® of the AABC 

= 180 °, 

tho Z. ABC = the Z. ACB =72° and the 
Z.BAC = 3G°. 

Again, CD is the bisector of the Z_AGBy 

the Z CCD =36°. 

.*. in tho ABCD, Iho ZBCD = 36°and 
the ZDBC %.e. Z_ABG=12\ - 

. • . the remaining Z.BDC = 72°. 

.*. the A® ABC and CBD are equiangular, and hence similar. 

AB.BC = BC:BD. 

i.e* AB, BC are in continued proportion. 

Ex. 7. Tivo circles intersect at A and B, and tlnough B any straight line 
PBQ ^s drawn to cut the two circles at P and Q. Prove that tlmr diameters 
are as AP : AQ. 




Let the two circles whose centres are at R and S intersect at A and B, 
and through B let PBQ be drawn to cut the two circles at P and (J. Join 
AP and AQ ; lot ART and ASN be diameters of the two circles. 

It is reqd. to prove that AT : AN^AP: AQ. 
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Proof. Join AB, TP and NQ, 

Now, tho ^ANQ™ the Z^ABQ^ ( being in the same segment ) 

Again, ABPT is a cycli€ quadrilateral, tho ext. Z.ABQ= the opposite 
int. Z^ATP. the Z.AiVQ=the Z.ATP. 

In the A* APT and AQN^ 

the Z.ATP= the ( proved ) and tho Z.APT= the Z.AQN (being in 

flomi-circles). 

the triangles are equiangular, and hence similar. 

.-. AT : AN=AP: AQ, 

Ex. 8. Chords AB and CD of a circle are ]'>roduced to meet at E, and 
EF is drawn through E parallel to AD arreting CB j^roditced in F. Prove 
that EF is a mean proportional between FB anif FC. 



Let the two chords AB, CD of a circle bo produced to meet at E and 
through E let EF ba drawn ! to AD to meet Cl^ produced at F, 

It is reqd. to prove that EF is a mean proportional between FB and FC. 
Proof, In the A* EFB and EFC, tho Z^EFB is common and the Z.ECF 
= the Z.BAD ( in the same segment ) 

= the /LBEF [ !; to AD ] 
the two A’ EFB and EFC are equiangular, and hence similar. 

/. FBiFE-FE:FG, 

i.e, FE is a mean proportional between FB and FC, 

Ex. 9. A co 7 mnon tangent to two circles cuts their line of centres internally 
or externally in the ratio of their radii. Prove this, 
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Let 0 and O' be fhe centres of the two circles and PT their transverse 
common tangent in Fig. 1 and direct common tangent in Fig. 2 and let the 
tangent cut the line of centres (i) in Fig. 1, and 00' produced in Fig 2, 
at B, 



It is re^iuired to prove (in both Figs.) that OB : 0'B = 0P : O'T. 

Proof. Join OP and O'T. 

In the A" (^PP and O'TP, the Z.OPP = the Z.O'TP (the radius through 
!]io point of contact being pcrp. to the tangent, each is a rt. Z.) a-^^d the 
Z.OPP=thG Z.O'BT (vertically opp. Z.* in Fig. 1, and the same Z. in Fig. 2.) 


P 



.’. the A’ OPB and O'TR arc equiangular, and hence similar. 

OR : 0'P=0P: O'T. 

Ex. 10. IJ the internal bisector of the 'vertical angle of a triangle meets 
the basCj prove that the rectangle contained by the sides of the triangle is equal 
to the rectangle contained by the segments of the base together with the square 
on the bisector. 
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In the AABC let AD, the bisector of the verticcl Z.BAC meet the base 

BC at D. Tj. • j A xi- i. 

It IS reqd. to prove that 


A 



AD.AC»BD.DC + AD». 

Construction. Draw the circum- circle 
of the A ABC and produce AD to meet the 
circum-ciicle in P. 

Proof. Jo?n BP. 

In the A* ADC and DDP, the Z.CAD 
= the Z.PBD and the /C.ACD= the Z.BPD 
(in the same segment). 

.*. the A" ADC and BDP being 
equiangular ^re similar. 


BD: T)P=AD : DC ^.e., AD.DP=DD.DC. 

Now, ‘in the A* BAP and DAC, the Z.DAP= the Z.DAC (Hyp.) 

and the Z.BPA- the Z.DGA (in the same segment). 

.*. the A* BAP and DAC being equiangular are similar. 

.’. AD : AP^AD : AC. 

.-. AD.AC = AP. AD = (AD+DP)AD= AD- + AD. DP 
--AD^ + BD.DC. 


Ex. 11. If from tlifi vertical angle of a triangle a perpendicular is drawn 
to the basCf prove that the rectangle contained by the sides of the triangle is 
equal to the rectangle contained by the perpendicular and the diameter of the 
circum-circle. [ Brahmagupta’s Theorem ] 

Let ABPC be the circum-circle of the 
A ABC, AP the diameter of the circum- 
circle and AD the perpendicular drawn from 
A upon the base BC. 

It is reqd. to prove that 

AB. AC = AD.AP. 

Proof. Join BP. 

In the A* DAP and DAC, the /_BPA B 
= the Z^DCA (in the same segment) and 
the AADP = the Z.ADC [ *.* AD is ± BC 
and Z^ABP in a semi-circle= a rt. Z.. ] 

the A' DAP and DAC are equiangular, and hence similar. 
AB:AD=AP:AC. AD.AC=AD.AP. 
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N. B. With tho %elp of Brahmagupta^s Theorem a useful Trigono- 
metrioal formula oau be established. 

If the sides of triangle ABC opposite to the 4.-4, the Z.B and the Z.C 
be denoted'^)y a, b and c respectively, the radius of its ciroum-oircle by B and 
Its area by then by^the above Theorem it can bo easily proved that 


'• iS 


From Brahmagupta’s Theorem, we get AB , AC = AD , AP. 
i.e., c.h = AD,2R, 


o T? _ — he » a __ ahe ^ , 

^^~AD~AD,a'~2S ^ 


S = ia. AD] 


R = 


ahe 
45 ' 


Ex. 12. Prove that the rectangle contained by the diagonals of a cyclic 
quadrilateral is equal to the su^i of the two rectangles contained by its two 
opposite sides. [ Ptolemy’s Th^eoV^m ] 

Let ABCD be a cyclic quadrilateral and 
AC, BD its diagonals. 

It is reqd. to prove that 

AC . AB . CD + BC . AD. 

Construction. Make the ^DAX equal 
ho the Z^BAC and let AX meet the diagonal 
BD in X. 

Proof. The zlBAC = tho ZIDAX. 

(by construction) 

To each of these add the ZJCAX. 

tho Z.BAZ= tho Z.CAD. • 

Now, in the A* BAX and ACD^ the Z.BAX— the Z.CAD (proved) 
and the Z.ABX= the Z_ACD (in the same segment). 

.*. the A’ BAX and A CD, being equiangular, are similar. 

AB : AC = BX : CD. 

.'. AB .CD- AC . BX (by cross-multiplication) ••• ••• (1) 

Again, tho Z.BAC=tho Z.DAX (by construction) 
and the Z.ACB= tho Z.ADB i.e., Z-ADX (in the same segment). 

tho two A* ABC and AXD are similar. 

.-. BC : XD=AC : AD. 

.*. BC . AD =» AC. XD (by cross-multiplication) ••• (2) 

Now by adding (1) and (2), we have 

AB . CD+BC . AD = AC . BX+ AC . XD 

= AC(BX+ XD) = AC.BD. 


A 
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Exercise 11(B) 

1 . In a triangle^ ABC the bisector of the vertical angle BAG 
meets the base at D and the circum-circle at E ; show that AB^ 
AD, AE and AC are four proportionals. 

2. Prove that the straight line joining the middle points of 
the parallel sides ol a trapezium pass^^ through the point of"" 
intersection of the diagonals. 

3. Prove that the point of intersection of the oblique sides 
of a trapezium, the middle points of the parallel sides and the 
point of intersection of the diagonals are concurrent. 

4. Through the point of contact ^4 of two circles which touch 
each other, a straight line is drawn ^o cut the two circles at P 
and Q. Prove that their diameters j^re as AP : AQ, 

5. (i) Prove that the median of a triangle bisects all straight 
lines parallel to the side the median bisects. 

(ii) In similar triangles show that the corresponding 
medians make equal angles with the corresponding sides. 

6. Two straight lines AB and CD intersect at 0, internally,^ 
or externally, so that OA : 0G = 0D : OB. Show that the four. 

points A, G, B, D are concyelic. 

0 

7. If two triangles are on equal bases and between the same 
parallels, prove that the intercepts made by the sides of tlio 
triangle on any line parallel to the line of the bases are equal. 

8. ABC is a right-angled triangle, and from A, a perpendi- 
cular AD is drawn to the hypotenuse BC ; prove that 

BD : DC-=^AB^ :AC\ 

9. Prom the angle ^ of a parallelogram ABGD a straiglit 
line is drawn cutting the diagonal BD in P, and the sides PC 
and DC (produced where necessary) in Q and E respectively ; 
prove that AP is a mean proportional between PQ and PP, 

10 . (i) In a triangle ABC, the straight line DEF meets the 
sides BO, CA, AB at the points D, E, F respectively, and makes 
equal angles with AB and AG ; prove that BD : CD = BF : GE. 

(ii) In a triangle ABC, F and E are points on AB and AO 
such that BF=GE. If FE and BG, when produced, meet at D, 
prove that AB : AC = DE : DF. 
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11. It two cirSles touch externally, prove that their common 
tangent is a mean proportional between their diameters. 

12. In two circles any two parallel radii are drawn, one in 
each circle ; prove that the straight line joining their extremities 
cuts the line of centres in one or other of two fixed points. 

^ 13. ABC is a triangle and X is any pomt in BG ; prove that 

the circum-radii of the triangles ABX and AGX are as AB : AG* 

14. If the diagonals of a cyclic quadrilateral are at right 
angles, prove that the sum of the rectangles contained by its 
opposite sides is equal to twice the area of the quadrilateral. 

16. AG and BD are perpendiculars on CD, and AD, BG 
intersect at P. If PQ b« perpendicular to CD, show that PQ 
bisects the angle AQB, 

16. (i) P is the middle point of the median AD of the triangle 
ABC* If BP produced meet CA at E, prove that CE = 2AE, 

(ii) P is any point on the median AD of the triangle ABC. 
If DP and CP, when produced, meet AG and AB at E and F, 
prove that FE is parallel to DO. 


Theorem 8 

The internal bisector of an QiKjle of a triancile divider the 
opposite side internally in the ratio of the sides containing that 
angle, and lilceioise the external bisector externally. 


E 



Fig. 1 


Fig. 2 
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Let AD, the bisector of the jLBAO of the' AABC divide the 
side BO internally in Fig. 1 at the pt. D and in Fig. 2, let the 
str. line AD bisect ^e exterior Z.B'AO and cut BO produced 
at D. 

It is reqd. to prove, in both cases, that BD : CD * AB ; AO, 

Constrnetion. through 0 draw CJ$«|| to DA to meet (i) BA 
produced at E (Fig. 1) or (ii) BA at E (Fig. 2). 

I^oof. Since AD is || to EC, .'. the /.DAO ^ the alt. /.AGE 
and the /.BAD or the corresponding /.AEG. 

But the /.BAD or /_B' AD ^ the /DAG (Hyp.). 

.*. the Z40H = the AAEG, ^C^AE. 

Now, AD is II to EC, BD : DG = BA AE= BA AO. 

N. B. The oonverse of this Theorem is also true and this is shown ai 
follows. 

f 

Converse Theorem. 

If a straight line drawn from an angle of a triangle divide^ 
the opposite side (i) internally or (ii) externally in the ratio of tin 
sides containing the angle, the straight line is the (i) internal oi 
(ii) external bisector of that angle. 


E 



In the AABG let the str, line AD drawn from the Z-4 
divide BG (in Pif?. 1) or BC produced (in Pig. 2) at D, so that 
BD ; DG^BA : AG. 



BAXIO ABD I^OPOBIION ^ 

III is reqd. to prove that AD is the bisector of the A.BAO 
(in Pig. l) or of the external /LB' AC (in Pig |). 

Construction. Through 0 draw CB |I to DA to meet BA 
produced at E (in Pig. l) or BA at E (in Pig. 2). 

Proof. Since AD is II to EC, .*. BDiDC^BA: AE. 

Bxxt BD:DC = BAVAC(B.yp.). .'.AE’^AC. 

.'. the A. AEC = the /LACE. 

Again, since AD and EG are ||, the Z.GAD^ the alt. A, AGE 
and in Pig. 1, the LEAD or in Fig 2, the LE! AD ^^e corres- 
ponding A AEG. 

But the Zilj/0 = the A AGE. 

• the /LEAD or /LB'Ai) = thQ ACAD. 

That is, the line AD bisects (i) the LB AG (in Fig. l) or 
(ii) the ext. LB' AG (in Fig^. 

Theorem 9 

In a right-anqled triangle if a perpendicular is drawn from 
the right angle to the hypotenuse^ the triangles^on each side of the 
perpendicular are similar to the whole triangle and to one another. 

In the LABG let the LA he et 
rt. L and let AD be drawn perpen- 
dicular to BG from the angular pt. A. 

It is reqd. to prove fhat the 
A® ADB, ADG and ABG are similar. 

Proof. In the A® ADG and 
ABG, the LADC^the LBAG (being rb. Z®) and the LG is 
common. 

the A’ ADC and ABG are equiangular, and hence similar. 
Similarly, it may bo proved that the A^ ADB and ABG are 
similar. 

the A^ ADB and ADG, both being equiangular to the 
AABG, are equiangular to one another. 

the A® ADG and ADB are similar. 
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Cor. 1. A® ADC and ADB are similar, 

/. Cp: AD = AD:BD. 

AD^'^BD.CD. 

i.e., AD is a mean proportional between BD^and CD. 

Cor. 2. A® AlfB and ABC are similar, 

/. BD: AB = AB: BC. 

AB^^BD.BC. 

ix,, AB is a mean proportional between BD and BC. 

Cor. 3. A® ADC and ABC are similar, 

CD: AC = AC: BO: 

AC^ = CD.BC. ^ 

ix.t AC is a mean proportional between CD and BC, 

Theorem 10 

The ratio of the areas of similar triangles is equal to the ration 
of the squares on their corre^^^ondind sides. 

K 


B H F 

Let tbe two siniilar A* 4L’C, have the Zi4 = the _ 
the Zi^*=th6 Z-fi and the ZC = the Z/'’. Therefore, BG and*' 
EF are corresponding sides. 

It is reqd. to prove that /\ABC : T)EF=BC^ : EF^, 

Construction. From A and D draw AG and DU perps. to 
BC and EF respectively. 

Proof. In the A® ABG and DEE, the Zll = the A.F (Hyp.) 
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and the Z.AGj^ = thQ A.DIIE (being rt. Z.®) 

the A® ABG and DEE are eqiyangular, and hence 

similar. 

AG:DII=AB\DE=-BG:EF 

[ *.* the A® ABG and DEF are similar ] 

Again, AABG = iBG.AG and AnEF^iEF.DH. 

. AABG_ iBG.AG ^BG AG ^BG BG ^ BG^ 

•• ADEF^iEF.DE EF DU EF EF EF^' 

[ the A® are similar. ] 

Cor. Areas of two s^mi^ar poly (ions are to one another as the 
squares on their correspondincj sides. 



A B • F G 


It may be easily provtd with the help of Theorem 7 that if 
two corresponding vertices /I, F of two similar polygons ABGDEt 
FGHKL be joined to tlie other vertices of the respective 
polygons, the two polygons will be divided into an equal number 
of similar triangles. 

the A® ABG md FGE, the A® AGD and FHK and the 
A® ADE and FKL are similar. 

. AABG AG^ ^AAGD^A^ AADE 

* * Afgh° fh^^ afhk me “ afkl 

AABG AAGD AADE 
■ ' AFGH^ AFHK^ AFKL 
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^BG^^ABG±AAGD + AA]^F/f, .. 

AFGH AFGH+ AFHK+ AFKL ^ddendo; 

„ polygon A BODE _ 
polygon FGHKL 

A ABC „ 45®. . polyeon ABGIfE AB^ 
AFGH FG* '• ^lygou^FGlTKL'" FG- 


2*4. Illustrative Examples. 

Ex. 1. Provet with the help of Theore^n 5, that the internal bisectors 
of the angles of a triangle are concurrent 

A Lot the str. lines BI and Cl, the 

bisectors of the Z,ABC and Z.AGB of the 
A ABC, intersect each other at the pt. J. 
Join AL 

It is reqd. to prove that the line ^47 
bisects the /^BAC, 

Construction. Produce AI to moot BC 
in D. 



Proof. In the IaABD, the lino BI bisects the ^ABD (Hyp.) 

AB . BD = Af: ID. 

Again, in the Ai4CD, the lino CJ bisects the /_ACD (Hyp.) 

AC \CD = AI:ID, 

AB : BD — AC : CD (each boing equal to AI : ID) 

AB : AC — BD ; CD (by Alternaiido), 

.'. the line AID bisects the Z^BAC. [(Jheo. 8, Converse ] 

Hence bisectors of the angles of a triangle are concurrent. 

Ex. 2. Prove that the locus of a point which moves so that the ratio of its 
distances from two fixed points is constant, is a circle. 

[ Circle of Apollonius ] 

Let A, B ho two fixed points and P a moving point such that, for all 
positions of P, PA : PB^dt constant. 

It is reqd. to find the locus of P. 

Construction. Let P be one position of the moving point. Join AP, BP 
And produce AP to A*. Let the lines PC, PD bisect the Zf APB, A*PB 
respectively and let them meet AB and AB produced at the points C, D, 
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The circle described on CD as diameter will be the reqd. locus. 



Proof. Since PC bisects the Z^APB ; 

AG : BG — PA : PB-a, constant. 

0 is a fixed point, [ *.* A^ B arc fixed pba. ] 

Similarly, it may bo proved that D also is a fixed pt. 

^ the position of CD is fixed. 

Again, since PC, PD are the b' sectors of the adjacent ZJ APB, A'PB, 
the Z.CPP = a rt. Z.. 

.*. the fixed str. lin^' CD always subtends a rt. Z. at P. 

N. B. This circle is called the Circle of Apollonius. 

Ex. 3. AB is a diameter of a circle, CD is a chord at right angles to it 
and E any point in CD ; AE and BE are drawn and produced to cut the 
circle in F and G ; show thatthe quadrilateral CFDO has any two of its 
adjacent sides in the same ratio as the re- 
maining two. 

Let AB he a, diameter of the circle and 
<7 jD a chord at right angles to AB. 

Let E he a> pt. in CD and let AE, BE 
be produced to cut the circle at F, G respec- 
tively. 

It is roqd. to prove that the quadri- 
lateral CFDG has any two of its adjacent 
sides in the same ratio as the remaining two. 



42 


pLanb geometry 


Proof. Since the diameter AB is perp. to chord CD, AB bisects CD 
at rt. Z.*. 

i 

the arc BC = thG arc BD and the arc i4C = tho arc AD. 

\ the zlBGC=the Z^BGD and the the 

(Standing on equal arcs) 

the lines GE ai5d FE bisect the /J CGD and CFD respectively. 

• r 

CG : GD=^CK : ED and CF : FD = CE : ED. 

CG: GD = CF:FD. 

CG : CF=QD : FD (by Alternando). 

i.e. any two sides of the quadrilateral CFDG have the same ratio as the 
remaining two. 

Ex. 4. The angle A of a triangle ABC' is bisected by AD meeting BC in 
D and AX is the median bisecting BG ; sJtow that XD has the same ratio 
to XB as the difference of the sides has to their sum. 


A 



Lot the bisector AD of the Z.i4 of 
the A ABC meet the side BC at D and let 
AX the median bisect the side BG at X, 

It is reqd. to prove that XD : XB=^ 
^ {AB-AC):{AB + AC). 

Proof. Since AD bisects the Z.BAC, 

ABJW 
AC CD 


AB-^AC^BD+CD 
AB-AC BD-CD 


(by Componendo-Dividendo) 


i BC ^^XB 

{BX-f^^XD)-(CX-XD) 2XD 


[ •.* BX=CX] 


XB 

XD 


[ by Inver tender] 


. XD^AB-AC 
* • XB AB + AG 

i.e. XD:XB^(AB-AC):(AB + AC). 

Ex. 5. In a right'angled triangle, one side about the right angle is double 
the other ; if circles are described on these sides as diameters, prove that their 
common chord is two-fifths of the hypotenuse. 


In the rt.-Z.'^ A ABC let the Z.A be a rt. Z. and let AB^2AC. Let AL 
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be tbe common chord of two circles ABC and ABB described on AC and AB 
as diameters. 

It is reqd. to prove that AB=l 
of the hypotenuse BC, 

. Proof. Suppose the circle des- 
cribed on as diameter outs the 
hypotenuse at B. 

the Z_ADC being in a semi- 
circle = a rt. Z.. 

the Z.ABD being adi'acent to it=a rt. Z.. 
the circle described on AB as diamatcr passes through B. 
the rt.-Z.'* A-4BC, AB is perpendicular to the hypotenuse BG» 
BC.BD=AB^s.ndB€.CB=4G\ (Cor., Theor. 0) 

BG . BL) AB^ 



Now, in 


BU . OD AC'“ 


BD 

CD 


==4. 


[ ••• AB = 2AC] 


BD = iCD. 


Now DC = DD + = ICD + CD ^ 5CD. 

CD=IDC. Komco BD=iBC. 

Agaiu, AD‘‘ = BD.CD=%BG .lBO=^\BC‘. 

AJ)= IBC. 

Ex. 6. Any tangent to a circle is drawn to cut a^pair of parallel tangents ; 
prove that the radius of thr circle is a mean proportional hctivccn the segments 
^ into wjiivh the tangent is divided at 

^the point of contact. 

Let BA and QB bo two parallel 
tangents at the pts. P and Q on the 
circumference of a circle whose centre 
is 0 and let another tangent to the 
circle at the pt. B on it cut the two 
former tangents at Z iind B, Join 
CB. 

It is roqd. to prove that 
CB'^^AB.BB. 

Proof. Join CP, CQ, CA, CB. 
Since PA, PB arc tangents and 
CP, CQ arc radii, each of the Z.' CPA, CQB. is a rt. Z. and PA, QB are 
parallel. 
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Py Cy Q are collinear. 

[ It can be easily proved by drawing through C a lino !1 to PA ]. 
Now in the A* APt, ADC, the Z.ADO = the /LAPC [each being 
the Z. made by a radius with the tangent is a rt.-Z. ], 
the hypotenuse -40 is common and CP= CD (being radii) 

/. the two triangles are equal in all respects. 

the Z.ACD=thQ /LAGP, i.e, the Z.ACP=i fZ.PC/). 

Similarly, it can be proved that the /LBCD = i^QCD. 

the Z.4Ci) + the Z.P07) = i(the ^PC/)4-tho Z.QCD) = a, rt. /_ 
i.e. the Z.ACP = a rt. Z.. 

Now, the A ABC is a rt.-Z. A and CD is perp. to the hypotenuse AB, 

[ AB is a tangent and CD a ra<liLis ] 
CD'‘ = AD.DB. *' 

f 

Ex. 7. Prove that the areas of two similar trianqla are to one another 
as the squares on the radii of their circum^circles. 




Let the A' ABC, DEF be similar and S,, S.^ their circum oentros. 
Hence S^B, S^E are their circum-radii. * 

It is reqd. to prove that the AABG : ADEF= S iB"^ : 

ConstrnctioD. From the pts. draw tho perps. S^X, to the 

sides BG, EF respectively. Join S^G, S^F, 

Proof. SiX, S,Y are perps. to the chords BC, EF rospec ively from* 
the pts. S 2 the centres of the two circum-cricles. 

BX=XC and EY^YF. 

Now, in tho A' BSiX, CS^X, SiB^^S^C (being radii of theciroiim circle), 
BX^XC and Si AT is common, 

the two A* are equal in all respects, 
the Z.B5iX= the Z.C5iX=iZ.2?SiC. 
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Again, S, is the i^ntre of the circum-cirolo and A a pt. on its ciroum- 
ferenco, 

the Z.DS,C = 2£BAC. the Z.BS, X=tTte /LBAC. 

Similarly, the Z.EStY= the Z.EDF. 

But since, the A* ABC, DBF are similar, the Z.i?AO = the A.EDP, 

.•.* theZ.BS,X=theLEStY. 

Hence, in the A* 

the Z.BS,X= the Y (proved) and the A'i?= the /iS^ YE (rt. Z.') 

• • th0 A BSiXf ES^Y arG e^juiangular, and lienee similar. 

SJi : S.,E=BX: EY==iBG : iEF=BG : EF. 

Now, since the A* ABG, DEF are similar, 

AADG : ^DEF=BG’^ : EF"^ 

= S,B" : S,E^ 

Ex. 8. ABCD is a cyclic qftadrilateral of ichich the sides DA, CB are 
produced to meet in 0. If AB is half of GD, prove that the quadrilateral 
ABGD is three times the triangle GAB, 

Lot ABCD bo a cyclic quadri- 
lateral in which CD=‘2AB and 
lot DA, CB be produced to meet 
in 0, 

It is reqd. to prove that the 
quadrilateral ABCD=dAOAB, 

Proof. The exterior ^OAB 
of the cyclic quadrilateral ABCD 
= the opposite interior Y.BGD, 

Now, in the A' GAB, GCD, 
mo Z.OAlB = the Z.BGD (proveS) i.e. the LGGD and the ZiOB^the Y.OOD 
(the same angle). 

.’. the A' GAB, GCD being equiangular are similar. 

.*. AOCB : t.GAB = CD^ : 4B* = 4 : 1. 

AOCB=4AOi4B. 

Again the quadrilateral ABOD^ ISOCD— A04B 

«4A04J3- A OiiB 

= 3A0iB. 

Ex. 9. Shoiv how to bisect a triangle by a straight lim drawn parallel 
to the base. 

Let ABC be the given A. 
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It is reqd. to bisect the ^ABC by a straight lite drawn parallel to the 
base BC. 



Then PQ shall bisect the A ADC, 


Construction. lUsect AD at D. 
With centre D and radius AD describe 

a semi-circle on AB. At the pt. IJ in 

c 

AB draw DX perp. to AB. Let DX cut 
the sembcifdie at the pt. -V. Join i4Y. 
From AB cut oil .4P = JA'. 

Through P draw PQ i| to BC to meet 
AC ill Q. 


Prool. Now, AP" = AX* = i4I)‘^ + I)A;^ = 2Ai)" [-.* AD = DX, being radii : 
= iAB\ [*.* AB = 2AD] 

/. AB*=-2AP^. 

Now, since PQ is || to BC, the A* APQ, ABC being equiangular arc 
similar. 

AAPQ: A4BC = 4P*:ilB» = AP»:24P*«l :2. 

.’. the line AilPO = iA^BC, 

i.e. the line PQ bisects the A ABC. 


^ Exercise 11(C) 

1. If the bisector of the vertical angle of a triangle also 
bisects the base, prove that the triangle is isosceles. 

2 . The angle BAC of a triangle ABC is bisected by AD 

meeting BC in D and the angle ABO is bisected by BI meeting 

AD in I ; prove that AI \ ID- {AB + AC) : BC. 

3. The angle BAG of a triangle ABC is bisected by AD 

meeting BC in D and 0 is the middle point of BC \ if AB > AC, 

prove that OB : CD = {AB + AC) : {AB - AG). 

4. Prom any point P on a circle described on AB as diameter, 
PC and PD are drawn making equal angles with AV and meet- 
ing AB in C and D ; prove that AD : DB = AC : CB. 

5* AD is the median of a triangle ABC and the angles ADB 
and ADC are bisected by DE and DF meeting AB and AC at E 
and P’ respectively. Prove that EF is parallel to BC. 
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6. If the bisectors of one pair of opposite angles of a quadri- 
lateral meet on one of the diagonals, prove that the bisectors of 
the other pair of opposite angles will meet (»n the other diagonal. 

7. Prove that in any triangle the bisectors of two exterior 
angles and the Ijisector of the third interior angle are concurrent. 

8. A straight line*i4P is divided internally at C and externally 
at D in the same ratio, and on CD as diameter a circle is 
described. If P be any point on this circle, show that PC and 
PD are the internal and external bisectors respectively of the 
angle APB. 

9. AB is a fixed straight line and C a fixed point in it and 
through G any straight l\n% CD is drawn ; find a point P in CD 
such that AP : PB = AG : 06. 

10. The internal and external bisectors of the vertical angle 
APB cut the base AB in G and D respectively ; if 0 is the 
middle point of ilJ5, prove that 0J3® » OD/OD. 

11. ABC is a triangle right-angled at A and AB is greater 
^ than AG ; AD is drawn perpendicular to BC. If BO, AB and AC 

are in continued proportion, show thjat AG — BD. 

12. AD and BE are the medians of the triangle ABC which 
meet at G ; if DE be joined, compare the areas of the triangles 
AGB and DGE. 

13. Prove that the areas of two similar triangles are ta one 
another as the squares on 

(i) their corresponding aiDitudes ; 

(ii) their corresponding medians ; 
and (iii) the radii of their in-circles. 

14. DEF is the pedal triangle of the triangle ABC. Prove 
that AABG : I\GDE'-^BG'^ : GE^. 

15. In a right-angled triangle, if a perpendicular is drawn 
from the right angle to the hypotenuse, show that the segments 
of the hypotenuse have the same ratio as the squares on the sides 
containing the right angle. 
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16. DE is drawn parallel to the base BG of a triangle ABC 
meeting AB and AG in D and E so that the triangle ADE is 
one-ninth of the whoh triangle ; find the ratio of AD to DB. 

17. If ABC be a triangle and D a point in BG such that 
BG is equal to the diagonal of the square on DC, show that 
a line through D parallel to AB bisects the triangle. 

18. ABC is a triangle whose area is^ 16 sq. cm., and XY is 
drawn parallel to DC, dividing AB in the ratio 3:5; if DZ is 
joined, find the area of the triangle BXY, 

19. In a rectangle ABCD, square on AB is double that on 
AD. If perpendiculars be drawn from A and C on the diagonal 
DD, show that they will divide BD into three equal parts. 

20. Show that the area of a regular hexagon describrd about 
a circle, is to the area of a regular hexagon inscribed in it as 
4 to 3. 
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The angles made by a tangent to a circle with a chord drawn from the 
point of contact are respectively equal to the angles in the alternate segments 
of the circle. [ Theorem 11 Page 53 ] 

If two chords of a circle iJtersect cither inside or outside the circle, 
the rectangle contained by thb Jarts of one is equal to the rectangle 
contained by the parts of the other. [ Theorem 12 Page 55 ] 

{Note — This proposition may be proved with the help of the properties 
of similar triangles. ] 


Practical 

Construction of tangents to a circle and of common tangents to two 
circles (both cases). Construction of regular figures of 3, 4, 5 or 6 sides 
in or about a circle. [ Problems 2, 2, 5, i, lS, .9, 10, 11 Pages 67-82 ] 

Construction of a mean proportional to two given straight lines. 

• [ Problem 15 Page 67 ] 

Construction of a square equal in area to a given polygon. 

‘ [ Problem 13 Page 85 ] 
[ Chapters III— IV, Pages 51 to 100 ] 
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CKAPTEK III 

SECANT AND TANGENT TO A CIRCLE 

3*1. Secant and Tangent to a circle. 

A straight line generally (^^ts a circle in two points. It is then 
called secant to the circle. When the tw*o points ot intersection 
of the secant with the circle coincide with one another, tlie 
secant is called a tangent to the circle. In Fig. 1 below the 
straight line PQ is a secant to the circle.. In fig, 2 if the secant 
PQ be continuously turned towards the left about the point P in 
.it, then the second point of intersection Q will gradually move 
towards, and finally coincide and become one with, the point P. 
Tlien in this limiting position the. secant PQ becomes the 
tangent PT. • 




Hence the straight line which touches a circle at one point 
only and does not meet it at any other point, even when 
produced, is called a tangent to the circle. The point on the 
circle at which the tangent touches it is called the •point of 
contact. 
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Contact of two circles. 

Just as a straigljt line cuts a circle in two points, in a like 
manner two circles cut one another also in two points. If the 
two points of intersection of the straight line with the circle 
coincide with one another, the straight line tquches the circle. 
In a similar way, the two points of intersection of the two. 
circles coincide with one another, the V*f\^o circles are said to 
touch one arother. Tlie contact of two circles may be in two 
ways, internally or externally. 



Fig. 2 



When one circle lies entirely within the other and touches it 
(Fig. 1), the contact is said to be Internal Contact ; and when one 
circle lies entirely outside the other and touches it (Fig. 2), the 
contact is said to be External Contact, 


Common Tangent to two circles. 

When a straight line simultaneously touches two circles, then 
it is called a Common Tangent to Ihe two circles. A common 
tangent may be of two kinds — direct and transverse. If the two 
points of contact of the common tangent to the two circles be on 
the same side of the line joining the centres of the two circles, 
the tangent is said to be a Direct Common Tangent, and i^ 
the two points of contact lie on both sides of the line joining the 
centres of the two circles, the tangent is said to be a Transverse 
Common Tangent. 

Of two circles when one lies entirely within the other without 
touching it ( Pig. 1 ), they have no common tangent. If the two 
circles touch internally (Pig. 2), they have only one common 
tangent at the point of contact. If the two circles touch 
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externally (Pig. 3), they have three common tangents of which one 
is at the point of contact and the remaining two are direct 



Fig. 1 ^ Fig. 2 Fig. 3 

common tangents. If the two circles cut one another (Fig. 4), 
they have two direct common tangents only and if without 





Fig. 4 ^ Fig. 5 


cutting, one of the circles lies wholly outside flie other, there are 
four common tangents — two direct and the other two transverse. 


Theorefti 11 


The angles made by a tangent to a circle luith a chord drawn 
from the point of contact arf respectively eqilal to the angles in the 


alternate segments of the circle. 

Let the straight line PQ 
touch the circle ABDC at the 
^pt. B and BC be the chord of 
contact drawn from the pt. B. 

It is reqd. to prove that 

the Z,GBQ = the /.BAG in 
the alternate segment, 

and the ZCBP = the Z.BDC 
in the alternate segment. 



54 


PLANE GEOMETRY 


Construction. Draw the diameter through the pt. B and 
join EG, 

Proof. Since the /_ECB is a rt. Z. (being in a semi-circle) 
the /LBEC + thQ Z_EBC = i^rt, Z.. 

Again, PBQ is artangent and BE a diametei* through the pt. 
of contact. 

the /_EBQ=^fi rt. Z.=the /_EBC + the /_GBQ. 
the ZB£’C + the ZJ^C = the Z^C + the ACBQ. 
Removing the common^ EBC from both sides, 
the /_GBQ = the Z_BEG. 

But the /_BEG = the /_BAG in tl\e same segment. 

the /_GBQ = the Z_BAGi which is in the alternate 

segment. 

Again, the Z,GBP is the suiiplement of th& '^CBQ. 

the Z-GBP is the supplement of the Z_BAG, 

But ABDG is a cyclic quadrilateral. 

the ABAC is the supplement of the ABDG. 

the ACBP = the, ABDG, which is in the alternate 

segment. 

Converse Theorem 


Jf throuqli an cxircviily of a chord of a circle a straight hue is 
drawn malcing loith the chord, an angle equal to the angle tn the 
alternate segment, theii the straight hue so draivn touches the circle. 

E Let BC be a chord of the 

circle ABDG and let the ACBQ 
made by the line PBQ drawn 
through the extremity B of the 
chord with BC be equal to the 
ABAC in the alternate segment. 

It is reqd, to prove that the 
str. line PBQ is a tangent to the 
circle. 



Construction. 

diameter of the circle through B and join EC. 


Draw the 
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Proof. Now the — cne in Dne same segmenc 

= the LGBQ (Hyp.). 

Again, the /_EGB = d. rt. Z, being in a sSmi-circle. 
the /_EBG + thQ ZB7^’C = arb. Z. 

^ the Z^JT^C + the ZCJ50 = art. Z 

• [ the ZjB7vC="the Z-GBQ, proved ] 
i.e, the /LEBQ = £i rt. Z. 

But the line BE is a diameter, 

PBQ is a tangent, because a tangent is at rt. Z^ to the 
radius drawn through the pt. of contact. 

12 

If tivo chords of a circle intersect ^ either imide or outside the 
circle^ the reciaivjle contained bij the parts of the one is equal to the 
recta iKjle contained by the parts of the othh. 



Let the two chords AB, GD of the circle ABG intersect, inside 
the circle in Fig. 1 and outside the circle in Fig. 2, at the 
i^point X, 

It is reqd. to prove in both figures tliat AX . XB = CX. XB, 
Construction. Join AB, BG. 

Proof. In the AXB, BXG, the AAXB = the ABXC 
[ vertically opp. Z® in Fig. 1 and the same Z in Pig. 2 ] 

and the AXAB^ the A.XGB in the same segment. 
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the A® AXD, BXC being equiangular, are similar. 

AX GX= XD : XB. 

AX', XB = CX. XD. (by cross multiplication). 

Alternative Proof. 



CobstructioD. From the centre 0 of the circle dra'>'f OP 
perp. to the chord AB. 

Join OA, OX. 

Proof. Since OP is perp. to the chord AB, AP = PB. 
Now, in Fig. 1, AX . XB = (AP + PX){PB - PX) 

= UP + PX){AP -PX) ['.•AP = PB] 
= AP^-PX" 

= (0/1* - OP*) - (OA:* - OP*) 

= 6^* -OX* 

= (radius)* - OA’'*. 

In Pig. 2, AX. XB = {PX+AP){PX-PB) 

= {PX+AP){PX-AP)[-.- AP=‘PB] 
= PX^-AP^ 

= (OA'*-OP*)-(OA* - OP*) 

= OX* - OA* 

-OA'* - (radius)®. 

Similarly, it may be proved that CX.XD 

— (radius)* - OX* in Fig. 1 
= OX* - (radius)* in Fig. 2 
AX. XB^ CX.XD. 


or. 
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Cor. If a chord of a circle passes through a point outside the 
circle^ the rectangle contained by its parts is equal to the square on 
the tangent to the circle from the point. 

Let the chord AB of 
the circle AGBm be prodjiced 
to the pt. X outsi<|e the 
circle and XT a tangent to 
the circle. 

It is reqd. to prove that 
= AT®. 

Construction. Join AT 
BT. 

Proof. In the A''' AtX BTX, 

the ABTX= the Z.BAT, i.e. the Z.XAT in the alternate 
segment. [ TXis a tangent ] 

and the ZBAT = the /_AXT E the same angle ] 

the A'"' ATXy being equiangular are similar. 

AX\ XT=XT :XB. 
by cross-multiplication, XT^ ^ AX. JiB. 

N, B. Aa indopcndert proof of this corollary is given here as it is of great 
importance. In fact it can be easily proved from Theorem 12. If the two 
points of intersection C, D of the Recant CDX gradually approach one 
another and ultimately coincide with the pt. T, the secant CDX becomes the 
tangent XT and CX = DX=XT. Hence CX.XD = XT\ 

Converse Theorem 

If two straight lines intersect internally or esrternally, so that 
the rectangle contained by the segments of the one is equal to the 
rectangle contained by the segments of the other, then the extre- 
mities of the lines are concyclic. 

This Converse Theorem can be easily proved, the proof where- 
of is left to the students as an exercise. 

The converse of the above corollary is also true. Its proof is 
also left to students. 
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3*2. Illustrative Examples. 

Ex. 1. On a given fimie straight line show how to describe a segment of 
a circle which shall contain an angle equal to a given angle* 



Let AB bo the «iven straight line and A’ the given angle. 

It is reqd. to describe on AB a segment of a circle which shall contain an 
angle equal to the given A,X, 

Construction. At the pt. A in AB make the Z^BAD equal to the Z.A' and 
draw AO porp. to aS- From the middle pt. A’ of AB draw a line perp. to AB 
to meet AO at tho pt. U. With centre 0 and radius equal to OA or OB 
describe an arc of a circle on the side of AB remote from 1). Then this 
segment of the circle will be the required segment. 

Proof. AD is a tangent to the circle at the pt. A, since it is at rt. Z.' to 
the radius OA. 

the Z.B AD— the Z^AGB in the alternate segment. 
i e. the Z.ACB = the given Z.A". 

Ex, 2. B 'rom an external point P tangents are drar'n to a circle of centic 
0 and OP ruts the rhmd of contact at Q ; show that (ij PQ — (tangents )' 
and (ii) OP . OQ— (radius)'^. 

'Let PA and PB ho two tangents drawn from an extern«il point P to tho 
circle ABC whoso centre is 0 and let AB he the chord of contact. Join OP 
and let it cut AB in Q. 

It is reqd. to prove that (i) OP , PQ — PA"^ 
and (ii) OP,OQ=^OA\ 

Construction. Join OA, OB. 
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Proof. Now in tie A® OAl\ OBP, 

OA=OB (being radii), PA A 

= PB [ tangents to the circle from 
P ] and OP is common to both. 

.’. the A' OAP, OBP are 
equal m air respects. 

. ■ . the ZL OP A = th e VOPB, 

Again, in the A* PAQ, PBQ, 

PA = PB. QP is common to 
both and the included Z.QPA 
= the included /LQPB. 

AQ=Q]j and the /^AQP = ihe /_B<,W=Ci rt. Z.- ( adjacent Z.*) 
Since, OA, 0]i are radii ^nd^PA, PB tang(3nts, 
each of the /J GAP, OBP is a rt. Z., 
the four points G, A, J\ B are concyclic. 

GG . QP==^AQ. OB=-AQ\ 

Mow (i) OP.PQ = {OQ+QV).FQ = OQ.PQ + FQ- 

=^A(r+l’Q'^ = PA'‘ [ /LAQP= a It. iL'i 

(ii) OP . 0(,1 = (Oi,)+ V7') . 0(i‘ + OQ . (,IP. 

= OQ'^ + A(J^^OA\ [ /.AQO = aH.^] 



Alternative Proof. 

In the A GAP, the Z.GAP = a rt. Z. and AQ is perp. to the hypotenuse 
by Cor. 2 and Cor. ') of Theorem 9 



OJ^ . GG=GA^ and OP .PQ=PA\ 

AD, BE and OF arc the perpendiculars drawn from the vertices 


of a triangle ABC to the opposite sides and 0 is the orthocentre : show that 


AO,OD--=BO .OE=CO,OF and that AD. 



AO = AB.AF=AG.AE. 

Lot AD, BE, CF ho perps. to the sides 
BC, GA, AB respectively of the AAPC and 
0 its orthocentre. 

It is reqd, to prove that 

(i) AO.OD==BO.OE=^GO. OF, 


and (ii) AD . A0~ AP . AP= AC . A^7. 
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Proof. Since each of the ZJ ADB^ AEB is a rt. 

the four points, A, B, B. E are ooncyclio and the chords AD, BE 
of this circle intersect at 6. 

AO.OB=BO.OB. 

Similarly, it may be proved that BO . OE= CO . OF. 

AO.OD = BO,OE^CO.OF. 

Again, each of the ZJ BFO, BDO is a rt. Z., 

the four points B, 7), 0, F are concyolic and the two chords OB, 
BF oi this circle intersect at the pt. A outside the circle. 

AB- AF=AD.AO. 

Similarly, it may be proved that AD .AO= AC . AE. 

AB.AF=AD.AO = AC.AE. 

Ex. 4. P is any point in a fixed straight line AB, and is any chord of 
the circle described on AP as diameter ; R is a point in AQ produced such that 
AQ»AR=AP,AB. Find the locus of R, 



Let AD be the fixed straight lino, 
7^ any pt. on it and AQ a chord of the 
circle described on AP as diameter. 
Let R bo a pt. in AQ, produced such 
that AQ . AR= AP . AB, 

It is reqd. to find the locus of 7^. 
Proof. Join BR, 

Now,^'AP . AB — AQ . AR 

the four points P, Q, R, D are 
concyclic [ Theorem 12, Converse ] 

.*. the Z.P(?B + the Z.PBR 
= 2 rt. Z.^ 


But the Z^AQP is a rt. Z., being in a semi-circle, 
the adjacent Z.P0B is also a rt. Z.. 
the Z^PBR is a rt. Z.. 

*. for all positions of the pt. B, it must be on the perp. to AB through B. 
this sir. line must be the locus of B. 
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Ex. 5. Circles ai^ drawn through two fixed 'points A and B, and from a 
fixed point in AB produced tangents are drawn to them ; prove that the locus 
of the points of contact of these circles %s a circle. 

Let A, B, be two fixed points 
and P any point ii» AB produced ; 
let PT be a tangent to 
passing through A and B. 

It is reqd. to show that the 
locus of T is a circle. 

Proof. Now AP.PB = PT'^ 

[ Cor. Theorem 12 ] 

Again, since the three pt^. A^B^ P are fixed, 

. * . AP . PB = a constant. 

.’. PT '^-2 constuant t.e. PT is constant. 

Hence, the length of the tangent drawn to any circle passing through A 
ind P from the fixed pt. is constant. 

.*. the locus of P is a circle with centre at J\ 



Ex. 6. If a tangent to a circle is parallel to a chord, the point of contact 
IS the middle point of the arc cut off by 4he chord. 



Q 


Let the tangent PTQ at the pt. T of the 
jircle ABC be parallel to the chord AB. 

It is reqd. to prove that the pt. of contact 
T is the middle pt. of the arc ACB i,e. the 
arc AT- the arc BT. 

Construction. Join AT, BT. 

Proof. Since PT is H to AB^ 


the Z.ABT =th.o alternate Z.BTQ 

= th6 L,BAT in the alternate segment, 
the arc ilT=the arc BT. 
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Ex. 7. Two circles touch internally and a straiqlit line is drawn to cut 
them ; prove that the parts of it intercepted between the circles subtend equal 
angles at the point of cont(t:t. 



Let two circles touch internalh^ at the 
pt. P and let the line AD cut the two 
circles at the pt. AyB^C^D respectively. 

Tt is reqd. to prove that the A APB 
= the Z.CPO. 

Construction. At P, the pt, of contact 
of the two circles, draw the cornraon tangent 
QPB. 

Proof. ^I’he Z-fP/J 

= the Z.BP(.?- the Z.--1P9 


= the A.BCP — the A-ADP i.e> the /_CDP 

( in the alternate segment ) 


= the A,CPD. 


Ex. 8. AB is the diameter of a circle and PQ is a chord at riqlit angles to 
it ; prove that AP and BP are the bisectors of the angles formed bif PQ ivith 
the tangent at P. * 


Let AB be the diameter of the circle 
APB and PQ a chord of the circle perp. to 
the diameter AB, let BPT be the tangent to 
the circle at the pt. P. 

It is reqd. to prove that and BP • 
bisect the ZJ BPQ and TPQ respectively. 

Construction. Join AQ and let 0 be 
the pt. of intersection of and PQ. 

, Proof. Since the diameter AB is perp. 
to PQ, .*. 0 is middle pt. of PQ. 


T 



.*. the arc zlP=the arc AQ, 
the Z. A QP= the Z, A PQ. 


Again, the ZAPR = the ZAQP in the alternate segment. 
= the ZAPQ. ( proved ) 
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/. AP bisects the Z.I?PQ. 

Similarly, by joining BQ it may bo proved that BP bisects the Z^TPQ. 

Ex. 9. PT is (I common tangent to two circus which intersect at A and 
B ; jirove that the angles PAT and BAT are supjdementary. 

Let the two circles intersect each 
other at the pts.*^, B and let PT be 
their common tangent. 

It is reqd. to prove that the 

/L PAT -(-the Z.PPr=2 rt. Z.. 

Construction. Join AP^ AT, P>P, 

PTand AB. 

Proof. Since PT is a tangent to the 
circle and BA the chord of contact, the 
/L APT = Z^APi P in the alternatf segment. 

Similarly, the A. ATP— the Z_ABT in the alternate segment. 

.*. the Z.'lP/'+the ALABT^tho Z^U’T+the ALATl\ 
i.e. the A.J'BT=the Z^Al'T+ihe A^ATPp 

To each of these equals add the ^PAT, 

the ZVV;p+the Z^PAT=ihQ /_A]'T-^thQ A^ATP+ the /LPAT 
= 2 rt. /J, the sum of the Z.' of a A. 

Ex. 10. Two circles ionch (me another and j^om the point of contact 
straight linej are draien to the extremities of a chameter of one of them : 
prove that these two straight lines meet the other circle at the extremities of a 
parallel diameter. 





Fig. 1 Fig. 2 

Let two circles touch at the pt. P internally in Fig. 1 and externally in 
Fig. 2 and let AB be a diameter of one of them ; let ZP, BP be joined to 
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cut (fn Fig, 1), and be produced to out (in Fig. 2), the* other circle at C, D 
respectively. 

Join CD. 

It is reqd. to prove that CD is a diameter of the second circle and is 
parallel to AD. 

Construction. At P Iraw the common tangent TPIl to the two circles. 
Proof. Now, the Z_APB = a, rt. Z., being in semi-circle. 

= the /LCPD [ the same Z in Fig. 1 and 

vertically opp. Z' in Fig. 2 ] 
( 7J is a diameter of the second circle. 

Again, in Fig. 1, the Z^/7M = the Z^PBA 

[ in the alt. segment of the circle APB ] 
or, the /_CDP [ in the alt. segment of the circle CPD ] 

. .’. the Z.C DP = the Z^PBA, but these are corresponding Z^ 

AB and CD are parallel. 

Similarly, it may be proved in Fig. 2 also that ^IL’ aiid CD are parallel. 


^ Ex. 11. AD and AG are the chords of a circle ABC and DD, a straight 
line through B drami parallel to the tmgent at 7, intersects AC pioditced in D. 
Prove that AB is a tangent to the circum-circle of the triangle BCD. 


Let AB and be two chords of the 
circle AJiC\ the line FAQ bo the tangent 
to the circle at the pt. A and the straight 
linQjW drawn through B to the tangent 
PAQ intersect AC produced in D. Join BC. 

It is reqd. to prove that AB is a 
tangent to the circum-circle of the ^BCD. 

Proof. Now the the alternate 

^DAQ [ •.* PQ and BD arc || ] 
= the Z_ABC in the alternate segment 

[ FQ is a tangent and AC the chord of contact 1 
. • . the LA DB i.e. the LCDB = the Z.l BC. 
the line BA drawn from the extremity of the chord CB of the 
circum-circle of the ^BDC makes an angle with BC equal to the LBDC in 
the alternate segment of the circum-circle. 

AB is a tangent to the circum-circle of the t^BDC. 

[ Converse of Theorem 11 ] 


p A Q 
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Exercise 111 

1. If two circles intersect, prove thatsthe tangents to the 
two circles from any point on their common chord produced, 
are equal. 

2. Prove that the common chord of tw« intersecting circles, 
when produced, bisect^Mieir common tangent. 

3. If two circles intersect, and two chords are drawn one 
in each circle through any point in their common chord, or that 
chord produced, prove that the extremities of these chords are 
concyclic. 

4. If two circles toucji^one another, prove that any straight 
line drawn through the pointy of contact cuts off similar segments 
from the two circles. 

[ Segments of circles containing equal angles are said to be 
similar ] 

• 

5. Two circles intersect at A and P, through any point P 
on the circumference of one of them, chords PA and PB are 
^l^awn to cut the other circle at G and D ; show that CD is 
parallel to the tangent at P. 

6. If two circles touch one another, either internally or 
externally, and through A, the point of contact, two chords 
ABC and ADE (or BAG and DAE) are drawn to cut the .two 
circles at P, D and C, E respectively, prove that BD and GE 
are parallel. 

7. AB is a common chord of two hircles, one of which 
passes through 0, the centre of the other ; prove the OA bisects 
the angle between the common chord and the tangent to the 
first circle at A, 

8. Two circles touch internally and a chord of the greater 
IS a tangent to the smaller ; prove that the chord is divided at 
its point of contact into segments subtending equal angles at the 
point of contact of the circles. 

9. Prove that the perpendicular drawn from the middle 
point of an arc of a circle, to the chord of the arc, is equal to 
the perpendicular drawn from the same point to the tangent at 
either extremity of the chord. 


P. G.— 5 
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10 . AOB is a diameter of a circle whose centre is 0, and 
C is the middle point of OA. Chord PGQ is drawn perpendi- 
cular to OA, Prov^ that the triangle PBQ is equilateral, and 
PQ^ = 30il^ 

11 . Two tangents TA and TB are drawn to a circle whose 
centre is 0, Auotfier circle is drawn through T and touching 
AB at A, and OA is produced to meet this circle again at D. 
Prove that OA is equal to AD. 

12 . From a point P, tangents FA, PC are drawn to a circle, 
and a secant PBD cuts the circle at B and D. Prove that in 
the quadrilateral .4PCZ), (i) AB,CD = AD,BC, 

(ii) AC.BDt^AB.CD. 

13 . chord AB of a circle is produced on both sides to P 
and Q, such that AP — BQ, and from P and Q, tangents PA 
QY are drawn to the circle on opposite sides of AB^ X and 
F being the points of contact. Prove that the straight line XY 
bisects the chord AB. 

14 . Show how" to construct a triangle having given tlie base, 
the vertical angle, and the ratio of the other two sides. 



CHAPTER IV 


PRACTICAL CONSTRUCTIONS 

• 

4*1. In the practjpal field construction of acute geometrical 
Bgures is of great importance. Of the different kinds of construc- 
bion students have already become familiar with the easier ones 
like the bisection of anqles and straight lines, the drawing of a 
perpendicitlar to a given straight line at a giveji point in it or 
from a given point outside it, construction of an angle equal to a 
given angle at a given point in a given straight line, the draioing 
of a st7'aight line throu>^h a aiven rtoini parallel to a aiven 
straight line etc. 

In harder cases of construction, bisection of straight lines and 
angles, drawing of perpendiculars etc. are frequently resorted to. 
In these cases mere mention of what is to he done will do. 
How this is done need not be explained as the methods of these 
easy constructions are only too well known. Still the traces 
of these constructions should be left on the figure. An illustra- 
tion will make the point clear. Suppose it is required to draw 
a tangent to a circle whose centre is 0 at % given point P on its 
circumference. Here it will be sufficient to say, “Draw PT 
perpendicular to OP”. It is not necessary to state with what 
radius and where the arc of a circle is to be described. • But 
the traces of the construction of lines and arcs of circles necessary 
to draw the perpendicular must be left on the figure. 

In Practical Geometry, the figures drawn should be neat 
and accurate as far as practicable. To make the figure neat and 
clean, lines should be drawn very carefully with the fine point 
of a hard pencil, and greatest care should be taken to see that 
there should be no occasion for erasing any line badly drawn. 
The traces of construction should be clear and well-defined. 

4*2. Construction of Tangents. 

Problem 1 

Dratv a tangent to a circle at a given point on the circumference. 

Let ABO be a oiroJe whose centre is 0 and P the given point 
on the circumference. 
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It is required to draw a tangent to the circle ABC at the 
noint P. • 


IS 



Construction. Join OP. 

At P draw PT perp. to OP. 

Then^T shall be tangent to 
the circle ABC at the point P. 

Proof. 0 is the centre of 
the circle ABC and OP is its 
radius. 

Now, the str. line PT is 
perp^ to the radius OP. 

•*. PT is tangent to the 
circle ABC at the pt. P. 


Problem 2 

Draw a tangent to a circle from a given external point. 

Let 0 be the centre of the circle and P a point outside it. 

It is required to draw a 
tangent to the circle ABO* 
from the point P. 

Construction. Join OP. 

On OP as diameter describe 
a semi-circle intersecting the V 
circle ABC at the point T. 

Join PT. 

Then shall the str. line 
PT be tangent to the circle 
ABC. 

Proof. Join OT. 

Now, the /_OTP being in a semi-circle is a rt. Z. and Oj ^ 

is a radius. 

the straight line PT being at rt. Z® to the radius OT is 
tangent to the circle ABC. 

N. B. If the complete circle be drawn on OP as diameter, it will intersect 
the given circle at another point, say B, If pjR be joined a second tangent 
to the circle ABG will be obtained. Hence two tangents can be drawn to a 
circle from a given external point. 
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Problem 3 

Draw a direct common tanqent to two qiven circles. 

Let A be the centre of the greater circfe and a its radius and 
B be the centre of the smaller circle and b its radius. 



It is reqd, to draw a common tangent to these two circles. 

Construction. Join AB. 

With centre A and radius {a - b), the difference of the radii 
of the two circles, describe a circle. On AB as diameter another 
circle which cuts this circle at the point C. Join AG and pro- 
duce it to meet the' larger circle* at D, Through B draw BE in 
tlie same direction as, and parallel to, AD to meet the smaller 
circle at E. Join DE. 

Then shall DE be me ciirecc common langent ro me two 
given circles. 

Proof. Since /ID = a and AC^a-b, CD-b, 
tV) and BE are equal and parallel. 

the figure BCDE is a parallelogram and the Z.CDD = the 
corresponding Z.^402? = a rt. Z., being in a semi-circle. 

BCDE is a rectangle, 

each of the AJ BED, CDE is a«vt. Z. and since *4D, BE 
are the radii of the two given circles, DE is tangent to both 
the given circles. 
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Hence DE is a direct common tangent io the two given 
circles. 

Note 1. The circle ^scribed on AB as diameter will intersect the circle 
with centre .4 and radius (a — h) at also another pt. C* besides the pt. 0. 
Hence a second direct common tangent can be drawn on the other side of AB, 

Note 2. With the game construction as given abtfve direct common . 
tangents to two given circles can be* drawn eveatwhen they intersect one 
another. 

Note 3. To draw direct common tangents to two equal circles, proceed 

as follows : — 

Join the centres of the two given circles, and through their centres draw 
two radii on the same side of this joining line perpendicular to it. If the two 
extremities of the two radii so drawn on each side be joined, two direct 
common tangents to the two circles will ))e obtained. 

'Problem 4 

Draio a transverse common tangent to two (liven circles. 



Let A, B be the centres of the two given circles and a, h be 
their radii respectively. 

It is reqd. to draw a transverse common tangent to the two 
given circles. 
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Construction. ‘Join AB. 

With centre A and radius equal to (a + 6), the sum l . 
of the two given circles, draw a third circle. Prom fifi 
draw a tangent BO to the third circle (z.e., on AB as diSi? 
describe a circle cutting the third circle at C. Join BC), K 
AG cutting the tfrst circle at the pt. D. Now through B draw® 
BH parallel and on the^jde opposite to AC. *Join DE. 

Then DE shall be the transverse common tangent to the two 
gi\en circles. 

Proof. Since !C = a + ?) and AD = a, CD = b = BE and 
BE, CD are parallel (by construction). 

• BE, CD are both equal and parallel. 

Hence BEDG is a paraifelogram. 

Again, ZC’ = a rt. Z., being in a semi-circle. 

BEDC is a rectangle. 

the /LADE - the /LBED rt.- 

Since AD, BE are radii, DE is a common tangent to both the 
circles, 

N. 15. Since the circle described on AJJ as diameter, intersects the circle 
with centre .1 and radius (aA-b) at a second pt. a second transverse 
conunon tangent to the two gi\en circles can also be drawn. 

If the two circles intersect one another, they have no transverse common 
tangent. 


4*3. Construction of regular figure^ in or about a given 
circle. 

A plane rectilinear figure whose sides are equal to one 
another and whose angles also are equal to one another is 
called a regular figure. From the definition of a regular figure 
an equilateral triangle and a square arc regular figures. A 
regular pentagon is a five-sided figure all of whose sides are equal 
to one another and angles are also equal to one another. 

The number of sides of a rectilinear figure is equal to the 
number of its angles «.<?., if the number of sides be equal to 8, the 
number of its angles will also be 8. Again, if the number of sides 
of a rectilinear figure be known, the sum of its angles is also 
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known. Heoce fche magnitude of an angle of a regular recuiiinear 
figure with a given number of sides may be easily determined. If 
the sum of the angles of a regular polygon with a. given number 
of sides be divided by the number of sides of the polygon, the 
magnitude of an angle of the regular polygon can be found 
e,g, each angle of a regular pentagon is 10S°, ttiat of a regular 
hexagon is 120°, and*so on. 

Again, the number of angles subtended at the centre of a 
polygon by its sides is equal to the number of its sides. Whatever 
may be the number of sides of a polygon, the sum of the angles 
subtended by its sides at the centre is always equal to 300°. 
Hence, if 360° be divided by the number of sides of a regular 
polygon, it will give the magnitude of an angle subtended by a 
side of the regular polygon at its centre. If the magnitude of 
this angle be subtracted from 180°, *it will give the magnitude of 
an angle of the regular polygon. 

The centre of a regular polygon inscribed or circumscribed, 
in or about a circle is identical with the centre of the circle. 
Hence to inscribe or circumscribe a regular polygon in or about 
a circle, at first the angle subtended by a side of the polygon at ; 
its centre is determined by dividing 360° by the number of sides of 
the polygon and then an angle equal to this angle is drawn at the 
centre of the circle. The length of the straight line joining the 
two points at which the arms of the angle so drawn cut the circle 
givej the length of a side of the i)olygon. If chords equal in 
length to this side be successTvely placed inside the circle, the 
polygon will be inscribed in tlie circle as required. If tangents 
to the circle be drawn at the extremities of these chords, tlie 
circumscribed polygon will be obtaineiT. 


It is easy to inscribe or circumscribe an equilateral triangle, 
a square or a regular hexagon in or about a circle as the angles 
subtended by a side of these regular figures at the centre are 
120°, 90° and 60° respectively and these are easy to drav;. But ' 
the angle subtended at the centre by the side of a regular 


, . 360° 

pentagon is ^ 

0 


or 72° and to draw this angle it is necessary to 


know what medial section is. Hence before proceeding to inscribe 
or circumscribe regular figures in or about a circle, we shall 
define ‘medial section’ and discuss about it. 



PRACTICAL CONSTRUCTIONf 


73 


Medial Section 

• Definition. A straight line is said to^be divided in medial 
section when the rectangle contained by the whole line and one 
part 13 equal to the square on the other part ; and the point of 
division is saicl^to be the point of 7iiecliat section. A straight 
line may be divided (i) internally or (ii)* externally in medial 
section. 


A M B 

In the above figure (i), if AB . DM = AM^ ^ then the line AB is 
said to be divided inter'nfllly in medial section at the pt. M ; 
and (ii) if AB .DM' = AM\ fhen the line AB is said to be divided 
externally in medial section at the pt. M\ 

Problem 5 

Divide a qiven straiqJU line internally in medial section. 

Let AB be the str. line to 
be divided in medial section. 

Construction. At the 

point in .17? draw BC perp. 
to AB. Take 7>C = i.lZ?. Join 
AC. From CA cut off CJ) 

= CB. Now, with centre .1 
and radius equal to AD diftiw 
an arc cutting AB at the 
pt. 31. 

Then shall AB be divided 
internally at 3/ in the medial section. 

Proof. Let AB = a and A3I = .r. = a — .r, 

BG = ia, AG = Ar)’^DC = AM + BC = x + ^a. 

Now, since ABC is a rt. A, 

i.e., CT + k)"-rt'*+(k)". 
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*. + ax = . x^ = a^ — ax= aia-x) 

U, 

.*. the str. line i#JS is divided internally at M in medial 
section. 


Problem 6 


Divide a oivcn siraifjht line externally#zn medial section. 



> 

Let AB be tlie str. line to be divided externally in medial 
section. 

Construction. At B in the str. line AB draw a perp. to AB 
and take BC=hAB. Join AC and produce it to J) makinp, 
CD^fiB, 

Now with centre A and radius equal to AJ) draw an arc of 
a circle which intersects BA produced at M\ 

Then shall the str/ line AB be difided externally in medial 
section at M'. 

Proof. Let AB-ch and AM' = x, 

= x + AD=-x, CD = CB = la, 

AG^AD-GD = x-ha, 

Now, since ABC is a rt /J' A, 

.4C"=-.lL^" + 7iC" Le., U*- k)" - 

rc®-aa; = a^. a;® + = a(a; + a) 

i.g., AM'^^AB,BM\ 

/. the str. line AB is divided externally at M' in medial section 
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Problem 7 

Construct an isosceles triangle having each of the angles at the 
base double of the vertical angle. 

It is reqd. to describe 
an isosceles trianfile each 
of whose base an^^les is 
double of the vertical 
au^le. 

Construction. Take 
any str. line Mj. Divide 
AB at C so that A1j.BC 
= i.e,, divide Al 

internally at C in media 
section. 



^^■itl^ centres B and C and radius equal to AC draw two arcs 
of a circle and let them cut eacli other at D. 

Join BD, AD. 

Then ABD shall be the reqd. A. 

Proof. Join CD and circumscribe a circle about the Ad CD. 
Now d/;./]C = 

BD touclies the circle ACD at the pt. D. 

the /?/)(' “the Z.CAD iq the alternate segment. 

Aj^ain, by construction AC^CD, the /lcMD = the /LCDA^ 
:. the ZD7)J-the Z7JDC-Hthe /_CJ )A = the ACAD + the 
ACDA-^-^lCADi.c. ^lABAD. 

Aj^ain, since VjD - CD, 

the ADBC---the /_DCB---the ACAD + the ACDA 
“2/77JD. AB-^AD. 

[ ADBA i.e. ADBC=^ ABDA, each being = 2ZJ5dD ] 

the AAJRl is isosceles and each of its base Z" ABD, ADD 
is double of the vertical A A. 

N. B. Because Z77-ZD«2Zd. 

. • . Zd + Z7^ + Z7:> “ A A + 2Zd + 2Zd - 6Z d . 
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180" [ the sum of the Z.* of the ^AB3 ] 

Z = 36" and Z.jB = Z.^=72". 

now to draw aij Z. = 72", if a triangle bo described in the above 
manner the Z^ABD will be 72". 


an 


Construct a raomar jinnre of tlir(*& sido^J'th.at is, 
f}le) (i) zw, or (ii) about a given circle. 


an cqiiilatcrai 


X 




Let 0 be the centre of the given circle. 

It is reqd. to (i) inscribe an equilateral A in the circle 

and (ii) circumscribe an equilateral A about the circle. 

(i) Construction, .Construct an equilateral AL3LV. Produce 
LM to P. Take any radius OA of the cindo and at 0, the centre 
of the circle, draw the A^iOZ^ = the AA'ilfP, so tliat 01» c\its 
the circle at B. Join AB. Jdace a cliord BC equal to .47) inside 
the circle. Join .46'. 

Then A ABC shall be the reqd. equilateral A inscribed in the * 
circle. 

Proof. The ALMN is equilateral, each of its 
the ZxVJ7P«120'. 
the Z.A0B drawn at 0= ]20°. 

Again, the chord PC = the chord ZP. 
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the z BOG “the Z.4 05 = 120°. 
the remaining ZZOO“120® 

[ sum 01 cne /J at 0 = 360° ] 

Now, since th© three Z® ^405, AOO and 500 at the centre 
are equal to one another, the three chorda, AS, AC, BC subtending 
these three angles are Icfual to one another. 

AB = AC = BG. 

the A inscribed in the given circle i" ’ 

(ii) ConstructioD. As before draw the Z- 
and placing the chord BC equal to AB in the 
three pts. A, B, C on it. .JDraw three tangent 
A, 5, 0 i.c., perp. to OA, OB, 00. Let these t 
one another at the pts. X, Y, Z, 

Then AXYZ shall be the reqd. equilateral 
about the circle. 

Proof. Because ZY and ZX are tanger 
each of the Z* OAZ, OBZ - a rt. Z 

[ tangent and rad 
AOBZ is a cycl'c quadrilateral 

the Z.A0B and the Z.AZB are supplem 

But the Z /1 05 =120"’ (by conttruction) 
the I.AZB i.c, the Zr^X=60°. 

Similarly, it may be prcfved each of the*Z® XYZ, ZXY^&{Y. 

the /SXYZ is equilateral as the sides are tangents to the 
circle it is circumscribed about it. 

Problem 9 

^*onstnict a regular fi\}urc of four cities (that is a square) (i) in 
or (ii) about a given circle. 

Let 0 be the centre of the given circle. 

It is reqd. to (i) inscribe a square in the circle, 

(ii) circumscribe a square about the circle. 
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Construction. Take a diameter AOB of the circle and at the 
centre 0 take another diameter COD at rt. Z.* to AOB i,e, bisect 
AB at rt. 

(i) Join AG, CB, BD and DA. 

Then ACBD will be the reqd. 
regular quMrilateral Le. square 
inscribed in the circle. 

Proof. Because each of the 
AOC, con, BOD and DO A at 
the centre of the circle being a rt. 
Z. the chords '1C, C7>\ BD and DA 
are equal to one another. 

Agaiif each of the Z" ZCB, CUD, 
BDA and A.DAC being in a semi-circle, is a rt. Z. 

ACBD is a reqular quadrilateral, or square, inscribed 
in the circle. 

(ii) At the pts. A and B draw two str. lines I! to C’D and af 
the pts. C and D draw another two str, lines 1 ! to AB and let 
them intersect at the pts. L, J/, N, P. 

Then LMNP sha^l he the reqd. regular quadrilateral or square 
circumsciibed about the circle. 

Broof. LM is ll to AB at^l AL and BM being each to CL 
are ll to one another. 

ALJ/B is a parallelogram, /. LM~AB. 

Similarly, PN = AB. . ' . L2I = Vn ^AB. 

Similarly, PL = NM = CD. But AB = CD 

(cliaaieters of the circle 

L3I = MN=NP = PL. 

Again, by construction COBN is a parallelogram and the 
ALCOB^a, rt. Z.. A.N is a rt. Z. Similarly the Z* L, M, P 
are also rt. Z®. 

the sides and angles of LMNP being equal to one another, 
the Pig. LMNP is a square. 

Now the A.COB of the parallelogram COBN being a rt. Z 
eaph of the Z* OCN and OBN is a rt. Z. 


O 

yw 


N 




[0 


M 
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PN and MN touch the given circle at the pts, C, B. 
Similarly, LM and LP are tangents to y;3e circle. 

LMNP is the reqd. square circumscribed about the circle. 


Problem 10 

Construct a regular pcniaaon (i) in or (ii) about a qiven circle. 



L 


I jet 0 bo tlie centre of tlie given circle. 

It is reqd. to (i) inscribe a regular pentagon in the circle, 

and (ii) circumscribe a regular pentagon about the circle 

(i) Construction. Describe an isosceles triangle ABC having 
each of the ABCy ACB double of the vertical ^BAC, 

Take any radius OP of the circle and at the centre 0 of the 
circle draw the /LPOQ equal to the Z./1BC, so that the arm OQ 
cuts the circle at Q. Join PQ. Place three chords QR, ES, ST 
successively in the circle each equal to PQ. Join TP. 

Then PQRST shall be tlio reqd, regular pentagon inscribed 
in the circle. 

Proof. By construction, the ^ ABC ••72'' (Prob. 7) 

the /LPOQ •^72" 

Since PQ, QJJ, J?S, ST are equal chords of a circle, 

each of the Z.’ POQ, Q02J, iJOS, SOT at the centre of 
the circle *72®. 
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the sum of these 4 angles = 4 x 72° = 288^ 

But the sum of the at the pt. O“360°. 
the remaining Z TOP = 360*" - 288® = 72®. 

/. the chord TP is^equal to the other chord|. 

the sides of the pentagon PQBST ^ equal to one another. 

Again, the o A** POQ, QOR etc. are equal in all respects and 
each of them is isosceles. 

the ZOPQ = the /_OQP. Hence, each of the vertical 
Z* of the A" being 72®, their base angles are all equal to one 
another. 

the ZP()L* = the ZPQO + th« Z0gP = 2ZiV*}0. 

the Z^ P. <3, B etc. of the pentagon being double the 
base-angle of these A'^ are equal to one another. 

the sides and angles of the pentagon PQBST being equal 
to one another, the pentagon is a regular one. 

(ii) At the points P, P* T of the circle, draw five 
perpendiculars ivL, LM, AT, VK to the radii OP, OQ, OB, 
OS, OT respectively.* The pentagon KL^INV they have formed 
by meeting at the pts. K, L, i¥, N, V shall be the required regular 

pentagon circumscribed about the circle, 

• 

Proof. Since by construction KL, LJf, MY, NV, VK are 
perps. to the radii at the pts. J\ Q, B, S, T respectively on the 
circle, they are tangents to the circle.^ 

Now, by construction, the ZOPL + the /_OQL = 2 rt. 
the four points P, 0, Q, L are concyclic. 
the ZL is the supplement of the /LPOQ. 

Similarly, the Z** ¥, N etc. are the supplements of their 
respective opposite Z® QOB, BOS etc. at the pt. 0. 

But the five angles Z* POQ, BOS etc. at the pt. 0 are equal 
to one another. 


*Tlie traces of construction of the perpendiculars have not been left on 
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/. the five angles ZL, /LM, /_N etc. being supplementary 
of these equal angles are equal to one another. 

Again, each of the LPQ* QMB etc. is an isosceles A. 

[ the two tangents drawn from eacl) of the points L, M, N 
etc. to the circle tire equal. ] 

the l.LPQ = t\f^ALQPy the Z2rQ7^ = the Z^MPoQ 

But the Z"' L, il/, N etc. of the A' LP(l MQll, NES etc. are 

equal to one another. (Proved) 

the Z ’ TjPQ, LQPt MQE, MRQ etc are equal to one 

another. 

Now, in the two A** PPQ and M(iRy the ZB = the the 
/LLPQ — t\\Q /L^IQU P^ — QB, the two A' are equal 

in all respects. 

. PL^ MB and LQ = QM, 

Bill- 20J/. Similarly, JBY = 

^ But Q.V = B0 = Bi?-.V7ih LM=^MN, 

the sides BxV, MX etc. of tlie pentagon are all equal to 
one another. 

KLMXV IS a regular i) 0 ntagon and it lias been circums- 
cribed about the given circle. 

Alternative Method 

Witliout drawing perpeniliculars to the fadii through the five 
pis. 7\ (j), By S, T, the construction for circumscribing a regular 
pentagon about a circle may be shortened in the following 
manner. 

As liofore draw the /_ POQ = 72^ at the centre 0 of the circle. 
Draw porps. to the radii OP, OQ through the pts. P, Q, Let 
them intersect at L, With centre 0 and radius OB draw another 
circle. Bet 7^P, LQ produced meet tliis circle at 7i, M 
I'espoctivcly. Now, place the chords ilBY, XV equal to LM 
successively in this circle and join VK, Then shall LMNKV be 
the required regular pentagon about the given circle. 

The proof is left to the students as an exercise. 
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Problem 11 

ConUruct a rci/uctt?* hexagon (i) or (ii) about a <nvpn circle. 

Let 0 be the centre of the given circle. 

It is reqtl.^to (i) inscribe orw 
(ii) cirf ftmscril)e a regular hexa- 
gon (i) in or (ii) about this 
circle. 

(i) Construction. Take any 

radius OJ of the circle and 
place successive! V five chords 
AI^ no, CD, in:, KF in the 
circle, each equal to (bl. 

.loin M\ 

Then sl^all AllCDFFhit the 
regular hexagon inscribed in the given circle. 

Proof. Join OA, OB, OC, OD, OE, OI\ 

Now the five A’’ AOB, BOC etc. each being an equilatera 
one, have each of their angles = 6r/. 

Again, the sum^of the Z" at 0 = 300^. 

But the sum of five Z' JOB, BOC etc. -6 300'*. 

the remaining Z J^/'i=3b0°-300''“-()0°~the /_AOB. 

.*. IB^OA. 

IX, the A/10/''is also equilateral. 

the six sides of the hexagon are equal to one another 
and each of the six /A A, B etc. being bO"’ + (if)'’ l,l,o\ 

are equal to one another. 

Hence the hexagon ABCJ>EF regular and it is insci-ibed in 
the given circle. 

(ii) Construction. Take any radius OA of the given circle 
and place a chord .17i in the circle equal to 0.1. Join (BL 

At the points A and B draw perps. to OJ and OB and let 
them intersect at L, Join OL, 

Now, with centre 0 and radius OL draw another circle. Let 
L4f LB produced cut the circle at the pts. B and J/. Begiuuiug 
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with the pt. M, successively place three chords MX, NP, PQ 
each equal to LM iu their circle. Join QB. Then shall 
L^fNPQE he the reqd. regular hexagon eircunflscribed about the 
given circle. 

Proof. By construction, the AOJ/> is equilateral. 

[•.* 0.1 = 0IJ = AB] 

the l.AOn = C,0\ 

Again, the rt.-Z.'^ A’ OAL, OliL are equal in all respects 

[ A and It are rt. Z\ OA = OB and the 

hypotenuse OL is common ] 
Die /.LO/;-the ZXO.l = 30". 

Now, LM is a chord of tho^gnter circle and OB is perp. to it. 

B is tlie middle point of ]j2L 
tlie A'' OJjTj, OBM are equal in all respects. 

[ JMj = BM, OB is common and the rt. /lOBL = rt. Z.OBM ] 
the ZJ/OB«the /. the ZLOJ/ = 60^ 

t [Similarly, the and since the chords LM, MX, 

^ ot the outer circle ai*e equal to one another, the /J 
subtended by tliein at the centre are equtil to one^ another. 

i.e., Ihe /_M()X^t\m LXOP ^ iPOi) ZLrO/-60° 

= the /_LU1L 

But the whole Z round the pt. O=¥360‘*. 

/. the Z = 3()0° - 5 X G0° = ()0° 

• the cliord BQ-W\% chord LM si.e. 4ill llie sides of the 

hexagon LMX PQB are equal. 

Again, these sides being equal chords of the outer circle are 
equidistant from the centre 0 of the circle and this distance 
0.1 =tho radius of the given circle. 

the feet of the perps. [ 1, B and C, D, E, F say ] from the 
centre 0 upon tlie sides of the hexagon lie upon the given circle. 

the sides of the hexagon LMNPQR touch the given 
circle at the feet of the perpendiculars A, B, G, D, E, F ix, the 
hexagon LMNPQR is circumscribed about the given circle. 

Now OALB is a cyclic quadrilateral. 

[ Z.4 and /_B are rt. Z* ] 
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the Z^LjB + the Z/lOB = 180°, but the /_AOB=-60\ 
the ^AI^B Le. the /_BLM 

Similarly, each Z of the hexagon L]\INPQR = 120°. 

the sides and angles of the hexagon being equal to one 
another, it is regular and is circumscribed abfjut the given circle. 

Alternative method. 

From any pt. A on the given circle, successively place five 
chords AB, BC, CD, DE, EF each equal to tlie radius of the circle. 

Now, at the six i)ts. -1, B, C, 7>, F., F draw six tangents 
(?.e. draw six perps. io the radii tlirougb these pts.) to the circle 
and let them intersedt at the six pts. L, M, N, 1\ (J, IL 

Then shall LMNPQ]} be the regular hexagon circumscribed 
about the circle. 

The proof is left to the students as an exercise. 

N. B. In the First ^Method of drawing the circumscribed hexagon, 
the construction is comparatively short, although tho proof is long. In 
Second Method, the proof is easier, but the construction is rather long. 

4*4. Construction of a square equal in area to a given 
polygon. 

Problem 12 

* Construct a square eqtialmin a-rea to the atven recLninle. 



Let ABCD he tlie given rectangle. 

It is reqrl. to describe a square equal in area to the rectangle 
ABCD. 
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Construction. Produce the side AB of the rect. ABGD to E 
30 that BE = BG, 

Draw a semi-circle on AE as diameter. Pr^uce GB to meet 
bhe semi-circle at P. Cut off BB from BE produced making it 
3qual to BJ\ Now with centres P, P and radius equal to BP 
two arcs interceding at the pt. Q. Join BQ, 

Then* shall PBBQ be tli©»reqd. square. 

Proof. It can be easily proved that PBBQ is a square. 

Join AP^ PE. 

Now, the Z.APE = vi, rt. Z ( being in a semi-circle and PB is 
drawn from the rt. /_ perp. to the hypotenuse AE), 

rB'"=AJEBE = AB.MG, 

?j\ the square PPPfJ = the^rect. ABGD in area. 

N. n. Construction of a square equal in area to a given triangle. 

From the vertex of the given triangle draw a perp. to the base. The area 
of the rcclanglo with sides equal to this perpendicular and half the base is 
equal to the area of the given trianglf*. TIenco, by the above Problem, a 
sq drawn equal in area to this rectangle will bo the square required. 


Problem 13 

Construct a triannlr cqiud in area to a <iiven quadrilateral. 

D 



Let ABGD be the given quadrilatercal. 

It is reqd, to draw a triangle equal in area to the quadrilateral 
ABGD. 

Construction. Join ilC. Through D draw BE H to AG to 
meet BG produced at E. Join AE. 
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Then the £^ABE shall be the reqd. Z.. 

Proof* The ACD^ AGE stand on the same base AO anc 
between the sa(^ parallels AC, DE, the A ACD 

AACE. 

To each of them add the AABC. 

. the quBurilateral ABOD = 

N. B. By the method shown above, wo can first rcdafe a pcTitaR^n to 
quadrilateral of equal area and then w'e can draw a triangle equal in area t 
this quadrilateral, Henoe when a polygon with any number of sides is given 
by gradually diminishing the number of its sides by ono .at a time in th 
manner shown above, we can ultimately draw a triangle equal to the givoi 
polygon in area ; and then by drawing £i square equal to this triangle, uc ca! 
draw a square equal in area to any given polygon. The cornstruciion of . 
square equal in area to a given pentagon is shown below bv of 

example. 


Problem 14 

Constnict a square equal in oica to a, ^nven i» 



Fig. 1. I-'ig. 2 

The required construction is here efiected in tliree stag^es : — 

(i) Construction of a trian;'le equal to thf3 i)entag'on in area, 

(ii) Construction of rectan/^ie equal to the triant^lo so drawn, 
fttid (iii) Construction of the square equal to the I’ectangdc drawn. 



PBACXIGAL CpNSXBUqpPIONS# 

If the work of ionstructlon be made 
will render the figure untidy. So the cousttUw 
stages is shown in three separate figures. In the first figure, a 
triangle equal to the pentagon, in the second, a rectangle equal to 
the triangle and in the third the square equal to the rectangle 
have been drawn. 

» Let ABODE be the given i)entagon. 

It is reqd. to descriHe a square equal to the pentagon ABODE 
in area. 

Construction, (i) Join 40, AD, Throgh B draw BF\\ to AG 
and through E draw EG li to AD to meet DC and CD produced 
at F and G respectively. Join AF^ AG, The A4i^G is equal to 
the pentagon in area (Fig. l). 

(li) Through A draw A^^\ toFG. Bisect FG at P. Through P 
draw PL perpendionlar-hisector of FG to meet at L. Prom 
Xfj produced cut off LM—PG, Then LPGM is a rectangle and 
its area is e<iual to that of the 
jXAI'G i 0 , to that of the given 
Ihuitagoii (l^^ig. il). 
i fiii) Take a str. line equal 
to TXl and produce it to A’. 

PVoin l/A’ cut oil* a loiiaMi 
e(|ual to diCr of Fi". 2. On A(f 
diaint'hu' de-^crihe a seim- 
« irde. At the ]it. d/ draw dPY 
l)eri>. to LGt cutting the seuii- 
cir (;]0 al .V. (Fig. 3) 

Tiic square de-,crihed on 
JIAV i^ the reqd. square, 

The pent.igon 4PC7‘//- tiio 



F.t 


4*5. Constniction 
' straight lines. 


of 


A.L 'G -- the rect. A/PGJf 
= the square 

a mean proportional to two given 


Problem 15 


^ Find a iiLPun proportion d to tv'o aivcn stroi tht liuts. 

Lee a and h he the two given str. linos. 

It is reqd. lo hnd the mean proportional between the sbv. 
lines a and b. 
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Construction. Take any str. line AB an4 from AB cut; off 
AB and BC equal to a and b respectively. On AC as diameter 
describe a semi-circle. At the pt. B draw BP perp. to AC to 
meet the semi-circle P. 



Then shall the str. line DP he the mean proportional l.otv. eeri 
the str. lines AB and 7>C Lp. the str. hru*^ </ and o. 

Proof. Join AI\ PC. The P.APC in the serni-circle - a rt. 
and from the rfc. Zi^ PB is draun perp. to the hvjyoteiiuse AC\ 

PB-^AB,BC=^a.h 

ue, PB is the mean pro]>ortional hetweeii a anfi lu 

Alternative Meftiod. 



X 


Construction. From a str. lino OX cut off OA and 01) equal 
to a and 6. Suppose 0.1 >■ OB. On OA as diameter dascrilio 
a semi-circle. .\t the pt. B draw BO iierp. to Oil to meet the 
semi-circle at Q. Now from OA cut off OB equal to OQ. 



PBACTIOAL OONSTBUOTIONi * 


Then shall OPor OQ be the mean proportional between OA" 
and OB, 


Proof. Join OQ, QA. 


Since the /_OQA in the semi-circle = a rt. Z. 

* “th^ ZQ50 

(by construction), 

and the LQOJi is common, 

tlie .40Q and QOB are equiangular and hence similar. 


OA^OO 
OQ^ OB 


OA .fJir=OQ^ = OP\ 


‘ . OP cv OQ is the ijean proportional between OA and OB. 

S. B, If it is? required to»^nd the mean proportional between two 
straight linos like Od and Of> dra\Mi from a pt. in the same direction, it is 
convenient tc apply the Alternative Method and m the subsequent construe- 
lions this mothod has bi'ou resorted to. 


Corollary. With tlie help of this problem we can draw 
a tangent to a given circle from an external point. 

T;et ABC be the given circle 
and /\ a point outside ’t. 

It is roqd. to draw a tangent 
to the circle A7JC from I\ 

Construction. From the 
point draw any secant. PBG 
of the circle, h'ind the ^uean 
iwoportional P.V ) between PB 
and J"C. Witli centre P and 
radius eiinal to draw au 
luc of a (‘irclo to cut the gi\on 

c.ivcii' at tlm pts. 71, P. rloin 

PD, PK. 

Then shall PO, PE he two tangents to the circle ABC. 

Proof. Since /M7 is the mean proportional between PB and 
PC, /. PB‘ PC-- PM“ - PP" or PE\ 

Hence PD and PE are tangents to the circle ABC, 
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4‘iB. Illustrative Examples. 

Ex. 1. Divide a given straight line in a given ratio fij internally or 
(ii) externally. 



A X B A B 


Pig. 1 Pig. ;; 

Let AJi be the given st. lino and :,i n the ratio. 

Il is reqd. to divide AIJ (i) internally or (li) cxiernalK n tin* lai.o - 

(I) Construction, Draw any str. linn All through .1 an 1 '> i. i 
two suceessivo lengths A/\ PQ so that AP= ainl /’v a ihig. !;• 

Now through 7’ draw PX to cutting .! />' at A. 

Then shall .I/j bo difideJ internally at in the ra'io ir 
i e. -LY XP—vi'n. 

P|'OOf. Since PX and <,fP are paralhd, 

.(.V //' 

(ii) Construction. Draw anv .str. line Lhro’igh .III and fioin st cit oil 
JPeriuaito /n. From /^/'cut oit /a> equal«to ii. (Tig. 2). -lot i 'Sew 

through P draw i’ to i,}P> to cut AP or P>A produced at- T. 

Then shall AP be divided cxteruall; at Y in the ra'io m n. 

2 .''. A y Y — ni . n. 

Proof. Since /D'and aro*parallal, 

.IF j7> = -I D . ; n. 

•s/x. 2. J)vndr a given Ur. line APe inlenialig at P, snrli Piatf:) .1/'* 
=-2PP\(ii} .!/>'** = 37'/;". 

(i) Ijot AP liO the given str. line. 

It is re'jd, to divide A P internally at P such that A = 2J’PP 



FBAOTICAL CONffEBUO^ONS 


ConstrueUA. At A in AB draw tha Z.j0AC«23j* (At A draw a p< 
to AB and bisect the rt. Z. ; then again bisect half tha rt# Z.)* At B 
pei'p. to AB and let it cut AC at C. 

Now from BA out oS 7i/*« BC, 

Then shall AIJ be divided as 
reqd. at 7^ • 

i.e. will ^ equal to 

Proof. Join B(\ 

Now, bv construction, 

UP=Jh\ the /_liPC 

- the ^17;( 7^=4 r-.- the Z./ 77(^-90*] 

i.jt tho Z/'/’C' = tli* Z-C.iy + thP Z.PCJ 

I.e. 4V= 2^+°-, tho eLl'( J. 

the /I/'.IC, AP^PC. 

AP- = PC-^PiP + l,C- [•.' the ^Phi -'30° ] 

=-2r I K f.- P-'.-I.O!, 

( i> t AH be ihe f^i\on hn<'. 

V !•> rerjd. I > d^iae J 7. int« inalh i1 P ^ ith iliat .■17'*^ - "P7 j\ 

Ccyistruclioii. At -1 in AB dra 
rhoZ/> (first draw an Z. 

fju" of an c^’iilntoral A at A ai 
Then b vpc' itb At /> makt'*the Z.-1-E 
— draw a iT'‘rp. to I /7 at 

and Jion b sect the rt, Z.). liOt 
and moot it From Q dra 
the porp. on .1 7>. 

Then shall A B be divided i 
Toqd, at /\ 

-I.e, -1 7’* will be equal to oiV7* 

Proof. Tho Z.'.'/'/'-90° and the Z.075/*= tho Z.7VS= 15®. 

.*. VF-7'7?. 

Again, tho it* a Z. and the Z.b* 1 1'— 10 \ 

tho h> rotenu&o-= twice tho smallest side QP, 
i.e, AQ»2QJ\ 


I 
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Now, since the ^APQ is .t, rfc. Z., 

. • . .4 P’ = .1 (?P> = [2QPy - QP^ = ^Qp-^ 

= 0P^-. [ •.* Q7^= I’ZJ, proved ] 

Ex. 3. Find geomcU ically the value of ^,/C. 

Take a str. lino 7iC, 3 units in length and from it cut oft PP=2 units 
• long. 

Find the mean p#c%ortional /hi i)otween 
PC and BJy. 

The str. line .-IP is the moan propor- 
tional between r>C and 1>D. 

= />C . P7)= 3 . 2 sq. iinits = 6 

sq. units 

^ J /; = jv./r> ftnits. 

the magnitude of the length of AH is the geometrical value of tJCi. 



Ex. 4. .1, P, C are three 2 >oints m aider in a straight nm . / nd a }>nint 

i the straight line I'o that PP> may l-c a mean piot nri'nr,ial bctn'cen PA 


PC. 







Construction. On AC as diameter df-,onbo a semi circle. At H draw 
per^v to AC. [bisect the rt. /_AP>11 by y;.l/ meeting the scnii-circlo at .1/. 
a M draw MP perp. to AC meeting it at P. 

131011 P shall be the reqd. point. 

Proof. Now, the Z.7'yhU = Z/'d/P = .". PP»=PM. 

j^gain, the /iAMC in a somi-civclo is a rt. Z, J\M'^ = J'A . PC. 
PJP=.J>A.J>C [•.* 

Bence PIJ is a mean proportional between PA and PC. 



PBACTICAL CONSTRUCTIONS 


Ex, 5. Having given the (hjferencc of the two adjacent sides of a rectang 
construct it making its area 
equal to that of a given 
square. ^ 

Let tho diflercuce of 
the two adjacent wsides of 
the reqd. rectangle 
and A', a side of the given 
sqnaro. 

Tt is reqd. to describe a 
rectangle whoso area 13 
equal to the square on the side A' and the difference of whose adjacei 
sides^is .1 /»’. 

Construction. Take ic me miuaie pt. ot .j Ij at J\ ana araw i:v perp. i 
J/* making 111'=?^, .lo:n TiT. With centre 7> and radius describe 
semi-circlc cutting Jj I or /kl produced at U, and AJ> produced at D. 

Then shall ( 'R . RJ) be the rcfpl. rectangle. 

Proof, .loin ( /', i'D. 

^ow tho /!( /7> in a semi ciroh: = a rt. Z. and is perp. to th 
poLonuse ( 7k • 

. ‘ , ( '7i . ii7l = / 'll “ = tho given s:(paarQ.* 

Again, nn-('R^(lJl)+ IUl)-{lir- UR) 

, ='2UJl [*.• 7;/) = 7;(’'] 

=r-AU. 

1 fence the rect. ( 'U. RV is the recpl. rocrangle. 

Ex. f>. ConAnif t a rL\4(ir.gle r \th its sidcl in a '/ivcu ratio and area equa 
U) I hat (>j a qr't n m ;//' 7 > v . 

Let *1 UCD be the glvei 
square and ri • n tho giver 
ratio. 

It is roqd. to describe s 
rectangle equal in area tc 
tho square ABCD and 
whose sides will bo in the 
ratio m : n. 

Construction. Take a 
pt. E in tho side RC of the 





PLANE GEOMETRY 


arc so that /I /^ ; E = m : n and find the mean proportional BF between 
and BE» Join AE and draw FL to EA to meet L’ /I produced at L, 
npleto the rectangle FBE^. 

Then shall BLKP bo the rcqd. rectangle. 


Proof. 


Sqnare /-‘rn # BC'~ AB . BC 
RecTanglo Blj . BP~' Bfj . BF 

^ BE BC 
BF BF 


[ ••• FL' to AE^ 


lU" . BE _ [ •.* /;F IS the mean propor- 

BP- ^ tional between B^C and BE ] 


the rect. L/\.'F= the ai^uare />T'7J. 

Again, because A E is to FL, B L * 1>F— A B •- fiF— » < v. 
the ratio of the sides /»/j. BF is >.1 : n- 


Ex. 7. JUsert a trnvg^e ?>v a ritai'jhi line Arairii j>irnllel to <1 gn cn 
iglil line. 


A 



Let ABC be the given A and .Y the given sir. line. 

It is reqd. to bisect the l^ABC by a straight line drawn parallel to .Y. 

Construetion. Bisect BC at D and through A draw Al^ io .Y to meet 
at Find BQ the mean proportional between BD and Bl\ Through 
wt Qli to 7M or X to meet AB at R. 

Then shall the line QR bisect the /L,ABC, 



PRACTICAL CONSTRUCTIONS 


Proof. Join . 

Since the A® PJjQ and ABl* are similar, 

. . BB^BB^/^ABD 

• * r^ABB BB^ BB l\ABP 

the AR/>^J= the AsJ/> 7>> = JA*1^’(', [ '.* is the middle pt. oE />C. ] 
Ex. 8. ('oixrtvuct ail I'fliiLiaLerai uunujic kjiuu ni artoi w a (jiitii iffU'iTC, 


E 

Let ABC!) be tho {;iven square. ^ 

It IS roqd. to construct an equilateral triangle equal in area to tho square 
A BCD, 

Construction. Produce A B to E leaking B>E-AB>. Describe an equila- 
teral A'l /'V'7 on tho lino .1 7^ Lot tho side -IF of this ^ cut CD at the 
pt. O'. Join (iE, Find AB tho moan proportional between -IF and AG, 
Through F draw }‘D to FE t(f meet - IF at Q, 

Then shall tho /CABQ bo the reqd. equilateral A. 

Proof. Since B(,^ is to FF, tho A® -1 BQ, AFE are similar. 

A-IFF^.1F’_ -IF" ^AF 

A - i/v aj^^"au.af“ag' 

A I FE 

A Ur'F [ ’•’ -E is tho vertex of both A* ] 
the A-l/'(*)=tho A-IG'F. 

But the A‘'IGF«tho square ABCD [*.• they stand between the same 
parallels and the A-1GrF is on tho base -IF which is 2-lL' ] 
the A.4/’y«the sq. ABCD. 
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Ex. 9. Describe an equilateral triangle equal in area to a given triangle* 
Let ADC be the given triangle. 

It is reqd. to desoribe an equilateral triangle equal in area to the l^ABC, 
Construction. Draw the perp. bir " — ' ' 


N 



Through A draw a str. line ' toI^(/ and lot it cut DMN at Thmi tho 
is isosceles and equal in area to the ^AIU 
Y/ith centre C and radius CD describe an arc of a circle to . ut DMN at 
N. Then the /^NBC is g<u equilateral A on the base CC, 

Now find the 7nean proportional VJ* lietween />3/ and ])^\ Through the 
pt. P draw PQ ] to NO to cut DC at the pt. <J. From DU c it oiT Oil - D(,^. 
Join PB, • 

Then the /hPi^.B shall be the reqd. equilateral A. 

The proof is left to the ptudents as an exercise. 

Ex. 10. P 'Ls a gieen q>oint irithm the angle Drift' a < ir . /-j 

pass through touching OA and OB. 

Let P he the given pt. within the Z^Ad)B. 

It is reqd. to draw a circle through 1* touching (JA and ()B, 

Construction. Bisect the /L.AOB by OAT T)ra\v ]'N perp. to OA" and 
produce it to meet OA at the pt. B* From NH cut off NC. 

Now, find the mean proportional liAf between UP and Pjp On O I cut 
of! from it BS and BT on both sides of /J, making each of ihem equal 1o 
The circle passing through the three pts. 5, /*, 0 'vill be tho reqd. circh*. 
The circle passing through tho three pts. T, J\ o vvill also he another 
suph circle. 



PRACTICAL OONSTRflOTIOlJs 
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Proof. Since BS’' = J?af’‘ = RP.2{Q. 

/. the line BS will touch the circle PQS at 8, 




Again, the centre of the circle PQS is on the perpendicular bisector o! the 
chord PC? and since this line bisect the Z.-IOP, the centre of the circle is 
equidistant from OA and OB, 

OA being tangent to the circle, OB also must be tangent to the circle. 
/. the circle BQS through B is one of the req(i circles. 

Similarly, the circle BQT also will be another such circle. 

AlternatiTe Method. 



Constractlon. Take anyipt. D on the bisector OX of the ^AOB, Draw 
DM perp. to OA, With centre D and radius equal to DM desotibe a oiiole 

P .G.— 7 
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which touches OA and OD. Join OP cutting this oitole at Q, Join QD. 
Through F draw PC || to QD meeting OX at 0. Now, the circle drawn with 
centre G and radius CP totj^hes OA and 0B» 

This circle will be the reqd. circle. 

Proof. From C draw CN porp. to Oi?l. 

Now, the A* ODQ^ OOP are similar. [ *.* DQ is ii to CP ] 

r c 

DQ -.CP-^OD : OC^DM\CN. [ •/ DJfiS || tO CN] 

ButDO = DAf; CP = CN. 

Hence, the circle with centre C and radius CP will pass through N aud 
since the ^CNA is a rt. Z., this circle will touch OA at N. 

As the pt. C is on the bisector of the Z^AOB, its perp. distances from OA 
and OB are equal. 

the circle will also touch OB, 

N. B. The line OP cuts the circle with centre D at another pt. Q' besides 
Q, Hence by drawing a str. line through P parallel to Q’D another circle 
will be obtained. 

Exercise IV 

1. Divide a righfc^ angle into five equal parts. 

2 . ^ind geometrically the values of {i) (»') ^^5 and 

{Hi) ^/l4. 

3/ Circumscribe a circle abqut a regular hexagon. 

4. Inscribe a square in a circle of 2 cm. radius and find its 
side by measurement and calculation. 

5. Divide a given straight line into two parts, so tliat the 
rectangle contained by the two parts may be equal to a given 
square. 

6. Having given the perimeter, construct a rectangle equal 
in area to a given (t) Rectangle, {ti) Square. 

7. Divide a triangle into two equal parts by a straight line 
at right angles to one of the sides. 

8. Divide a given straight line AB internally at P, such 
that iP* = 5PP^ 

[ Httifs : Divide AB in medial section at 3f. From BA out ofl BP 
equal to iAM . } 
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9.‘ Find a p#int on the circumferenec .of a circle, from 
which lines drawn to two other given points on the circle will 
have given ratio. 

10. Trisect a given triangle by lines drawn parallel to the 

base. ^ 

11. From the vertex 4 of a triangle ^BC draw a straight 
line meeting BC proceed in D, so that AD may be a mean 
proportional between the segments of the base. 

[ Hints : Make the /iCAD‘=the Z.ABC. ] 

12. Draw a circle passing through two given points, and 
touching a given straight line, the given points being on the 
same side of the line, and the line joining the points being not 
parallel to the given strai^t line. 


Mi«cellmeous Exercise 

1. ABC is a triangle obtuse-angled at A ; AD is drawn per- 
pendicular to BG, Prove tiiat 

+ J3C . CD = AC^ + BG . BD. 

2. ABC is a triangle ; find a point P, within it such that 
PA^ + PB^ + PC^ may be a minimutn. 

3. ABC is an acute-angled triangle ; AD, BE are perpendi- 
culars to BC and GA, intersecting at 0. Prove that 

the rect. AD . CD = the rect. BD . DC. 

4. ABC is an isosceles triangle whose vertex is A. If BP 
is perpendicular to AG meeting it at P, iind PN perpendicular 
to BC meeting it at N, prove that 

AB^=AN^ + PN\ 

5. In a triangle ABC, AD bisects /_A and meets BC in D. 
The perpendicular to AD through D meets ilB and AG in P 
and Q. Prove that AB : AG = BP ; CQ, 

6. If a straight line AB is divided internally in medial 
section at M, tlien AB^ +Bilf^ -ZAM^. 

. 7. Two circles intersect at A and B. and at A tangents are 
drawn, one to each circle to meet the circumferences at C and D. 
Show that^^B is a mean proportional between BC and BD. 
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8. The common chord AB of two inteiipecl/ing circles is 
produced to meet their common tangents at C and D ; if PQ be 
a common tangent, prove that 

9. AB is a chord of a circle, and from a point P on the 
circumference, PG and PD are drawn parallel ^o the tangents 
at A and D respecti^ly, meeting AB at C and D. Prove that 

AG:BD = PA^:PB^. ** 

[ Hints : A* PAC, BPD are similar, ] 

10. Tangents PA, PB are drawn to a circle ; BD is perpendi- 
cular to the diameter AC through A. Prove that PG bisects BD, 

11. Two circles touch internally at A, and a chord BC of 
the bigger circle touches the smaller^at T, If AB and AG cut 
the smaller circle at P and Q respectively, prove that 

‘ BT:GT^AP:AQ. 

12. 0 is a fixed point and OP any line drawn to meet the 
circumference of a fixed circle in P ; if OP be divided at Q in 
a constant ratio, show that the locus of Q is a circle. 

13. Construct an equilateral triangle, having given the sum 
of a side and altitude. 

14. A regular hexagon ias each side 2 cms. in length, 
Construct accurately*to the scale a square equal to it in area. 

15. Divide the hypotenuse of a right-angled triangle into 
two jparbs, such that the difference between the squares on them 
shall be equal to the square oti one of the sides containing the 
right angle. 

16. A square being -given, construct a circle passing through 
one angular point, and touching two sides of the square. 

[ Hints : Divide the diigonal into two x)arl3, such that the square on one 
part is twice that on the other, ] 

17. Describe a circle touching a given circle, and also touching 
a given straight line at a given point on it. How many such 
circles are possible ? 

18. Describe a circle touching a given circle, and passing 
through two given points outside the circle. How many such 
circles are possible ? 



Higher Secondary Syllabus oi 
Elective Mathematics : 

SOLID GEOMETRY 
(induding Mensuration) 

(Course for Class X) 


(a) Solid Geometry : 

Axiom (i) One and fcy;ily one plane may be made to pass 
tlirough any two intersecting lines. 

Axiom (ii) Two intersecting planes cut one another in a 
straight line and in no point outside it. 

To yrove 

1. If a straight line is perpendicular to each of two inter- 
secting straight lines at their point of intersection, it is also 
perpendicular to tlie plane in which they lie. 

2^ All straight lines drawn perpendicular to a given straight 
line at a given point on it are co-planar. 

3. If wo straight lines parallel and if one of tSem is 
perpendicular to a plane, then he other is also perpendicular to 
the plane. 

Concept of angle between two planes and angle between 
a straight line and a plane. 

Concept of parallelism of planes. 

Concept of a line being parallel to a plane . 

Concept of skew lines. 

(b) Mensuration : 

Parallelepipeds, Eight Circular cones, Prisms and Pyramids 
(Expressions without proof, of the surfaces and volumes of the 
solids), 
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IMPORTANT FORMULAE AND RESULTS 


Solid Geometry (Mensuration) 

!• Rectancmlar parallelopiped (or cuboj^). 

If a, h, c be its len§fti, breadth and height 

(i) Area of the surface ” 2{bc + ca + ah), 

(ii) Volume -abc. 

(iii) Surface area of a cube tof side a = 6fl®. 

(iv) Volume =a^. 

2. Bight Pyramid on any regular base 

(i) Slant surface = i(perimeter of base) x slant height. 

(ii) Volume = Karea of base) x height, 

3. Tetrahedron, 

Volume =Marea of base)^ height. 

4. Right Prism, 

(i) Lateral surface = (perimeter of base) x height. 

(ii) Volume =(area of base) x height. 

5. Right circular cylinder. 

If r is the radius of the base and h the height of the 
cylinder, 

(i) Area of the curved surface 

-(circumference of base) x height 
— 2.-1W1. 

(ii) Area of the whole surface 

~ 27trh + = ^nr{h + r). 

(iii) Volume = (area of base) x height - 



6 . Bight circular com. 

If r is the radiu^ of the base, h the height, fthe slant side 
and a the semi-vertical angle of the cone, 

(i) Area of curved surface 

- Kcrcumference of base) x slant side 
= i*2jirZ = nrZ 

= 7iY = nr” cosec a. 

(ii) Area of the whole surface = n?(Z + ?). 

(iii) Volume =Karea of base) x height 

— ?>nr^7A= Jn/i® tar^“a. 

7 , Sphere. 

If r be the radius of the sphere, 

(i) Area of curved surface = 4nr“. 

(ii) Volume = ^ nr®. 



SOLID GEOMETRY 

( To be taught in Class X ) 

CHAPTER I 

FUNDAMENTAL CONCEPTS AND DEFINITIONS 

1‘1. We give below definitions and chief characteristics of 
some fundamental entities used in Solid Geometry. 

(i) A point has position but no magnitude ; that is, it has 
neitlier length nor breadth gor thickness. 

(ii) A line has length btit no breadth and thickness. 

(iii) A surface has length, breadth but no thickness. 

(iv) A solid has length, breadth and thickness. 

Thus, a brick is a solicit one of its six faces is a surfacCt an edge is a line 
and a corner is a 

Each of the three elements (1) length, (2) breadth and 
(3) thickness of a body it’ called a dimension of^the body. 

Thus, a point has no (or zero) dimension, a line has one dimension, a sur- 
- face has two dimensions and a solid has three dimensions. 

A solid is bounded by surfaces, a surface is bounded by lines and a line is 
bounded by points. 

Solid Geometry deals with the properties of lines, surfaces 
and solids in three dimensional space. 

1*2, If a surface be such that the straight line joining any 
two points in it lies wholly on the surface, it is called a plane 
nPurface or more simply a plane. 

Note. In this treaties straight lines are supposed to be of infinite length 
and the planes of infinite extent unless anything to the contrary is stated. 
The expression lies tvholly on the surface means that every point in the 
straight lino however produced both ways lies in the surface. 

1*3. Lines are said to be co-planar if they be in a plane or 
a plane can be made to pass through them. 
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1*4. Two straight; lines are said to be ji^rallel, when they 
lying in the same plane, do not meet however far they may be 
produced both ways. 

It should be noteii that every pair of parallel straight lines is 
co-planar. 

1*5. Lines are sc-id to be skew when a plane cannot be made 
to pass through them and they do nob however far they may ' 
be produced. 

Thus, it should be noted that skew lines neither intersect nor 
are they parallel. 

From (1*3), (1*4), (1*5), it is clear that two straight lines are 
either co-planar or skew. 

If they are co-planar, they either intersect or are parallel 
and if they are not co-planar ix,, if they are skew, they neither 
intersect nor are they parallel. 

1*6. Planes are said to be parallel when they do not meet 
even if they are indefinitely produced in any direction. 

1*7. A straight line and a plane are said to be parallel 

when they do not meet even if produced indefinitely in any ^ 
direction. 


C 
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In the alx>vo figure, the lines PQ, BD are parallel ; they lie in the 
plane PQDB. PQ, OB are skew lines. Planes PQDB, OABC are parallel, 
line PQ is parallel to the plane OARC, 
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1*8. A straig]:^ line is said to be perpendicular to a plane, 
if it is perpendicular to every straight line which meets it in 
that plane. 

Such a straight line is said to be normaf to that plane. 



X • 

Fig. 2 


Thus, PO is said to be perpendicular to the plane XY if it is perpendi- 
cular to every straight line OA, OB, OC, OD etc, drawn in the plane to meet 
it at 0. 

1*9, If a straight line is parallel to the direction of a plumb- 
line hanging freely at rest, it is called a vertical line. The „ 
plane which is perpendicular to the vertical line is called the 

horizontal plane. 

Any straight line drawn in the horizontnl ■■ 

a horizontal line. 

I’lO. The a7tqle between two sketc straight lines {».fi.,.two non- 
co-planar straight lines) it measured by the angle contained by 
one of them and a straight line drawn through any point in that 
line parallel to the other. 

Let AB and CD (Fig. 3) be two skew straight lines ; through any point P 
on AB draw the straight line PQ parallel to CD. Then ^QPB is the angle 
between the skew at. lines AB and CD. 

Since, the sides of a triangle all lie in one plane, a triangle ia * 
a plane figure ; a parallelogram is also a plane figure, but all the 
sides of a quadrilateral need not lie in one plane, so a quadri- 
lateral may or may not be a plane figure. If a quadrilateral be 
drawn such that two of its adjacent sides lie in one plane and 
the other two in another plane, such a quadrilateral is called 
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S ^5y.* **y** «br*miH«g oi a pair af finite skew lines 

p* ]piMa» m «mw <|tuKdhrttttoral la formed. 



Fig. J 

That the skies of a quadrilateral need not lie in one plane can 


be easily seen hy folding a 
plane quadrilateral about either 
diagonal. 

1*11. The locus of the feet 
of the perpendiculars drawn 
from all points in a line on a 
given plane is called the ortho- 
gonal projection (or simply the 
projection) of the line on the 
plane. ^ 



X 

Fig. 6 



In the alx>ve figure (4), the 
projection of the line VQ on the plane 
Xr is the line P7- 

The projection of a straight 
line is itself a straiqht line. A 
straisht lino and its projo^'tion 
are co- planar. 

In the adjoining figure (5), the 
straight lino pq is the projection of 
the straight line P(3. PQ. pq are 
co-planar. 

The projection of a curved 
line on a plane may he a curved 
line, as in Fig. 4, or it may 
sometimes be a straight line 
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when the curved line lies on a plane perpendicular to the plane 
of projection. 


1*12. The angle between a 
measured by the anj^le between 
the straight line«.nd its projec- 
5 ion on the plane^ 

Let the straight line PQ (Fig. 6) 


Straight line and a plane is 


and its projeotion pq (on the plane 
XY) produced if necessary meet at 
the point li in the plane XY (as 
shown in the adjoining figure). 


p/ 


Then Z^QRq is called the •ngle 
between the straight line PQ tnd 
the plane X T. 

1‘13. The angle between 
two planes is measured by the 
plane angle contained by the 
straight lines drawn from 
^any point in the line of section of the two planes, perpendicular 
to that line of section, one in each plane. 

This angle is called a dihedral angle between the two planes. 




Let iTi, .fa be two planes and let AB be their line of intersection. From 
any point P in AB, draw two straight lines PQ, PR both perpendicular to 
AB, one in each plane. Then the angle between the two planes is measured 


CHAPTEB II 

AXIOMS AND THEOREMS 

Axioms. — The following fundamental prop^tiea have been 
laid down as avioms.* 

(1) One and only one plane may be made to pass through any 
two intersecting straight lines. 

(2) Two intersecting planes cut one another in a straight line 

and in no point outside it. * 

From above, the following inferences can he drawn at once : 

The position of a plane is fixed if ik passes through 

(1) a given straight line and a point outside it. 

(2) two intersecting straight lines. 

(3) three non-collinear points. 

(4) two parallel sti;aight lines. 

THEORExM I 

If a straight line is perpendicular to each of two intersecting 
lines at their point df intersection, it is perpendicular to the plane 
in which they lie. , 


P • 
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Let OP be perpendicular to each of two intersecting lines 
OA, OB at their point of intersection at 0. 

It is required to prove that PO is perpenaiuuiar uu uuo iimuo 

AOB. 

Through 0 3raw any straight line OG inithe plane AOB, Also 
in the same plane, thif)ftgh C, draw GA parallel to OB^ and GB 
parallel to 04, so that OAGB is a parallelogram. Join AB to 
meet OG in Z), so that D is the mid-point of AB. 

[ diagonals of a parallelogram bisect each other ] 
Join PA, PB, PD. 

Proof. In the triangl# PAB, the base AB is bisected at D. 

P^* + PB® = 2iZ)^+2PD" ••• 

Similarly from the triangle 04B, we get 
04 + OB" = 24 jD" + 20B" ••• 

subtracting (2) from (l), 

(P4" - 04") (PB" - OB") = 2(PP" - OB") 

Now. P4"-04" = 0P" ; 1 
and PB"“0B" = 0P" J *” “ 

since, Z.P04, ZPOB are right angles. 

from (3) and (4), we ge 

, 20P"=2(PB"-0B"). 

OP" + OB" = PB^ 

ZPOB i.e., Z POO is a right angle. 

Tims, PO is perpendicular to a7iy line OD which meets it in 
the plane 40B. 

PO is perpendicular to tlie plane AOB. Q. E, D* 

Alternative method of Proof. 

Let PO be perpendicular to both 04, OB. 

It is required to prove that PO is perpendicular to the plane 

rtf nj nTl i A f.ViA 'niana >4 HR. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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Join AB and in the plane of AOB draw any straight Line 00, 
meeting AB in 0. Then it will be sufficient to prove that PO 
is perpendicular to 00, Produce PO beyond the plane OAB to 
0, making 0Q*0P. 



Q 


• Fic. 9 

Join PA, PB, PC ; also QA, QB, QC, 

l^ow AO being perpendicular bisector of PQ, P^ = QA and 
BO being perpendicular bi3ector*of PQ, PB= QB, 

Hence. A^PAB, QAB are congruent {AB being common to 
both). APAB^QAB, 

Then in A* PAG, QAG, PA^QA, AC is common and LPAC 
“ LQAC, A® PAG, QAG are congruent. CP = CA. 

Now in the A* OPC & OQC, 0P = 0Q, PG^QG and OC is 
eomoion* A® OPC, OQC are congruent. 

APOC"^ Z.QOC which being adjacent angles on the 
straight line POQ, ZPOC= Z^OC- a right angle. 

‘ /. PO is perpendicular to any line OC which meets it in the 

plane AOB, 

PO is nernendiciilar to tho nlanA of OA HP. 


O 7^^. T7 
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Exercise 1 

1. Show that from a point in space, thrap straight lines can be 
drawn so that each is perpendicular to the plane of the other two. 

2. A straif^ht line is drawn throuj^h the centre 0 of a circle ^ 
^ perpendicular tcfthe two radii OA^ OB of tlife circle. Show that 

all points on the circuiftfhrence of the circle are equidistant from 
any point on the line. 

[ Let P be any point on the lino OL, drawn perp. to OA, OB, Hence PO 
is perp. to the plane of the circle. Let C be any point on the circumference, 
Then PO is perp. to OG, Then, since OA=OC, PO is common and A.POA 
= A.POGj each being a right apgle. A' POA^ POC are identically equal, 

GP=AP. Since P and C alfe any points, theorem is proved. ] 

If 0 be a point in the pJane ot the triangje AJAU and it r 
be a point outside the plarfe such that PO is perpendicular to OA 
and OB and if PA = PB = PC\ show that 0 is the circum-centre 
of the trianfjle ABC, 

[ Since PO is JL to OA, OB, PO^is perp. to the plane of the triangle ABC 
and hence ± to OC, In the A' POA, FOB, since PA-PB^ A.POA = A.POB 
each being a right angle, and PO is common, A* P0.4, FOB are identically 
equal. 0-^1 -OP. Similarly from A* POA, P^G, OA = OC. .’. OA 

= OB^OG. ] 

4. If 0 be the circum-centre of an^^ given triangle ABC ^nd 
if P be any point outside the plane of the triangle ABO such that 
PA = PB = PC, show that PO is perpendicular to the plane ABC, 

5. P is any point outftde a given plane, and 0, A, B, C, I> 
are points in the plane such that /LPOA= /LP0B — 2u right-angle. 
If PA = PB = PC = PD, prove that the points A, B, C, D are 
concyclic. Find the centre of the circle, passing through 
A, B, C, D. 

6. ABC is a triangle right-angled at C. P is a point outside 
the plane ABC, such that PA — PB- PC, If D be the mid-point 
of AB, prove tliat PD is perpendicular to CD and hence deduce 
that PD is perpendicular to the plane of the triangle. 

[Here AD^BD-CD, PDA, PDB, PDG are identically equal. 

^PDAo» /i^PDB^ A.PDG : Now since AJ PDA, PDB, are adjacent, each 

ifl a riffht ani^le. / PPH ia a ricrhl: ftncrlA TTnn-^r. DH Jo ir^Avr. jI T\n 1 
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' THEOREM II 

All straight lines^rawn perpendicular to a given straight line 
at a given point on it are co-planar. 


EO 






Fig. 10 ' 

Let PO be the given straight line and let the straight lines 
04, OjB, OC be drawn perpendicular to PO at 0. 

It is required to prove that 04, OB, OC are co-planar i,c., 
they all lie in one plane. 

Proof, Eyidently 04, OB lie in one plane and PO, 00 in 
another plane. 

If possible, let the plane POC cui cne piane /tun m one 
straight line ON, 

Now, since PO is perpendicular to 04 and 0J5, PO is 
perpendicular to the plane AOB, 

But OjN being in the plane AOB and meeting PO at 0, PO is " 
perpendicular to ON \ hence A PON is a right angle. Also 
A POC is a right angle. 

Now, PO, 00. OJV lying in the same plane, LPOO, ^PON 
cannot be both right angles. Hence, ON coincides with 00. 
Thus, OC is the line of intersection of the planes 40P and POO. 
Hcuce 00 lies in the plane of 04, OB, 



JiXIOMS AND THEOREMS 
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Similarly it can be easily shown that if other lines 02), OE, 
OF etc. are drawn perpendicular to PO at 0, they lie in the plane 
of AOB, Hence, OA, OB, OC, OD, OE, OP etc. are all co-planar. 

Q. fj* I). 


Exercise 2 

• • 

1. How many ho^izon^l straight lines can be drawn through 
a given point of a vertical line and how do they lie ? 

How many vertical lines can be drawn through a given point ? 

[ An infinite number of horizontal lines ; they all lie in one plane. One 
vortical line. ] 

2. Tlirough the mid^goint 0 G'.e., the intersection of its 
diagonals) of a horizontar square ABGD, a vertical line OP is 
drawn. Show that PA, PB, PC, PD are all equal. 

[ Horizontal square means a square lying on a horizontal plane. 

OP being perp. to the plane ABCD, is perp. to the diagonals AOC, BOD 
at their common mid-point 0. Hence A* BOA, BOB, BOC, BOD are 
congruent. ] 

3. Prove that there cannot be more than three mutually 
perpendicular straight lines in space meetir^ at a point. 

4. If a triangle revolves about its base, show that the vertex 
describes a circle. 

[ Let AM be drawn perp. from •the vertex A to the base BC, l[or BC 
produced). Lot ; since p is constant, vertex will describo a circle of 

radius p and centre M. The^difierent positions of the line AM are co-planac 
each being perpendicular to the base BC. ] 

6. Find the locus of a point in space — 

(i) equidistant from two given points ; 

[ Let B and Q be two points. P and Q is joined and BQ is bisected at 0. 
A plane is drawn through 0 perpendicular to BQ. Then this plane is the 
required locus. 

Let A be any point in this piano. AO, AB and AQ are joined. 

Since OA is a straight line lying in this plane and OQ is perpendicular to , 
this plane, OQ is perpendicular to OA. 

Now oonsidering^i^^OP and AAOQ, OB«=OQ\ OA is common and 
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Similarly it can bo proved any point in this plane is equidistant from P 
and Q, Therefore this point is the required locus. ] 

(ii) equidistant ^om three given non-collinear points. 

[ Let^, By C be three non-collinear points. Points in space equidistant 
from A and B lie on a plar.e perpendicular to AB and passmg through mid- 
point of AB [ as in Ex. 5(i)‘J. Similarly poiuts fti^space equidistant from B 
and C lie on a plane passing through mid-point of BC and perpendicular to it. 
These pLanes intersect each other along a line. Points upon these straight 
lines being common to both planes equidistant from it, B, C. Therefore the 
locus is the line of intersection of these two planes. ] 

6. Find a point in a given straight line in space which is 
equidistant from two given points outs^fie the line. When is this 
impossible ? 

[ Let C and D be two points outside the given straight line. Consider 
a plane passing through the mid-point of CD say 0 and perpendicular to CD. 
Let this plane intersect AB at P. 

Therefore PC* = PO^ + OC" and PB’ = PO* + OD". 

PC = PB since OC= 01). 

Hence P is the required point. 

If CD is perpendicul#^' to AB, then the plane passing through 0 perpendi- 
cular to CD becomes parallel to AB. Therefore to find out a point P becomes 
impossible.] 

• • 

7. Prove fchafc a point can be found in a plane equidistant from 
three points outside the plane. State the exceptional case, if any. 

[ Let p be the given plafio and A, B, C be iCiroo points outside this piano. 
Consider a plane which passes through the mid-point of AB and perpendi- 
cular to JB. Then any point on the plane Pi is equidistant from A and B. 
Similarly let p, be the plane which passes through the mid-point ot BC and 
perpendicular to BC. Then any point on the plane p^ is equidistant from B 
and C, Therefore every point on the line of intersection of the two planes pi 
and Pa is equidistant from A, B and C. Let this line of intersection Interaect 
the plane p at the point X. Then X is equidistant from A, B, C. 

Therefore X is the required point. If the line of intersection of the pianos 
p, and Pa be parallel to the piano p, no such point oan be found. ] 

Show that there is one aud only one point equidistant 
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[ Lot A^ B, 0, D 1^6 four points not lying in one plane and no three of 
which are oollinear. 

All points in space equidistant from A and B must lie on a plane which 
passes through the mid-point oi AB and perpendicular to AB, Similarly 
the points equidistant from B and G and those from C and D respectively lie 
on two planes passing through the middle points BC and CD and perpendi- 
► cular to BG and CD respectively. These three platfts mutually intersect in 
throe straight lines. ThusWree straight lines meet at only one point common 
to three planes and this point is obviously equidistant from B, C, D. 

Hence there is only one point equidistant from A, B, C, D. ] 

THEOREM III 

// two stnw/ht lines are^arallcl and if one of them is perpendi- 
cular to a plane^ iJien the otfter is also perpendicular to the plane. 

Y 


Pig. 11 

Lofc AB, CD ho two parallel straight lines of which AB is 
perpendicular to the plane XT. 

It is required to prove tliat CD is 'also perpendicular to the 
plane XY. 

Let B, D he the points at which the given lines meet the 
plane. Join AD, BD. 

In the plane XY, draw the straight line EDF perpendicular 
to BD, making DF^DE. 

Join AE,.AF ; BE, BF. 
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. Pntf^ Since SD biaeots EF afc right angl^. 

BE’^BF.^ 

Kow in the A* ABE, ABF, AB is common and BE^BF 
also A.ABE’* A.ABFf since each is a right angle becanse AB is 
perpendicnlar to the plane XT and BE, BF lie in the plane. 

A* ABE, ABF are congruent. 

Hence, AE ^A^. 

Again in the A* ADE, ABF, AB is common, BE’^BF miA 
AE^AF. 

.'. A* ABE, ABF are congrnent. 

- .’. ZADi^ and these being adjacent angles on the 

straight line FBE, FB is perpendicnlar to AB. 

Since FD is perpendicular to DR FD iq nAmAnrli, 

cular to the plane DAB. 

As AD, DB both lie in the plane of the parallel lines AB, CJ>y 
four lines AB, CD, AD, BD are co-planar. Hence, CD lies in the 
plane of ABD and thus FD is perpendicular to CD. 

Since AB, CD are parallel and BD meets them, 

Z^CDB+ Z.ABD = 2 right angles. 

But /_ABD = b, right angle. 

/LCDB is a fight angle. 

Hence, CD is perpendicular to BD. 

Thus, CD being perpendicular to both DB, DF, is perpendi- 
cular to the plane XY in which they lie. 

CD is perpendicular to the plane XY. Q. E. D. 

Cor. 1. It can be easily proved that the converse of the 
theorem is true ; i.e., if two straight lines are both perpendi- 
cular to a plane, then they'are parallel. 

Let AB, CD be both perpendicular to the plane XY. Then 
with the same construction, it can be proved, as before, that 
FD is perpendicular to DA. But FD is perpendicular to DB 
[construction) and is also perpendicular to DC, since PD lies 
in the plane XY and CD is perpendicular to the plane XY {Hyp.) 
Hence, DC lies in the plane of DB, DA [ Theo. II ]. But AB 
also lies in the same plane and hence AB, CD are co-planar and 
since LABD^ LCDB, each being a right angle, Z^ABD+ /LODB 
-*2 right angles. Hence, AB is parallel to CD. 



Cor* 2* *Th601^iu ui uirw 

If ABh perpendicular to a plane XY and iffron% % 

' of the perpendicular] a line BO ie drawn jMrpendicular tp anft 
straight line J)E in the plane, then AC is als^arpendioular to BE. 


Proof. Through B draw FO in the plane XY, parallel to BE. 
Since BO is perj^ to BE, it is also perp* to FO. Again, AB being 
^ perp. to the plane XY, AB is perp. to FO. Thus FO being 
perp. to AB, BO, is pef^. to the plane ABC and hence BE being 


A 



parallel to FO is also perp, to tlje plane ABC and hence to* the 
line CA. 

Thus, AC IS perpendicular to BE. 

Exercise 3 

1. If the straight lines AB, GB are perpendicular in a plane 
meeting it at B, B and if AB, GB are equal in length and on the 
same side of the plane, show that ABCD is a rectangle. 

2. Straight lines in space which are parallel to a given straight 
line are parallel to one another. 

[ Let the straight lines AB, CD be eaoh parallel to the line EF. Draw 
any plane PRQ perpendicular to EF meeting AB and CD at P and Q and EF 
at R. Then since AB is || to EF and EF is pAtpondioular to the plane 
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PRQt AB is also perpendicular to the plane PfiQ. Similarly CD is 

perpendicular to the plane PRQ* AB and CD which are both perpendi- 
cular to the same plane PRQt are parallel (by Cor. 1). ] 

If the middle joints of the adjacent sides of a skew quadri- 
lateral are joined, prove that the figure so formed lies in one plane 
and form a parallelogram. 

[ Let P, Q, P, S be the middle points of the^sidos AB^ BG^ CD, DA of a 
skew quadrilateral. PQ, QR, RS, SA and BD are joined. Since P and S are 
mid-points of AB and CD, PS is parallel and half of BD, (Note PS and BD 
lie in the same plane BAD.) Similarly QR is parallel and half of BD. .*. PS 
and QR are parallel. Hence there is a plane passing through PS and QR. 

Similar!}- PQ is parallel to US and therefore there is a plane which passes 
through PQ and RS. But the two different planes cannot pass through four 
points P, 0, P, S at a time. Hence two pl^^Qe3 must be same. In a plane, 
PS is equal and parallel to QR^ hence PQRS is a parallelogram. ] 

4. P is a point outside the plane of two parallel straight 
lines AB, CD. From the point P, PL is drawn perpendicular to 
AB and LM is drawn perpendicular to CD. Prove that PM is 

perpendicular to CD. 

[ Since AB and CD are parallel, therefore LM is parpendicular to both 
AB and CD, Consider^ piano through L^^ and F. Since this plane is 
perpendicular to the plane containing AB and CD, therefore PM is perpendi- 
cular to CD. ] 

3. If AB, CD, EF are threte equal, parallel straight lines not 
lying in one plane, and if their extremities form two triangles 

AGE, BDF, show that the triangles are congruent. 

• 

6. If perpendiculars are drawn from a point to a system of 
parallel straight lines in space, show that they lie on a plane 
perpendicular to the parallel lines. 

f [ Let AB, CD, EF, ... etc. be a system of parallel straight lines lying in 
' the same plane p and OP, OQ, OR, ... be respectively drawn perpendiculars to 
them from an external point 0. Let XF be drawn parallel to AD, CD, EF, ... 
through 0. Since AB is parallel to XY and OP is perpendicular to AB, OP 
is pearpendicular to XY. Similarly OQ, OIL, ... etc. are perpendicular to XF 
ftt Therefore the perpendiculars OP, OQ, OR , ... etc. must lie in the same 
plane and that plane will be perpendicular to XY i.e, AB, CD, EF, ... etc. ] 



CHAPTER III 

VOLUMES AND SURFACE AREAS 
OF 

REGULAR SOLIDS 

3'1. When any portion of space is bounded by one or more 
surfaces, it is called a solid figure or simply a solid. These 
surfaces are called the faces of the solid and the intersections 
of the adjacent faces are called its edges. 

When a solid is bounded by plane faces, it is called a 
polyhedron. A polyhedroi^is said to be regular, if its faces are 
all regular, such as equilatei%l triangles, squares, etc. 

3*2. Parallelopiped. 

If a solid is bounded by three pairs of parallel planes, it is 
called a parallelopiped. 



Here ABCDEFGII is a parallelopiped. Its faces are all 
parallelograms. 

Rectangular parallelopiped. 

If a parallelopiped has its faces all rectangles, it is called a 
rectangular parallelopiped (or a cnhoidl 
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Let OADBPQRG be a rectangular parallel&piped. Here OA, 
OB, OC are three mutually pependicular lines. 



Fig. 14 

Here, AGO A, AC OB are right angles. 

OC is perpendicular to the face AOBD, 

OC is perpendicular to OD, as OD lies in the plane AODD, 

Hence, QD being parallel to OC is perpendicular to OD, 

AODQ is a right angle. 

.-. from AO^A OQ"^ = OD^ -h DQ^ =- OD^ 0C\ since OC=-DQ. 

Xow AOAD being a right angle, 0D‘^= OA^ + AD^^ OA^-^OB^ 

{b,bAD=OB) 

OQ’ = OD* + OC* = OA^ + OD* + OC*. 

Let OA-=a, OB^h, OC = c, /. OQ®='i»* + b» + c*. 

There are three pairs of rectangular faces parallel two by two, 
viz. {PBDQ, COAB), {DABQ, BOCP), (GPQB, OBDA). The 
opposite faces are congruent. The four diagonals are OQ, JP, Bit, 
OD, and they are all equal. 

Whole surface of the rectanqular parallelepiped 

-2(bc + ca+ab). 

Volicme ■■ abc 

i.e., = length x breadth x height 
or, = {area of the base) x height. 
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3-3. Cube. * 

If all the sides of a rectangular parallelepiped are equal (i.e., 
if the hounding faces are all squares) the^the parallelepiped is 
called a cube. 

If a denote aach side or edge of a cube, |hen 
the whole surftiBe area of the cube = 6a^ 

and the volume = a® i.e., =(edge)®. 

3‘4. Prism. 

A solid bounded l)y p{ane faces of which the side-faces are 
parallelograms, and the two end-faces called the ends are two 
congruent parallel plane poVgons, is called a prism. 

The straight lines in which the side-faces intersect two by 
two are called the side-edges of the prism. The side-faces being 
all parallelograms, the side-edges are all parallel and equal and 
the number of side-faces is equal to the number of the sides of 
the polygon at the end of the prism. If the two ends of a prism 
are polygons, it is called a polygonal prism ; if the two ends 
are triangles it is called a triangular prism. 

Right Prism. 

A solid bounded by plane faces of which the side-faces are 
rectangles, and the two end-faces^re two 
congruent parallel plane polygons, is called 
2 k right prism. 

For a right prism, the side-edges are 
perpendicular to its ends and its height is 
equal to its edge. The height of a right 
prism is sometimes called its length. The 
adjoining figure is that of a right prism. 

(1) Area of the lateral surface of a right 
prism 

"(perimeter of the base) x height. 

(2) Volume of a right prism 
"(area of the banA) x hAiAPh» 


K 
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3*6. Pyramid. 

A solid bounded by plane faces of which one, called the base, 
is any plane polygoz^ and the remaining faces are all triangles 
meeting in a point, is called a pyramid, the common point of the 
triangular faces being called its vertex. Obviously if the base 
polygon of a pyramid has n sides, the pyramid ^as n triangular 
laces. A pyramid is called a sqiiare pyramd or triangular pyra- 
mid according as the base is a square or a triangle. The height 
of a pyramid is the perpendicular distance from the vertex to the 
base. The straight lines in which the triangular faces intersect 
two by two are called its edges (or slant-edges). 


Right Pyramid. 


When a solid is bounded by pla«e faces of which one called 
the base is a regxtlar polygon, and the remaining faces are all 
isosceles triangles meeting in a point (called the vertex), which 


P 



B C 

Fig. 16 


lies on the straight line drawn perpendi- 
cular to the base from its centre {i.e., the 
centre of the inscribed or circumscribed 
circle of the polygon), it is called a right 
pyramid. 

*For a right pyramid the edges of the 
base are all equal and the side-faces are 
equal isosceles triangles. The slant 
height of a right pyramid is the length 
of the perpendicular drawn from the 
vertex to any side of the base and hence 
bisecting it. ^ Slant height is the same 
for each slant face. The slant surface 
of a right pyramid is the sum of its 
triangular faces. The height of a right 
pyramid is the length of the line joining 
the vertex to the centre of the base. 


The adjoining figure is that of a right pyramid. 

The base is ABODE, a regular pentagon here, of which 0 is 
the centre. P is the vertex, PO is the height. It has five tri- 
angular faces which are all equal. PM is the slant height, bisect- 
ing AB at right angles. The^bove pyramid is very often written 
— /r> AunniA 
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(i) Slant surface of a right pyramid 

— ^(perimeter of the base)x slant height. 

(ii) Volume of a right pyramid 

— ^(area of the base) x height. 

Note. The whole Surfaofl= Riant. RiirfanA+nrAR, nf thn VtaRA. 

3'6. Tetrahedron* 

A solid bounded by four triangular faces is called a tetra- 
hedron. One of the triangular faces 
being taken as the base, \he point 
where the other three meetj^is called 
the vertex of the tetrahedror^ If all 
the four faces of a tetrahedron are 
equal equilateral triangles, the 
tetrahedron is said to be regular. 

All the edges of a regular tetrahe- 
dron are equal. A tetrahedron is 
^thus a triangtilar pyramid. 

The adjoining figure is a tetrahedron. 

It has four triangular faoes, ABC^ ACD, 

ADB, BCD and six sides or edges AB^ 

BD, DC, CA, ad, BC. The pairs (AB, B 

CD), (BD, AC), (AD, BC) are called 
opposite edges. A is the vertex and BCD 

is the base. The length of the perpendicular frorn the vertex A upon the 
face BCD is called its height. 

(i) Whole surface of the tetrahedron 

» sum of the areas of the four faces. 

(ii) Vohme of the tetrahedron 

» ^(area of the base) x height. 

3*7. Right circular cone. 

If a solid is generated by the complete revolution of 
a right-angled triangle about one of the sides containing 
the riehl: unula aa 
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The figure (18) is that of a right; circular cone, ic ib 
generated by the complete revolution of the right-angled triangle 
AOB, about the sidy^^O as axis. The hypotenuse AB generates 
the curved surface of the cone and is called the generating line or 
the generator of the surface. AB is also called slant height of 
^ the cone and is usuall^^ denoted by 1. 
The other side QB describes the circle' 
EDGE of radius (J!B and centre 0, which 
is called the base of the cone. The 
radius of the base, OB, is usually deno- 
ted by r. The point A is called the 
vertex of the cone and the length of 
its axis iO is called its height and is 
usually denote^ by h. The angle /LB AC 
is called the^ertical angle of the cone, 
and jLO AG or Z.0AB is called the semi- 
vertical angle of the cone. 

If h be the height, r the radius of the 
base, I the slant height and a the semi- 
vertical angle of the cone, 

(i) Area of the ciirved surface (or lateral surface) of a right 
circular cone, ' 

= Kcircumference of the base) x slant height 
= i X 2nr X I = xrl 
* 3ir ^/h® + - jrr^cosec a. 

(ii) ivhole surface = nr {l + r). * 

(iii) volume = i (area of the base) x height 

■■ Jjrh® tan®a. 

Note. We easily have from the right-angled triangle AOB 
r = h tan o ; Z = r coaeo a. Z« + 

Also if v^, V 2 be the volumes of two right circular cones of heights hi, 
and if they have the same vertical angle 2a, 

then, Vi ; Oj** Jr/ii*. tan’a : JvZi,* tan^owfi,® : /la'* 

r,4 with the same vertical angle are to one another 
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3‘8. Right circular cylinder. 

The solid generated by the complete revolution of a rectangle 
about one of its sides as axis is called a riqUkjiirGular cylinder. 

The adjoining figure is that of a right 
circular cylinder. It is generated by the ^ ^ 
revolution of the recjf^ngle OABG about ^ ^ 
the side AO. AO is called the o.xis of the 
cylinder. The opposite side BG generates 
the curved surface of the cylinder and is 
called the qeneratinQ line of the cylinder. 

The side AB describes a circular end with 
A as centre and AD as\ radius and the 
opposite side OG describ^ a circular end 
with 0 as centre and OG ^ radius. Both 
the circular ends are called bases and they ^ 
are equal in area. -The length of the axis 
OA is called the heiqht of the cylinder. Fig. 19 

OA is also sometimes called the length of 

the cylinder. If r be the radius of the base and h the height 
of a right circular cylinder, then 

(i) area ef the curved surface , 

■■(circumference of the base; x neignt 
■■2»rh. 

(ii) area of the whole surface 

= area of the curved surface + area of the two ends 
= ^nrh + 

“ 2jrr(h + r). 

(iii) volume = (area of the base x height) 

“ Tir^h. 

3*9. Sphere. 

If a solid is generated by the revolution of a semi-circle about 
its diameter as axis, it is called a sphere. 

The figure (20) is that of a sphere generated by the com- 
nlete revolution of the semi-circle APB about the diameter 
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AB as axis and the semi-circumference describes the 

surface of the sphere. 0 is the centre of the semi-circle and OP 
its radius. 


k 



B 

Fig. 20 


As the semi-circumference revolves, 
all the points in it remain at a constant 
distance from the centre O. 

Thus, a sphere may be defined as the 
locus of a point which moves in space in 
such a way that its distance froin a fixed 
point remains constant. 

The fixed point 0 is called the centre 
of the sphere ^nd the constant distance 
OP is called its radius. 


If r be the radius of the sphere, 

area of the surface of the sphere = 

volume of the sphere " |3tr®. 

Note. Half of a sphere is oalled a hemisphere. 


3*10. Illustrative Examples. 

Ex. 1, If the area of the four walls of a room is 102i sq. ft and the 
height' is 16 feet, find the perimeter of the floor. 

Let a, 6, c be the length, breadth and height of the room. Then c= IG ft. 
Then, 2c (a +6) =*1024 sq. ft., < 


i.e,. 


2(a+6) 


1024 

c 


1024 

16 


ft. 


64. 


. ' . the perimeter of the floor = 64 f t. 

Ex. 2. Find the area of the lateral surface of a right prism whose ends 
are squares of sides of length 3 inches and whose height is* 1 ft, [ C. U. ] 

Area of the lateral surface » (perimeter of the base) x height 
«1 ft.Xl ft.«l sq. ft. 

Ex. 8. Find the volume of the right pyramid in which the base is 
a triangle whose sides are 8 cm* 16 cm,, 17 cm,, and the height is 13 cm. 
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Since, 8® + 15® = !^®, the triangle is a right-angled triangle, of which the 
hypotenuse is of length 17 c.m. 

. ' . area of the triangle =» i x 8 x 15 = 60 sq. cm. 

Hence, the volume of the pyramid = ^(area of the base) x height 

= J X 60 X 12 = 240 cu. cm. 

Ex. 4. Find the whole surface of a regular tetralkdron^ the length of each 
dge of which is 2a. 

Let ABCD bo the tetrahedron of which A is the vertex and BCD is the 
base. Since BCD is an equilateral triangle of side 2a, its area= ^/SaXaJ^x a 
[ by using the formula for the area of a triangle 

= ]= s/Sa’.] 

whole surface = sum of areas of the four faces, which are here all 
equal, being equal to the area of the base BCD=iX^Ji.a^ J3, 

Ex. 5. Find the area of the curved surface and the volume of a right 
circular cone which is 16 ft. high and the radius of whose base is 6 ft 

[ C. IT. ] 

Let I be the slant height of the cone ; then /= > 1 ^ 15 * + 8® = 17 ft. Area of 
Athe curved surface of the cone^irrf 

= h'1416 x 8x 17 = 427*3 sq. ft. Japprox-). 

Volume of the cone = Jut* / i, where his the height of the cone 
= ix3*14x8*xl5 
= 1005*31 ou. ft. • 

Ex. 6. The curved surface of a right circular cylinder is 2000 sq. cm. and 
the diameter of the base is 40 jjw. ; find the voliune and the height of the 
cylinder. 

If r be the radius of the base and h the height of the right circular 
cylinder, area of the curved surface = 2irrh= 2000, and 2r=40. 

^ r = 20. ir7t=60cm. 

Now, volume 7= x/ir* = 50 x 400=20,000 cu. cm. 

Ex. 7. How many solid spheres^ each 6 cm. in diameter t could be moulded 
from a solid metal right circular cylinder whose height is 45 cm. and diameter 
4 cm* ? [ C. H. 1 

Let rx be the radius of the sphere ; then its volume 

tTava «•. ATYi. volume of the snheran-^ir.S^. 
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Let ra be the radius and h the height o£ the cylinder ; then its volume 
= = xi5 (since ra = 2, 7i«45). 

Let n be the requijrft number of solid spheres moulded. 
nxjrx3® = irx2'*x45. 
n=5. 

Thus, 5 spheres oan*be moulded, 


Examples on Chapter III 

Sec. A : (On rectangular paralleloinpeds ) 

1. The whole surface of a rectangular block is 52 sq. ft. The 
base contains 6 sq. ft., and one verj^cal face contains 12 sq. ft. 
Find the height of the block. 

2. The perimeter of the floor of a room is 24 cm., and the 
total area of the four walls is 144 sq. cm. Find the height of the 
room. 

3. The length, breadth and height of a rectangular block are . 
in the ratio 5:6:7; and the whole surface of the block is ^ 
1926 sq. cm. Find the height of the block. 

^ 4 . The diagonal of a rectangular parallelepiped is 13 cm. 
The area and perimeter of the floor are 12 sq. cm, and 14 cm. 
respectively. Find the volume of the parallelepiped. 

[Let a, b, c be length, breadth and height respectively. 

As in §3-2. (13)^ = a’ + b’ + c’ 

Also 12«a.6 

14 = 2 (a+ 6). 

Solving the last two equations, a = 4 cm ; 6 = 3 cm. 

Hence from first equation, (13)® = (4)® + (3)® + c® 
c=12cm. 

Volum6=a. &. c=4. 3. 12 cu. cm =144 ou. om.] 

» 5. The length, breadth and height of a closed box are 
10 cm., 9 cm., 7 cm. respectively, and the total inner surface is 
1i62 sq. cm. If the walls of the box are uniformly thick, find the 
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Sec. B : (On right Prisms ) 

'1. The area of the lateral surface of a right prism is 
80 sq. in. If the base of the prism be a sqf|)|re of side 4 in., find 
the height of the prism. 


[ Perimeter of^he ba8e=4x 4 in. = 16 in. 


80=16x [Noie^ 3*4], where h is the height of the prism. 
.'. 7i = 5 inches. ] 


^ 2. Show that the volume of a right prism of height h stand- 
ing on an equilateral triangle of side a is — a^h. 


3. The base of a right prism is a trapezium whose parallel 
sides are 7 cm., and 3 <to., the distance between them being 
4 cm. If the volume of the prism be 200 cu. cm., find the height 
of the prism. 


^ < 4. Through a wooden pipe, whose cross-section is a square 
on a side of 4 cm., water flows uniformly at the rate of 50 cm. 
per sec. How long will it take to discharge 48 litres ? 


5. Two prisms of equal height are such that the magnitude 
of the area of the base of one prism is double the perimeter 
of the base of the other prism. .Show that the magnitude of 
the volume of the first prism is double the tnagnitude of the area 
of the lateral surfaces of the other prism. 


[ Let 2A bo the area of base and h height of the first prism and A and 
h be perimeter and height of second prism. 

Volume of first prism =247i. 

Lateral surface of second prisma il/ir. 


.'. Volume of first prisma 2 x = 2 x magnitude of area of lateral 
surface. ] 


Sec. 0 : ( On right Pyramids ) 


1. A right pyramid of height 1" stands on a square base of 
side 4"^. Find the slant height and the slant edge. 

2. Find the volume of a right pyramid 12 cm. high which 
stands on a rectangular base of sides 10 cm. and 8 cm. 

3. A right pyramid stands on a rectangular base whose sides 
are 6' and 8', and the length of each slant edge is 13'. Find the 
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[ Let ABGD be rectangular base with 0 as centre and P be the vertex. 

Now BI>’* = BC’* + CP* = (6)^ + (8)* = 100. 

BD=W, ^ BO = 5'. 

Again PB* = PO*-r-BO’ [ PB is slant-edge ) 
or, PO^ = PB» - BO* = (13)* -{5)»« 144. 

PO“12ft. in 

• 4 . Find the volume of the right ^Jramid whose base ia 
a triangle of which the sides are 13 ft., 14 ft., 15 ft. and whose 
height is 20 ft. 

5. A right pyramid stands on a square base each of whose 
sides is 12 ft. and the slant faces are equilateral triangles. Find 
the height and the volume of the pyramid. 

6. 0^, OB, 00 are three mutually jferpendicular lines in space, 
and OA-a, OB “6, 00 ^c. Prove that the volume of the 
pyramid “iaic. 

[ Area of AAOB = J. OA, OB = i. a. 6. 

Volume of the pyramid = } x area of base x height 
«Jxi. abxc. 

= i. abc, ] 

7. OA, OB, 00 are three mutually perpendicular lines of 
equal length a. Find the area of the triangle ABC, 

Sec. D : (On right circular cones ) 

^ 1 . Find the volume and the area of the slanting surface of a 
right circular cone of height 4 feet and the radius of whose base 
is 3 feet ( n = V- )• 

2. If S be the area of the curved^ surface and a the semi- 
vertical angle, h the height and r the radius of the base of a right 
circular cone, prove that 

^ sin a nr" 

sm a 

[ Let a be the semi-vertical angle of this right circular cone. 

^ -tan a, BO that r=fc tan o. 

h 

^ Bsin a and y bcos a where I is the slant-height. 

I L 
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Again S=irrh 


. . h , a Bin o . 

* T. h tan o. — = "r«a * 

cos a cos a 


S = 


vr* _ 
Bin a 




sin ^ 
cos* o’ J 


• ^ 3. What is the length of the canvas 3 feet wide which will 
be required to njake a conical tent which is 28 ft. high and which 
covers an area of 154 s^^yds. ? ( ^ = V- ) 

4. Show how to draw a plane parallel to the base of a right 

circular cone, so that it divides the cone into two parts of equal 
curved surfaces. [ C. U. ] 

5. Show how to draw a plane parallel to the base of a right 
circular cone, so that it divides the cone into two parts of equal 
volumes. 

6. A right circular con^^20 ft. high has its upper part cut off 

by a plane passing through the middle point of its axis. If the 
plane of section be at right angles to the axis, and if the radius 
of the base of the original cone be 4 feet, find the volume of the 
truncated cone, I 0, U.] 

7. If Si, Sg be the curved surfaces and /ii, the heights of 
two right circular cones with the same vertical angle, show that 

Si ; Sg-fex" : h/. 

[ Let Vi and be the radii of the bases of two cSnes so that Vi = hi tan a 
and r^-h^ tan a where o is the semi-vertical angle. 

Si = iir, N/V‘*+“rT^=‘n’/i, tan a + tan“a 

Sa = ir/l a '-* + /l./ tan'‘'a. 

. 1 

• ' Sa J 

8. The upper portion of a right circular cone cut ofif by 
a plane parallel to the base is removed. If the curved surface of 
the remainder be J of that of the whole cone, show that the 
cutting plane bisects the altitude of the cone. 

[ Proceeding as in Ex. 4, 

curved surface of ABC = vr slh* -h ^ a tan* a, 

curved surface of AEF^irhi tan a + tan*a. 

Now from hypotheBia, 

curved surface of EFBC 

—curved surface of ABC -curved surface of AEF 
» I X curved surface of A BC. 
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or. vh tan a tan-* tan a tan“a 

= lirh tan a slh^+h"^ tan*®, 

or, = 

or, ih^ = 1i,^, ^ 



Sec. E : (On right circular cylsMters ) 

1 . If the volume of a right circular cylinder be 1980 cu. ft. 
and the area of its curved surface be 660 sq. ft., find the radius of 
the base and the height of the cylinder. 

2. If the height of a right circular cylinder be 15’8 ft. and 

radius of the base be 4*2 ft. 'orVinlo anrfopA r»f fV»A 

cylinder. ( n — 3*1416 ) 

[ Area- of the whole surface = 2irr(/t + r) [ Note § 3‘8 ] 

= 2x3-1416 (15-8 + 4*2) sq. ft. 

( since /i=15’8 ft.. 7 = 4'2 ft. ) 

= 527-79 sq.ft.] 

4 3. Find the height and the volume of the cylinder, the 
curved surface of which is 2000 sq. ft. and the diameter of whose 
base is 20 ft. ^ 

[Givea ^ =0'h831] 

71 

4. A right circular cylinder and a right circular cone have 
equal bases and equal heights,. If their curved surfaces are in 
the ratio 8 : 5, show that the radius of the base is to the height 
as 3 : 4. 

5. A right prism stands on a square base whose side is 
7*2 cm. Find the volume of a right circular cylinder whose 
height is 3 cm. and whose base touches the four sides of the 
square, the centre of the base being at the centre of the square. 

[ Let A BCD be the square with the centre at 0 and the base of the right ^ 
circular cylinder touches the four sides of this square with centre at same 
point 0. Let E be one of the points at which square touches the circle. 

AC^ = AD^+BC^ = (7’2)’ + (7-2)». 

AC=-7-2x^2, .40=0C«3’6x ^/2. 

Now OE’»OC*-CE’ = (3-6x ^/2)^-(3•6)» «(3•6)^ 

.*. 0^= 3*6 (radius of circular base). - 

.’. Volume of cylinder (3*6)® x 3 cu. It. =« 12219 ou. ft. ] 
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• Seo. F : {On sphere ) 

" ‘ 1. Three solid golden balls of radii 3, 4 and 5 millimetres 
are melted into one single solid golden ball.^Find the radius of 
the single ball. ^ [ C. U.] 

, f 2. A lump of clay in the form of a solid sphere is converted 
, into a right circular cylinder of height inches. Find the 
radius of the base of 41ie cylinder supposing it to be equal to the 
radius of the sphere. [C. f7. ] 

[ Volume of solid sphere = Jirr®. 

Volume of right circular cylinder = irr’. 16. 

From given condition, }7rr® = irr* 16. 
r=12 inches. ] 

. ^ 3. A sphere and a right circular cylinder of the same radius 
have equal volumes. By what percentage does the diameter of 
the cylinder exceed its height ? [ C. ?7. ] 

4. The weights of two balls are in the ratio of 5 to 11 and 
the weights of a cubic foot of the material in the two balls are in 
the ratio of 121 to 25. Find the ratio of their radii. 

[ From given condition 

where r and R are radii of tl^ro balls and jn and in^ 

jTTii •'nil 

are masses of a cubic foot of two balls. 


4irr’. 

121 r, 

r . 


12n 


. 25 

since 

fill 

25 J 

Ci)” 

'-(u)‘ 

• R 

_ 5 

•“Tr' 

] ■ 


5. If a solid sphere of radius 4 ft. is blown into a hollow 

sphere, the radius of whose external surface is 5 ft., show that 
the thickness of the hollow sphere, assuming it to be uniform, is 
approximately 1*06 ft. [ Given V(61) “ 3*94 ] 

6. The volumes of a sphere and of a right circular cylinder 
are as 4 : 9, and the radius of the base of the cylinder is equal to 
three times the radius of the sphere. Show that the radius of 
the sphere is three times the height of the cylinder. 

[ Let / be radius of the sphere so that 3r is the radius of the base of the 
cylinder. 
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From given condition, 

*irr* 

where h is the height of the cylinder. 

4r» 

. ■■■ r.3». ] 

* ^ 7. A sphere of diameter 6 cm. is d/bt)ped into a cylindrical 
vessel partly filled with water. The diameter of the vessel is 
12 cm. If the sphere be completely submerged, by how much 
will the surface of the water be raised ? 

i 8* A right circular cylinder is circumscribed about a hemi- 
sphere and a right circular cone is inscribed in the cylinder, 
such that its vertex is at the centre of one end of the cylinder and 
its base ^joincides with the other end' of the cylinder, show that 


Vol. of cone _ Vol« of hemisphere Vol. of cylinder 
1 "" ‘ 2 “ 3 


[ Volume of the hemi8phere=7a«i. 3irr®=3irr* where r is the radius of 
the hemisphere. 

Volume of the cylinders 7, where r and h are radius and height of 

the cylinder =Tr*. [ Since cylinder circumscribes hemisphere, r^h ] 

Volume of the cone^V, = i7rr^/i. = Jvr® [ *.' r = 7i ] 
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AmWEBS 

Sec. A .—(1) i ft. (2) 6 cm. (3) 21 cm. (4) 144 cu. cm. (5) 1 cm. 
Sec. B (1) 5 inches.. (3) 10 cm. |^4) 1 minute. 

Sec. C (1) 2"-286, 3". (2) 960 cu. cm'. (3) 12 ft. (4) 560 cu. ft. 

(5) 8 48 ft. ; 407-04 cu. ft. (7) a*. 

Sec, D (1) 87? cu. ft. ; 47? sq, ft. (3) 770 ft. 

(4) the plane diyides the height in the ratio is/2 — 1 : . 

(5) The plane divides the height in the ratio iji — 1, 

(6) 398? ou. ft. 

See. E U) radins-e ft. ; height-l7-5 ft. (2) 627-79 sq. ft. 

(3) 31-8 ft. (5) 122‘2 on. om. 

Sec. F (1) 6 m. m. (3) 13 inobes. (3) 50%. (4) 6 : 11. 

(7) 1 om. 
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IMPORTANT FORMULAE & RESULTS 
H. S. Co-ordinate Geometr^iClass X) 


1. Distance P(3= 

• Distance bP=*i^ Jx^+y^. 

2. Point dividing the line joining two given points in 

.• miX^+m^Xi n-^Vz+m^Vx 

a given ratio : a:” . ’ j/= - 

Wl + ttla 7 ?Ii+TO2 

Middle point 4(®i + ^ 2 ), 4(l/i + W 2 ). 

3. Area of a triangle ‘\th given vertices 

\\ xiiy-i - j/s) + ^^2(2/3 “ 2/1) + *3(2/1 - 2/2)}. 


4. General equation of a straight line 

ax ^by -\r c = 0(a and b both 7*^ 0). 

Every first degree equation in x, y represents a straight line. 

5. Transfer of the origin (directions of axes remaining 
unchanged) from (O, 0) to (a, P) 

x-X+at y^ Y+ 


6. Straight line parallel to the jc-axis : y = b. 
Straight line parallel to tfie !/-axis : x — a. 

7. Equations of straight lines in standard forms : 


(i) Intercept form : 


■ 1 . 


(ii) ‘m’ form ; y = 9?ix + c. 

(iii) Form through a given point ; 

/ N x-Xx y-T/i 

1/ - t/i = m(a; - a?i), or 

cosO Sin 0 

(iv) Normal (or perpendicular) form : a; cos a + 1/ sin a *p. 

(v) Two points form : !/ - ^ — -- (x - a?,). 


H. S. 0. G.— 1 
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8. Point of Intersection of the two lines 

+ b^y + Cl = 0, ago; + Cg = 0 : 

(^\b 2 ^2^1 

9. Condition foy concurrence of the thiree given lines 

ai® + 6 i 2/ + Cl 0, Uoa? + fcgi/ ■!" <^2 as® + + Cg = 0 : 

”” ^^3^2 ) ^i(c 2^3 ^sC-g) Ci(fl2^3 ^sbo^ 0. 

10. Condition for collinearity of the three given points 
(a:i, Vi), (n"2> Vi), (®s. Vs), is 

a-i(y 2 - y 3) + *2(^3 " Vi) + XaiVi - y 2) ^ 0. 

11. ^\ngle between two given lines 7 

(i) When the lines are y^m^x-^Ci^ y-m 2 X + C 2 

tan<i)= • 

1 +?rti??J2 

(ii) When the lines are 

a^x + biV + Cl =0, a^x -^-h^y + Co =0 

(ii^o 

12. Conditions for 

(a) parallel lines, (i) vi^^vin, (ii) 

(1 2 '^2 

{h) perpendicular lines, (i) " li 

(ii) UiUg +/^i?^2 =0. 

13. Length of the perpendicular from the point (jCj, y^) upon 
the line a® + foj/ + c = 0 is 

ra 1+6^1 fc 

14. Equations of the bisectors of the angle l)etween the 
lines a^x + h^y + Ci = 0, Ug® + h^V + Cg = 0 are 

tAi V t ^"1 « 4. . 



CO-ORDINATE GEOMETRY 

( To be taught in Class a ) 

^ CHAPTER I • 

• • 

RECTANGULAR CARTESIAN CO-ORDINATES : 
ELEMENTARY RESULTS 

I'l. Location of a point on a plane. 

Rectangular Cartesian Co-ordinates in a plane. 

To locate the position a point on a plane, we usually 
take two fixed straight lines on the plane, intersecting one another 
at right angles, for reference. 
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These lines are termed the axes of referethce or axes of 
co-ordinates. One of them, XOX' (from right to left) is usually 
►taken as the x-axis, and the other, 70Y' (from above downwards) 
is taken as the y-axis. The point of intersection, 0, is referred 
to as the origin. The position of a point P on the plane will bo 
definitely known when we know its perpendicular distances PM 
and PN from the axes of reference. These perpendicular distances, 
.with proper sign are termed the co-ordinates or more precisely 
the rectangular or orthgonal co-ordinates of the point. The 
distance MP parallel to the ic-axis, of P from the y-axis is 
called the i-co-ordinate, or abscissa of P, and conventionally 
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measured positive from 0 along OX towards the right, distances 
from 0 towards X! being reckoned as negative. Similarly, the 
distance NP par^^l to the ^-axis, from the aj-axis to the point, 
is called the i/-cu- ordinate or the ordinate of P, being conven- 
tionally measured positive upwards along OY and negative down- 
wards along or'. , ti 

The whole plane is divided by the Lias XOX' and YOY' intc 
four quadrants XOF, YOX\ X'OY' and Y'OX' and according 
to the conventions given above, the co-ordinates of a point P ar( 
both positive in the first quadrant. In the second quadrant, (foi 
instance for the point P'), the cc-co-ordinate is negative and the 
l/-co-ordinate is positive. Both the co-ordinates are negative ir 
the third quadrant, while in the fourth quadrant, the x-co' 
ordinate is positive but the i/-co-ord^jate is negative. 

Generally, P being any point on the plane of axes of reference 
XOX^ 8,nd YOY\ PN being drawn perjiendicular to the ar-axis 
OjV is the ic- co-ordinate and NP is the 2/-co-ordinate of P, and 
these co-ordinates being given in magnitude and sign, the position 
of P is definitely fixed. Conversely, if P be given in position 
on the plane, its co-ordinates are definite in magnitude and sign 

The above method of locating a point on a plane is due to Dee 
Cartes, after whonj the co-*ordinates are referred to as Cartesian 
Co-ordinates [Rectangular or, Orthogonal) in this case. 

Oblique co-ordinates. 

"instead of two mutually perpendicular lines, wo may take any two inter 
fleeting lines XOX' and TOY' inclined at any angle to one another ai 



axes of reference and proceed to define the position of a point P, not by its 
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perpendicular distancesifroni the axes, but by the distances MP and NP of P 
parallel to X'OX and Y'OY respectively from the other axis. In other words, 
if PN be drawn parallel to YOY* to meet XOX* at N, ON and NP are respec- 
tively the jc-co-ordinate and the ^-co-ordinate of P, w1^^ define the position 
of P on the plane definitely. The axes are here termed as oblique axes and 
the co-ordinates are oblique co-ordinates (Cartesian). The convention as to the 
gns of the co-ordinates is exactly as in the case of rectangular axes. 

Polar Co-ordinates. 

There is yet another method of locating a point on a plane. Here 
we take a fixed straight line OX 
on the plane for reference, which 
wo 9 all the initial line^ and a fixed 
point 0 on it, called the origin o 
pole. The position of a point P i! 
definitely known if we know the 
distance OP ( = r say), and the angle XOP say). The quantities r and B 
are called the polar co-ordinates of P. The distance r , called the radius vector % 
is always taken as positive, and the angle called the vectorial angle is con- 
ventionally positive when measured anti-clockwise from OX. The polar co- 
ordinates being given, the position of P is definite, while if the position of P 
Ds given, its polar co-ordinates will have definite values. 

Henceforth, throughout the book, we shall i*se rectangular Car- 
tesian co-ordinates only to refer to positions of points on a plane. 

1’2- Lengths of Segments : Distance between two pointa 
whose Cartesian co-ordinates arcf given. 



Let P and Q be two given points on a plane whose Cartesian 
co-ordinates (rectangular) are {xu Vi) and y^) respectively. 



‘X 
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Let PM and QN be perpendiculars from P'and Q on the fc-axis 
OX, and PL perpendicular from P on JiTQ. Then OM=Xi, MP 
= »!, 0N=X2, NQ^y^. 

PL = MlN~‘0N-0M=X2~Xr 
LQ^NQ-NL = NQ-MP=>y2-yx. 

f f 

from the right-angled trianglg^ f LQ, 

pg=“ = PL* + Lg* = {x 2 - x^r + (1/2 - l/l)^ 

PQ” \/(x2 -Xi)*+(y2“yi)*. 

Cor. The distance r of a point P whose co-ordinates are given to be a?, 2/» 
from the origin (whose co-ordinates are 0, 0) is given by 
OP=r= n/x“+ y®. 

1*3. Section of a given segment 111 a unite ratio : roint 
dividing the line joining two given points in a given ratio. 

Let; P and Q be two given points whose co-ordinates are (rri, 
Vi) and (jg* 2 / 3 ) respectively and let R be the point which divides 
PQ internally in a given ratio mi, : mg, i.e., PR : RQ = mx : mg. 

Let (a;, y) be the co-ordinates of R, 

Draw PL, Q]\l and R^ perpendiculars on the x-axis, and 
let PS and RT be parallel to the ir-axis, meeting RN and QM 


x'o 


Y 




Q (*.. y«) 



at S and T respectively. Then the triangles PSIi and IITQ are 
evidently similar. 


Hence, 


PS _ SB ^ PR _7n I 
BT TQ BQ OTa 
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But PS‘‘ON-OL = x-Xr,BT=OM-ON = x^-x. 
Similarly, SB = y-Vx, TQ=“y^-y. 

CC ^ CC l/a””!/ 2 

Hence, simplifying, 

• ^ iy^ * **'»•▼ •» j 
m-f + 102 

giving the co-ordinates of B, 


miXt+m2Xi 

x°- y“ 

mi +m2 


Cor. The co-ordinates of the middle point of the line joining the points 
(.to y,) and ?/.,) is ^(Xi+Xa). 5(yi+ya). 

Note. If 72 divides PQ^ e$^ernally in the ratio niy : one of the two 

quantities and vi^ is to betaken with a negative sign. Whichever of the 
two is taken negative, the co-ordinates of 72 will remain the same, namely 

viiX.,~-n7 jr , ^ vt jt/j — 

7}Lj^ — 771.2 

1*4. Area of a triangle whose vertices are given. 



Let the vertices A, B, C of a given triangle have co-ordinates 
(®i. Vi), (® 2 f Vs) and {x^, y,) respectively. 

Let AL, BM, CN be drawn perpendiculars on the or-axis, so ‘ 
that OL = Xi, LA = y^, 0M*‘ ® 2 , MB = y^, ON = a:*, NC = Va. 

Now evidently, 

Ai4BC = trapezium ABML +• trapezium ALNO 

- trapezium BMNO. 
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Also, area of a trapezium = i the sum of the parallel sides x 
the perpendicular distance between them. 

Hence, the area^r^he triangle ABC is given by 
A = i{MB + LA) X ML + ^{LA + NC) x LN 

“ Uva 2/i)(®i - * 2 ) + + Vs^ixfl * ®i) 

-|(y2+l/s)(®3 -* 2 ) 

" ^{*1 (ya - js) + X2(y3 - y 1 )+ X3(y 1 - ya)} 

on simplification. 

Note 1. In our figure above, we have taken the vertioes A, B, C in such 
an order that in moving along the sides ABaBC, CA we are to move in an 
anti-clockwlse direction. In such a case, the above expression for the area of 
the triangle ABC will always be found to be positive. If the vertices in 
order are so taken that in moving along the sides of the triangle in that 
order we move clockwise, the above expression for the area will be found to 
be negative. 

Note 2. Area of a polygon with given vertices. 

If a polygon ABODE has the co- 
ordinates of its vertices given, to find 
its area, we break it up into triangles 
by joining its diagonals, and then 
''add up the areas of these triangles 
(which have got their vertices know n) 

in the same order. The result will 

c 

give the required area of the polygon 
in that order. 

1*6* Illustrative Examples. 

Ez. 1. Prove fhaf (-1, -1), (1, 1) and (- s/3, are the vertices of an 
equilateral triangle. 

Let At B, C be the points whose co-ordinates are (-1, -1), (1* 1) and 
(- (s/3, V-S) respectively. 

Then + 8 

BC^m{i+ ^/3)*-H(l- ^/3)•»8 
^/3+l)» + (^/3+l)»-8 
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= = or AB=BC=CA. 

Thus tho triangle ABC is equilateral. 

Ex. 2. If the co-ordinates of A, C, D are (—^^2), (7, 4), (4, 8) and 
( “ 4, 2) respectively^ show that A BCD is a rectangle* 

Here, .45 " - 1 - 7) " + ( - 2 - 4) ^ = 100 

5C» = (7'-4)%-#(4-8)2 = 25 
CD’* = (4 + 4)^ + (8-2)* = 100 
2)^a = (-4 + l)2 + (2 + 2)* = 25 

and .4C*- (-1-4)* + (-2-8)* = 125. 

Thus, AB=CD and BC = DA* 

Hence, opposite aides. being ^^al, ABCD must be a parallelogram. 
Moreover, here, AC^ =AB^ + BC‘\ so that angle ABC is a right angle. 
Hence, ABCD is a rectangle. 

Ex. 3. Find the circuvi- centre and the circum-radins of the triangle 
u'hose veitices are the points (-4, 3), (-2, —3), (0, —5). 

Lot Ai D, C be the vertices of the triangle whose co-ordinates are 
( — 4, 3), (-2, —3), (0, -6) respectively, an& let S be the circum-centre of the 
triangle, whose co-ordinates are supposed to*bo (x, y). 

Then, SA = SB = SC or 5^* = 55* = SC*. 

(x + 4)* +(i/-3)* = (x+2)* + (i/+3)* = (x-0)* + (?/n'5)*, 

« 

or, 8x-6.v + 25 = 4x + 6.v+ 13 = lO.v + 25, 

whence solving, x = 6, ?/ = 3. 

The circum-centre S is the point (6, ‘6). 

Also, ciroum-radius = 54 = /s/(6+4)* +(3-3)* = 10 units. 

Ex. 4. 4, 5, C, D arc four points whose co-ordinates are (1, —8), ( — 3, 4), 
3, 7) and (3, IG) respectively. Find the ratio in which CD divides 45. 
Find also the ratio in which AB divides CD. 

Lot 45 and CD intersect each other at P which divides 45 in the 
ratio X * 1. 

Then, the co-ordinates of P (by § 1*3) are 

-3X+1 4X-8 , 

r+i 
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Now, P, C, D being in one straight line, the area fef the triangle PCD is 
zero. Hence (by § 1*4). " ^ . 

or, -9(-3X+l) + 3(-3\-15) = 0; X=3. 

Hence, CD divides AB in the ratio 3 : 1. 

r 

The co-ordinates of P are therefore, 

3(-3) + l 8.4-8 „ , , 

.Vi ’ .Vi “2, 1 respectively. 

iJ T J. O -T" J. 


Again, if P divides CD in the ratio At . 1, then co-ordinates of P are 
^.3 + 0^ 

/i + i * 

8m 


and these being identical with —2, 1, we have 

1 . 


- , 16m+ 

- =-2 and 

M+1 M+1 


Either of these give /i= ~ 3 * 

Hence, AB divides CD externally in the ratio 2 : 5. 


Ex. 5. The vertices A, P, C of a triangle have co-ordinates (5, G), (~9, l) 


and (-3, ~^1) respectively. Find the length of the perpendicular from A on BC, 
The area of the triangle ABC is 
/ 4 [5(1 + 1) — 9( — 1 — 6) — 8(6 — 1)]= 29 square units. 

Also, distance PC = ^/(- 9+ + + 1 )^ = ^/id units. <• 

Hence, if p be tliofength of the perpendicular from A on BC, area of the 
triangle ABC=4p- N/3d“29. 


^29x2^ 29 
./40 “ v/IO 


^/10 units. 


^ Examples 1 

1. Find the distance between the following pair of points : 


^ (2, 1) and (8, 9). 

( - 6, - 7) and (4, - 9). 

(a cos a, a sin a) and (a cos fi, a sin p), 
(a<i*, 2ati) and 


^i) ( - 3, 6) and (9. - 2). 


■^4 Prfte that the point (-2, -11) is equidistant from 
{-0)an1|4,6). 

Sj/ Show that the triangle whose vertices are ( - 2, - 6) 
{4, ^l), ( - 1, 0) is isosceles. 
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If the oftinate of a point equidistant from (-3, 7) and 
(6, “^l) be 9, find its abscissa. 

^ Prove that the points (4, 8), (4, 12)^nd (4 + 2 JS, 10) are 
the vertices of an equilateral triangle. 

6. Show yiat the lines joining the pome o) to ene points 
< “ 2, - 3) and (l6, —^42 are at right angles? 

7. Prove that the points (-2, 3), ( -3, 10) and (4, 11) are the 
angular points of an isosceles right-angled triangle. 

8. Show tliat the lines joining successively the points 
- 2, - 5), (7, “ 1), (8, 6) and ( - 1, 2) form a parallelogram. 

9. Prove that the points (2, - 2), (8, 4), (5, 7) and ( - 1, l) 
are the successive angilla\points of a rectangle. 

10. Show that (i) the points (3, - 5), (9, 10), (3, 25) and ( ” 3, 10) 
are the vertices of a rhombus ; 

(ii) the points (-a, -a), {a, 0), (O, 2a), (-2a, a) are the 
vertices of a square, 

11. (i) Prove that the point (11, 2) is the circum-centre of the 
triangle whose vertices are (1, 2), (3, -4) and (5, -6), and find 
the circum- radius of the triangle,, • 

(ii) Find the circum-centre of the triangle whose vertices 
are (i, l), (2, 3) and (-2, 2). 

12. A and 5 are two fixed* points whose co-ordinatffs are 
(2, 4) and (2, 6) respectively ; ABP is* an equilateral triangle on 
the side of AB opposite to the origin. Piiyi the co-ordinates of P. 

[ H. S. 1961 ] 

13. In a triangle ABC, AD is the median bisecting PC. Prove 
analytically that AB^ + AG^ = 2AD^ + 2BD^. 

[ Choose rectangular axes with A as origin. ] 

14. G is the centroid of a triangle ABC, and P is any other 
point on the plane. Prove that 

(i) PC" + + ilP" = 3(GA^ + GB^ + GO^). 

(ii) PA^ + PP* + PC® = GA^ + CP® + GC® + 3CP®. 

[ Choose rectangular axes with O as origin. ] 
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16. Find the co-ordinates of the points whicfi divide the line 
joining the points (l, - 2) and (4, l) in the ratio 2 : 1 (i) internally, 

(ii) externally. 

16. The co-ordiifates of the points B, C, D are (~2, 3), 
(1, “2), (8, -3) and (o, 2) respectively. Show that AC and BID 
bisect each other. 

17. Find the areas of the triangles wtfose vertices are res- 
pectively, 

(i) (3. 5), (-1, 10). 

(ii) (0, 4\(3. 6), (-8. -2). 

(iii) (5<i, 0), (-2oi. 7a). (-6a. - 3a). 

(iv) (a, b + c), (a, h - c), ( “ a. c). 

(v) '{a cos a, h sin a), (a cos b sth P). (a cos 7, b sin y), 

[ J{a cos a (6 sin jS-b sin 7) + a cos /S (6 sin 7-6 sin a) 

+ a cos 7 (b sin a - 6 sin fi)) 

= JaMcos a (sin ^ - sin 7) + 90s /3 (sin 7 ~ sin a) 4 * cos 7 (sin o - sin fi)) 

* -Ja6{sin (a-/ 3 ) + 9in (; 3 - 7 ) + sin (7 -a) 

= Jab . 4 Bin J (a -/ 3 ) . sin J 0 :^- 7 ) sin J (7-a) 

= 2a6 sin J (/3 — 7) sin J (7-a) sin J (o-/ 3 ). ] 

18. Prove that tRe area of the triangle whose vertices are 

the points (a^i^, 2ati), (a/2^, 2a^2) and '^a^a) respectively is 

a (^1 "■ ^2)(^l ^3)(^2 ^ 

• • 

19. Show that the points (1, 4), (3, -2) and (-3, 16) are 
collinear. [ The triangle formed by them u of zero area. ] 

20. Shew that the points (0, -3), (3, 0) and (5, 2) lie on 
a straight line. 

21. (0 Find the area of the triangle whose vertices J, J5, 0 are 
respectively (3, 4), (-4, 3) and (8, 6). Hence, or otherwise find 
the length of the perpendicular from A on BO. [ H. S. 1961 ] 

(ii) The vertices A, B, G ot a, triangle ABC have co-ordinates 
(6, 2), ( - 9, 3) and ( - 3, - 5) respectively. Find the length of the 
perpendicular from A on BC. 
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'£Z. ij'ind the area of the quadrilateral whose angular points 
taken in order are (2, 8), (0, - 7), (8, - 6) and (6, ll). 

23. Find the area of the quadrilatera^whose angular points 

are respectively (1, 1). (3, 4), (6, - 2), (4, - 7j^ [ C. U. 1944 ] 

[ Let A{i, g) ; B{0, -7) ; C(8, -6) and Z)(C, 11). 

Area of □ Area of A AI30+ Area of A4C2)= 9+^5*-= 20i. ] 

24. (i) Show that the straij^ht line joining the points (0, - 1) 
and (16, 2) divides the line joining the points (-1, 2) and (4, —5) 
internally in the ratio 2 : 3. 

[ Let P is the point on \vhich AB intersects CD in the ratio 1 : A. 

Co-ordinates of P is ^ ^ as in S 1*3. 


Since P, A, B lie in one straigtit line, hence area of = 

i.e.. j{;";-^S-l-2) + 15f^--^^) + 17} = 0. 
whence X = Hence the result. ] 


" (ii) If A, By Cy D are points whose co-ordinates are (-2, 3), 
(8, 9), (O, 4) and (3, 0) respectively, and AB and CD are joined ; 
find the ratio of the segments into which AB is divided by CD, 


[ As above co-ordinates of P is 


8X-2^ 9X-f 3 
X+l’ X4-1 ' 


Since P, Ay B lie in one straight line, whence area of AABC=^0, 




whence X— 1?. Hence the result. ] 


ANSWEBS 

1. (i) 10. (ii) n/IOII. (iii) Q (iv) 2a sin J(a /3). 

(v) + 4. 23-5. 11. (i) 10. 

(ii) -*.r4. 12. 2+ ^/3, 5. 15. (i) 3, 0. (ii) 7, 4. 

17. (i) 46 sq. units. (ii) 1 sq. unit. (iii) 49a*. (iv) 2ac. 

(v) 2ab sin i(fi-y) sin iiy-a) sin J(a-^). 

21. (i) 4J sq. units ; j\ (ii) lO’^- 

28. 20} sq. units. 24. (ii) II : 47. 


22. 96 sq. units. 
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:quation and locus 

2*1. Equation and Locus. 

If an equation in x and y be given, tne co-orninaicb ui my 
and every point on a plane will not fjenerally satisfy the equation. 
On the other Iiand, there are innumerable points on the plane 
whose co-ordinates will satisfy the ^iven equation ; for we may 
choose any value of a?, and substituting that value in the given 
equation, solve for value or values of y whereby the given 
equation is satisfied. We thus get djfinite point or points with 
given Xj \yhose co-ordinates satisfy equation. As x may be 
chosen arbitrarily, the number of points will be infinite. These 
points joined wjll give us a line (straiglit or curved) on the plane, 
the co-ordinates of every point of which, (and of no point outside 
it), will satisfy the given equation. This line is defined as the 
locus represented by the given equation. 

Conversely, if a line, straight or curved, be given on a piano 
then if with chosen axes on the plane, a relation between x and 
y can be found whi^h is satisfied by the co-ordinates of every 
point of the given line, and which holds for no other points except 
those lying on the line, then that relation between x and y is 
defined as the equation of the.given line on the plane, with the 
chosen axes of reference. 

For example, giveiMhe equation 
+ 2/^ + 6a; “ 42/ — 12 = 0, 

we can write it in the form 

[x + 3)* + (y - 2)® = 2 V, 

or, = 5. 

This relation shows that the distance of the point (*, y) from 
the fixed point (-3, 2) is 5. [ See § i'5 ]. Thus the different 
positions of the point (m, y) must be at a fixed distance 5 from the 
fixed point (-3. 2) This identifies the locus of the point {x y) 
to be a circle with centre ( - 3, 2) and radius 5. This is therefore 
the locus represented by the equation. 
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Conversely, suppose a straight line on a plane with chosen 
axes be given, passing through the given points (3, 2) and (- 1, 5). 
Then if {x, y) be the co-ordinates of any arbitrary point on the 
line, the area of the triangle with (x, r' f -- 

vertices must be zero. 

Hence, i{x{^ 5) + 3(5 - 1/) + ( " l){y - 2 )}<p 0. [ See § V4 ] 

i,6., “3a;“4i/+^T = 0, or, 3a; + 42/ = 17. 

This being the relation satisfied by the co-ordinates of any 
and every i^oint on the given line, it represents the equation to 
the given line. 

2’2. Every first degree equation in x, y must represent 
a straight line. 

Let aa; + 62/ + c = 0 ••• (Ij^be a given equation of the first 
degree. Clearly, any equation of the first degree in x, y is of 
this type. 

Take any two points A{x^,y^ and Bix^^ys) on the locus. 
Any other point Pix^.y^) on the locus being taken, the co- 
ordinates of A, B and P satisfy the given equation. 


Hence, 

cix± + bux + c = 0 

••• (ii) 


ax2 +62/2 +c = 0 

••• (ni) 

and 

ax2i +57/3 + c = 0 

— (iv) 


From (ii) and (iii), by cross-multiplication, 
cb ^ ^ c 

Xiy2~~x2yi. 

substituting in (iv), 

<r's{y-L " 2/2) + 2/3(352 ” ^1) + (35 i 2/2 = 0, 

or. 371(2/2 - 2/3) + Xn{y^ - y^) + .^3(2/1 - 7/0) •= 0. 

This shows that the triangle ABP is of zero area [ See § P 4], 
Thus, P lies on the straight line AB. As P is any point on the 
locus represented b^^ (i), it follows that the locus is a straight line. 

2*3. Transfer of origin, directions of axes remaining 
unchanged. 

Let 0 be the origin, and let, ccOx^ yOy^ be a set of rectangular 
axes, with respect to which co-ordinates of a point P are x, 1/. 
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Let the origin be transferred to the point O' whose co- 
ordinates referred to the given axes xOx' and yOy^ are (a, i3), and 
let the axes XO'Z^and YO' which are parallel respectively to 
xOx' and yOy' though O' be taken as the new axes of co- 
ordinates. Supj^se the co-ordinates of P referred to this new 
set of axes be X, Y, 

• t 




Let PN be perpendicular to Ox and let it intersect XO'X' 
at N\ Also let YO'Y' intersect Ox at L. 

Then evidently OX = or? xYP = i/, O'X' = Z, X'P = 7, OL = a, 
LO -15, in magnitude and sign. 

Now, from the figure, 

ON=OL + LN = OM O'N' 
and NP = XX' + X'P = LO' + X'P. 

Hence, X“X4-a 

These are the equations of transformation, connecting the old 
co-ordinates of P with the new ones. 


These equations are feasily seen to be true, in whichever 
quadrant 0 may lie, provided in writing the relations from the 
ngure, we take due notice of the signs of the quantities involved. 


Thus, if an equation to a locus or curve be given referred to a 
set of rectangular axes, and if the origin be transferred to a 

«e a, the axes remaining un 
changed m direction, the equation of the curve referred to th( 
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new axes will be obtained by replacing in the given equation x by 
X + a and y by T + p. 

2*4. Illustrative Examples. 

Ex. 1. Prove that the locus of a point which is always equidistant from 
two given points is g straight line. ^ 

Let (xi, 7/i) and fjpQ the co-ordinates of the two given points A and 

B, and let (a;, be the co-ordinates of any point P which is equidistant 

from them. Then, PA = PB or PA^ = PJB^ 

.*. (x-x^Y + (y-yj,Y = (x-x^)^ + (y-y^Y, 

or, 2(x2--xJ.®-t-2(7/a-2/i).2/+(xi'* + 2 /i®-X 2 '*“ 2 /,’‘) = 0. 

This being the equation satisfied by the co-ordinates (x, y) of any position 
of P, it represents the equation. \the loous of P. 

As this is a first degree equation in (x, y), it represents a straight line 
[ See § 2'2 ] 

Ex. 2. A and B are two given points whose co-ordinates are ( — 5, 3) and 
(2, 4) respectively. A point P moves in such a manner that PA : PP»3 ; 2. 
Find the equation to the locus traced out by P. What curve does it represent ? 
Let (x, y) be the co-ordinates for any position of P. 

Then, PA== J(x+5y* + (y -YY PB= J (x - 2) ^ (t/ - 4) * . Bv the given 
condition, PA : PB=3 : 2 or 4PA* = 9PB*. 

4{(x + 6)^ -f ( 2 /- 3)n = 9{(x - 2)’ -f (?/- 4)’*}, 
whence, 5(x’* + ^^)-7Gx-487/-f 44 = 0. 

As this is the equation satisfied by the co-ordinates of any position of P, 
it represents the required equatiBn to the locus of P. 

The equation may be put in the form 
x" + r/’* - -Y-x - -y-T/ + -y- = 0, 
or, (a:-.y)« = (V)* + (-V-)’ -V-= 72, 

or. ^/(x-7^)‘ + (V-4^)’ = <5^/2. 

This shows that the distance of the moving point x, y from the fixed 
point (7{, 4$) is oonstant=6 s/2. This identifies the loous to be a circle with 
centre (7{, 4s) and radius 6 s/2. 

Ex. 8. Prove that the equation 

9x’ + 252^"* - 108x+ lOOy + 199-0 


H. 8. 0. G.-2 
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by properly transferring the origin without turning the- axes can oe reaueeu, 
to the form 



The given equation can he written as 
9(i’*-12i)+25(j,’«h47/)= -199, 

or, 9 (a: - 6) ’ + 25(37 + 2) ' = 9.3f. + 25.4 - 199 = 220 . 

Now transferring the origin to (6,-2) without turning the axes i.e., 
replacing x by a: + 6 and y by ?/-2, [ See §3 3] the new equation becomes 

9x= + 25*1’ = 225, or, 

Examples ^ 

1. A point moves so that (i) its distance from the ^-axis is 
always - 3, (ii) the sum of its distances from the axes of co- 
ordinates is always 9. Write down the equation to its locus in 
each case. 

2. Find the equation to the locus of a point which moves 
so that 

(i) its distance from the point ( - 3, 7) is always equal to 4. 

* ^ (ii) its distance from the ?/-axis is alwavs half its distance 
from the orign. 

(iii) the rectangle contained its distances from the axes 
is equal to a square offside c, 

3. If the difference of the squares of the distances of a 
moving point from two fixed points is constant, show that it traces 
a straight line. 

4. A and B are two fixed points whose co-ordinetes are 
(-3, 4) and (6,-2) respectively. A point P moves in such a 
manner that the area of the triangle PAB remains constant. 
Show analytically that its locus is a straight line. 

5. If A, B, G are three fixed points whose co-ordinates are 
(a, 0), (-a, 0). (c, 0) respectively, and if P be a movable point 
such that PA^ + PB^ =2PG^, find the equation to the locus of P^ 
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6. The co-ordinates of three fixed points A, B, C are {3, 4;, 

(-Si, 5) and (-1, -9) respectively. P is a variable point snch 
that PA^ + PB^ + PG^ = constant. Prove ti|§|t P traces out a 
circle. ^ 

7. A and B are two fixed points and P is a movable point 
Utich that PA : PB is constant. Show th^t the locus of P is 
a circle. 

[ Choose the middle point of AB as origin, and AB as x-axis, ] 

8. A point moves so that its distance from the fixed point 
(2a. 0) is equal to its distance from the 7/-axis. Determine the 
equation to its locus. 

If the origin be transferr^J^to (a, 0), the axes remaining fixed 
in direction, prove that the transformed equation is =-^ax. 

9. The sum of the distances of a movable point P from the 
two fixed points (c, 0) and (-c. 0) is a constant = 2a. Prove 
that the equation to the locus of P is 

2 2 

^2 La ~ where a^ -6“ =c‘‘'\ 
a o 

[ Let P (x, ^). .*. — + + 

or, = 

or, a^-cx=aj{x-cr + y'^ • 

Squaring, - c*) + u * i/"* = a'^a^ - c’),» 

or, 

X * ?/ 

or, + = l whichis the \pcuBof P. ] 

10. The distR-nce between two fixed points S and S' is 2c. 
Taking the middle point of SS' as origin, and SS' as ic-axis, 
determine the equation to the locus of a point P which moves 

that 

PS - PS' “ 2a (a constant). 

[ If the mid-point of SS' is taken as origin, the co-ordinates of 8(c, 0) and 
• S' (-C, 0) and let Pf®, ?/). 

i’S — PS'“= i.e., ^(® — c)’* + 2/“ “ >/(®4-c)^ + y’' = 20, 

or, c)^ Vy^ = 2a 4 - J(x-^ c)» -h . 

Proceed ae in Ex. 9. ] 
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11. Transform to parallel axes through the point (l, “2) the 
equations 

(i) 2 /® -4^^fj/ + 8 = 0. (iii) 2®* + 2 /® - 4a; + 4i/ = 0. 

12. What does the equation 

(a - h){x^ + 2 /*) - ^abx = , 

oh 

become if the origin be transferrd to ;• 0, axes remaining un- 

a — 0 

changed in direction ? 

18. The equation to a curve being 

(l - a;^ + ^2dx, 

find its equation if the origin be shifted to . ^ o* 0, wrthout 

1 — c 

rotation of axes. 

I^Replacing x * y equation becomes (1 - e*) ^ j j + 2 / 

+<*’=24+1-^)’ ^ ^ 

or, (1 - «*) e’ + I/’ = 


^^14. By transforming to parallel axes through a properly 
chosen point, prove that the Equation 

12a:® - 10a:» + 2j/“ + 11® - 5i/ + 2 = 0 

can be reduced to a homogeneous equation of the second degree 
in X, y. 


ANSWERS 


1. (i) *+3=0. 

(ii) ®+t/=9. 

2. (i) *’ + j/’ + 6*-14j/ + 42 

• 

(ii) y<=±xtJ3. 

(iii) xy=c^. 

O. flj — — • 

2c 

8. y* = ia{x-a). 10. .J' — 

CL C ““ d 

= 1. 11. (i) 2/^ = 4®. 

(ii) f+f-i. «• 

13, x^+-V— = ( J«_Y, 
1-e* \l-eV 
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STRAIGHT LIN] 


3*1. Standard forma ef the equatic. 

In the previous chapter we have seen that^fei first degree equa- 
tion always represents ^•straight line. Now the position of a 

given straight line on a plane may be fixed up in various ways, 
and accord ihg to each way of defining the position of a line, we 
get a idefimte form of the equation to the line. The standard 
forms of the equation to a line-are given below : 

(A) Intercepts on the axes are given in magnitude and sign. 

Let a straight line AB i^er- 
sect the axes of x and y A and 
B respectively, and let the in- 
tercepts OA and OB on the aites 
be a and b (given in magnitude 
and sign) so that the position 
'‘f the line is definite. 

Let {x, y) denote the co- 
ordinates of any point P on the 
line. Let PN be the perpendicular from P on OZ, so that 
ON^=x, NP^^y. 

ilow the triangles PNA and*POi are easily seen to 
similar. 

. NP NA ^y a-x . >x 

'' OB OA b a ^ a 





•• ! + 

a D 


^hich being the relation satisfied by the co-ordinates {x, y) of any 
point on the line, is the equation to the line. 


Alternatively 

The co-ordinates of A and B are evidently (a, o) and (o, 6) 
respectively. Now P being on the straight line AB, the triangle 
PAB is of zero area. 
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Hence, i{a:(0 - 6) + a{b -y) + 0{^^ - 0)} = 0 

X V 

or, -xb + ab-ay = 0, whence + v=l. 

a b 

(B) StraightJ^es parallel to x~axis or y^axis 


^ For a straight line BL 

^ ^ parallel to ihe flj-axis, if its 

int^cept OB — b^ then clearl^ 
B , L the distance of every point 

ic-axis being the 
same, namely b, the 7/-co-ordi- 
nate of every point of it is b^ 

whatever its x-co-ordioate 

O X he. Hence, its equation 

Y' ' / K 

^ y“b. 

^ Similarly, for a straight line A3I parallel to the i/-axis, if its 
intercept OA on the ar-axis be a, the equation will be 

x = a. 

rn form * = or y = b. in which one 

V or to tL straisiit lines parallel to the 

y-QiXia or to the a:-axi 8 , as the case may be. i 

Note. It may be noted that when a straight line becomes parallel to the 

»- 8 s 18 . Its intercept on the .v-axis, 6 -^co, and so the equation to the line 
from(A).reduceetotheform =i. 

•t^the a-axis, the equation reduoes^to the form y = b. 

(C) Interccii on the y-axu, and inclination to the x-axis are 
t/tven. 

• Y 


Let a straight line, inclined at a given anele fl tn tu 
mle^ol to th. ,.„i. 0 , .nd te. L ^ S *1*6^10 
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be c (in magnitude and sign). B and c being given, the position 
of the line is definitely fixed. 

Let (flj. y) be the co-ordinates of an^[^int P on the line. 
PN being perpendicular from P on OX, we nwie ON—x, NP = y. 
Now CL being perpendicular from C on NP, LP = NP^NL 

= NP-OC = i/^c, and CL“ON = a:. Also®ZPCL = fl 

• • 

LJ? v — c 

tan0 = ^f*"‘ * l/=a:tan6 + c. 

L/ Jj X 

Denoting tan 6 by 

y »-mx + c(m“tan 6) (fi+Jx). 

This being the relat^to satisfied by the co-ordinates of any 
point on the line, it represents the equation to the line. 

Note. m( = tan 6) is defined as the slope or gradient of the line. The 
angle 6 may be acute or obtuse, and hence m may be positive or negative 
according to the position of the lino. When the line is parallel to the i-axis, 
^ = 0, and so m—0, the equation to the line then reduces to the form i/ = c 

[ See (B) above]. If ^ = 00®, vi-^oo or ^ -0, the equation to the line 

reduces to the form x = a in this case [ See (B) ahovp], 

(D) Straight line through a given point (a^i, i/i), and making 
a given angle 6 luith the x-axis, • 



Let A be the given point (a’l, y^) and P any point (x, y) on the 
lino, whose inclination to the a;-axis is 0, 
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Let AM, PH be peti«»aic«l.re on OX end SL per,«ndicnl.r 
o^PN. Then, Z.P4L = e. 

LP^ L P NP-MA ^ y-V i . 

Now, tan e- 027- Oif 

... y - y , = (a; - a!i) tan 0 = m(x - Xi ), where m = tan 0, 

x-xi „ y - yi ^ 

cos e sin e 

any one of which represents the required equation to the line. 

(E) Straight line passing through two given points (ii, Vi) 
and (xa, t/a). 

Let A(xi, 2 /i) and £( 0 : 2 , t/ 2 ) <5wo given points through 
which a straight line passes, and P(x,/) be any point on it. 



Draw AL, BM, PN perpendiculars on OX, and let AFG 
be drawn parallel to OX, intersecting^ and PN at and G 
respectively. 

Then, triangles PAG and BAF BiVq evidently similar. 

AG GP ON-OL NP-LA 
AF° FB OM - OL “ MB~- LA 

. _ y-yi 

• • “ ■*—9 

x2"Xi y2“yi 

or, y-yi (x-x,), 

f^ny one of which represents the required equation to the line. 
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The slope of the line, m = ^ ~ in this case. 

X2 

(F) Perpendicular distance p from the on the line, and 

the angle a lohich this perpendicular makes wvtk the x-axis are 



These being the intercepts 
the line is 


Let. the straight line in- 
tersect the axes at A and Br 
and let p be the perpendicu- 
lar ON to it from the origin, 
and a the angle XON made 
by ON with the ir-axis. 

Clearly, 

OA = ON sec AON^p sec a,. 
(90® -a) = p cosec a. 

the axes, the equation ta 


+ y =1 or X cos a+y sin a“p. 

p sec a p cosec a 

Note. Here p is always taken with a positive sign. The angle a how- 
ever may have any value, positive or negative, acute or obtuse. According 
to the quadrant in which ON lies, the signs of cos a and sin a will beAsm 
definite. 

3*2. Reduction of the^most general equation ax+by + e 
<=0 of the first degree of a straight line to standard forms. 

It may be noted that the most general form of the equation of 
la straight line, namely ax + by + c — 0 can be reduced to any of 
the standard forms given above. 

For instance, the above equation may be written as 
ax + by= - c. 


or. 


c 

a 


y. 
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which is of the form (A), showing that the intlrcepts on the axes 
of X and y are "■ j respectively. 

Again, we c^Crite the above equation as hi/ = - aa: - c. 

a o 

or, y~- 

which is of the form (C), showing that its slope on tue ar-axis. 

Cl • • ^ 

or, m= — and its intercept on the y-axis is - ^ • 


Further, the general equation at +_ hv + c = 0 can be_ written 
as ax + by= —c, or dividing by ± Ja^ + b^, we can write it as 

h S -c 


± s/a" + h" ® ± Ja® +1^ ± + h® 

which is of the form (F), as can be evidenced by writinj^ 

° r®’ 3in a = ^ The perpendi- 

cular from the origin on the line, 2^^ (where 

that sign in the denominator is to be talcen tohich makes Die 

'perpendicular p positive in sign). The sign of the denominator 

being thus fixed, the angle a is given by cos a= 2 

X a" 0 

• 

sin a = ^ + which will have their magnitudes and signs 

definite, and accordingly a will b« definitely known, i.c., the 
quadrant in which the perpendicular from the origin on the line 
falls is known and p being known, the position of tlie line is 
fixed up. 


Not©, That th© intercepts of tho lino 0 on the axes arc — 

and — c/6 can also be obtained by putting y=Q and a:=0 respectively in the 
equation. 


3 3. Point of Intersection of two given lines a-iX + biy+Ci 
*0 and a 2 X+b 2 y+C 2 = 0. 

At the intersection point, both the equations being satisfied, 
we get by solving the equations as simultaneous equations, 
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of the point of intersection. 


giving the co-ordinatea 


^ biCa -bgCi 
Elba “* Eab-i 


Elba *“ Eabi 


[ ~ ^ ^ 1 
L tto ^2 -■ 


3*4. Equation a straight line through the point ol 
intersection of two given lines aiX + biy+Ci -0, aaX + b 2 y+ 
C2«0. 


(i) The co-ordinates of the point of intersection of the two 
given lines, by solving the simultaneous equations (as in § 3' 3) are 

^ _ ^1^2 ~ Cl fl'>q ~ Cy<7.i 

L.^1 L. L 

Now any line through Vi is y ^ Vx =^n{x - Xx) 
where m is arbitrary and different for different lines. 


(ii) The equation (aiX + biy + c^) + kCsaX + bay + Ca) * 0 
fe 7 *^ 0 is clearly a first degree equation* and thus represents a 
straight line. Again, at the intersection point of the two given 
lines the above equation is satisfied for all values of &, since each 
of the bracketed portions is zero there. Thus the equation always 
represents a straight line passing through j^he intersection of the 
two given lines. For different values of fe, it represents different 
such lines. 


3*5. Condition that threa given lines* aiX + biy-f-\(l^0. 
aaX + bay+Ca “0, a 3 X + b 3 y+C 3“0 may be concurrent. 

The point of intersection of the last two lines (by solvinj 
them as simultaneous equations) is easily seen to have co 
ordinates 


X 


ly nC “ ^3^2 
^2^3 ~ (^3^2 


V 


Ctfd^ C ^ Cl- q 

2 3 ^'3^2 


The first line will pass through this point only if the abovi 
co-ordinates satisfy its equation. Hence, the required conditioi 
that the three lines may be concurrent is 

'^2^.3 ” ^^8^2' '<^2^3 ^3^2/ 

or, ai(baCs“b3Ca)+bi(c2a3“Csa2)+ei(a2 ba-a 3ba)“0. (A 
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Alternative condition : 

If any three non-zero constants Z, n can be found such 
that 

l(aiX-l-b,y+Cj^^(aaX+b2y+Ca)+n(aaX+bay+Ca)=0. (B) 

Identically, then the above three lines are concurrent. 

If Wy y) be the point of intersection^ of the first two lines, 
r.hen aiX c^-O and + + ^2 =0 and hence sub- 

stituting x\ y' for X, y, in the given relation (B), we get 
n[a^x -^b^y + i,e„ a^x + b^y^ =0 

i.e,, the third line a^x + b^y + C3 = 0, passes through {x\ y), 
the point of intersection of the first and second i.e., the three 
lines are concurrent. 

3 ' 6 . Condition that three giveii^oints (xi, yi), (x2, y2), 
(^39 ya) collinear. 

A, B, G denoting the given points, if they be collinear, the 
triangle formed by them is of zero area. For this the condition 
is [ from § T 4 ] 

xi (y 2 - ya) + xaCya - y 1 ) + xaCyi - ya) “ 0 . 

Note. The above ooDdition can also be deduced by writing down the 
equation of the straight l^ne throu^ any two of the points, and using the 
condition that this equation is satisfied by the oo-ordinates of the third point, 

3 * 7 . Angle between two given lines. 

(A) When the lines are given by the equations 
y = m-iX + C:y, y = m^x-\r c^. 



liOt fii and fig he the 
angles made by the given 
lines with the a;- axis. 

Then, 

tan ©1 = mi, tan©2=m2 

Now being the angle 
of intersection between 
the two lines, clearly 
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tan « - . . ni_i_~ ««» . 

1 + taa 01 tan 02 l + inim2 

Thus, </> is known. 

(B) When the lines are given by the eqiiations 

QiX + Cl =0 and a2X + 62!/ + O2 =0. 
Here the slopes of the lines are clearly given by 



fl 1 Cl 9 

Hence, by (A) above, 


tan (f * 


1 I 

61*2 


fti h2 fiahi 

aia2"fbib2 


Cor. The two lines will be parallel to one another when 0 = 0 ; hence 
the condition of parallelism is 


mi 


ma 



■> 

The two lines will be perpendicular to one another when 0 =Jt or 
cot 0 = 0, giving 


l + mi7Wa=0, or, — 1, or, aiBa+biba^O* ^ 


as the necessary condition- 

Note. From above, it is <4ear that any straight line parallel to = WiSC + Ci 
may have its equation taken as 

i/ = WjtJC+Ca, where Ca is arbitrary. 

Similarly, any line parallel to ai® + 6ijy+Ci = 0 may have its equation 
assumed in the form a,a; + 6i3/+Ca = 0, where Ca is different for different such 
lines. 

Again, any line perpendicular to can be taken to be 

1/=- ^ x+ca, and any line perpendicular to ai®+6ij/+Ci*0 may be 

nv I 

assumed as biX-ai2/+Ca«0, where Ca is arbitrary in both cases. 

These assumptions are very useful in working out examples. 
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3*8. Illustrative Examples. 


Ex. 1. Find the equation ^of the straight line passing through the point 
(-5, 3) and perpendiculai^/Pthe line x~-2y+G = 0, 

Any line through (^5, 3) has its equation of the form [ See § 3‘i, Z) ] 


^y-3 = •l(a;-^5) ••• (if 

The given line is 2y = x+G or y — ix-\~S, showing fliat its slope ‘m* is J. 
Now, (i) being perpendicular to this line, the necessary condition gives 


X J = — 1 or m— — 2. 


Hence, (i) becomes 

7 y — 3= — 2(aj+5), or, 2x¥v + l = 0 
which is the equation of the required lino. 

Ex. 2. Obtain the equation of the straight line irhich passes through the 
intersection of the lines 2ar— 37y + 4 = 0 and 3x+47/ — 5=0, and has equal 
intercepts of the same sign along the axes. Find the perpendicular distance 
from the origin on this straight line. 


Any line passing through the intersection of the two given lines can have 
its equation written in the Jorm 

22;-37/ + 4 + A:(3a;+43y-5) = 0, 
or, (2+3/t)a;+(47;-3)7/+f4-5;t) = 0 ... ({) 


Its intercept on the a;-axis (by putting y = 0 in the above equation) 


is 


5/v’-4 
2 + U 


Similarly, (putting x=0) the intercept on the ^-axis is 

As the two intercepts are equal in magnitude, and are of the same sign, 
we have 


5fc-4 

2+3fc 


5fc-4 

4A;-3 


» or, 2 + 3/c=47c-3, whence k=5. 


Substituting in (i), the equation of the required straight line is 

17a:+17?y-21 = 0, or. 17x+I7r/ = 21 ... (ij) 

If p denotes the perpendicular dietanoe on it from the origin, and if a be 
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the angle which this perpendicular makes with the positive direction of the 
x-axis, then the equation of the line can be written as 

X cos a+y sin a=p \ [ See § 3*1 {F) } 

As this is identical with equation (ii), comparing coeth^ients, we get 


cos o ^in ^ 
11 “ 17 




17n .o 17n 

C08a= - . 8«na=-^^. 


17 ^ + 17 ^ 


i, 21 21 

whence, p = ^„ /n 
17 hjl 

As the perpendicular from the origin on a line is always taken as positive, 
the positive sign of the square ro^J^is taken. 

Ex. 3. Find the equation to the straight hne which passes through the 
point (~4, 3) and is such that the portion of the line between the axes is 
divided at the point iniernalty in the ratio 5 * 3. 

Let P be the point (-4, 3), 

.and let APB be the line inter- ^ 

^seating the axes at A and B, such 

that ^P; PB = 5 : 3. P B 

Let the intercepts OA and 
OB on the axes be a and h res- 

pectively in magnitude and sign. .. ^ 

Then co-ordinates of A are ^ A OX 

evidently (a, 0 ) and those of B are Y 

( 0 , 6 ). 3 

The co-ordinates of the point P which divides i4B in the ratio 5 : 3 
are then 

5.0 + 3. a j 5,6+ 3.0 , 3a ,56 

‘ 5 + 3 - 5+3 8 

Thus, ^=—4 and Hence, a=-^^’ 6 = The equation to 

32 24 

the lino AB then, having intercepts - ^ and along the axes is 

o o 

ig-2+24“l. 9*-20y+96-0. 
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Ex. 4. Find the equations to the straight Imes passing through the point 

(5, —1) and making an angle of 30* 
with the line 2i — y - 7 = 0. 

Any line passing through (6, -1) 
is y+l = m{x-5) (i). The given 

line ^ ^ 

• • i/«2a;-7 
has its ‘7Ji’ = 2. 

If (i) makes an angle 30° with 
it, we have 

2'^m 



tan 30° = ;-- — 


^Thus, 


l + 2m 
1 2 — in ^ 

s/S 1 + 2m 


or 


9)1 — 2 ^ 

l + 2m 


2+ ^y3 


2^/3+^ 


2- ^/3 

Hence, the equation to the required lines are 


2^3 (a -5). 


and 


- 2 *^3 + 1 . 

3/ + l=-2l--j3 


Examples Ill(a) 

1. Obtain the equation to the line inclined to the a^-axis at 
an angle GO"", and having its intercept on the a:-axis equal 
to - 1. 


2. Find the equation to the line passing through the point 
( - 7, 3) and having its intercept on tlfe cc-axis equal to - 5. 

3. Find the equation to a straight line passing through the 
point ( - 2, - 3), and having equal intercepts of opposite sign on 
the axes. 

4. Find the equations to the straight lines joining the pair 
of points 

(i) (-3,7) and ( - 1, - 2) ; (ii) (0, - 3) and (7. 0) ; 

(iii) ( - 2, 6) and { - 2, - 4). 

6. Show that the equations of the straight lines joining the 

points 
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(i) (ail®, 2aii) and (ai 2 ^> 2 ai 2 ) is 

l/(ii "J” ^ 2 ) 2aiii2« ^ 

(ii) (a cos 0, b sin 0) and (a cos 0', b sin 

- cos ^ (0 + 0 ') + ^ sin i (0 + 0 ') =508 ^ (0 - 0'). 
a 2 02 2 

6t Find the equation to the straight line Joining the origin 
to the point of intersection of the lines 2x- 5y = l and x + Sy + 7 
= 0 . 

7. Find the equation to the straight line passing through 

the point ( - 2, l) and also through the intersection of the lines 
2a; — 3i/ + 5 = 0 and x + Ay ^ 0. 

8. (i) Obtain the equation to the straight line passing through 
the point (- 1 , 2 ) and perpendicular to the line 3x-^Ay = 5. 

[ H. S. 1960y Co7npartinental ] 

[ Equation of line through 

(-1,2) is 7/-2 = 7?i(a;+l). 

k Since this line ± to 

3 a; + 4 // = 5 , hence ma;- J= - 1 . [ § 37 ] 

Putting the value of m and simplifying, equation of line is obtained. 
m = ] 

(li) Find the co-ordinates of the foot of the perpendicular 
from the point ( 8 , - 6 ) on the straight line 2 a; - 82 / + 5 = 0 . 

9. (i) Show that the poijits (1, 4), (3, - 2) and ( - 3, 16) are 
collinear. 

(ii) Prove that the points whose co-ordinates are respec- 
tively (5, 1), (1, - 1 ) and (11, 4) lie on a straight line and find 
the intercepts of this line on the axes. [ H, S, 1961, Comp. ] 

[ Equation of this line through 

(6, 1) and (1, -1) is £"5= -i-l or a;- 2^-8 = 0 
• ^hich is satisfied by (11, 4). Henoe the points are collinear. ] 

10. If the points (a, b), (a, 6')i (« -a\b- 6') are collinear, 
show that their join passes through the origin, and ab^ -a'b. 


H. S. 0. G.— 3 
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11. (i) Prove that the .three lines 2 »- 7 » + 10“0, 3*-ay“2 
= 0 and fl! - 7j/ + 12 = 0 meet in a point. 

(ii) Find fo^l^at value of Ic the three fines »-y + 5-0, 
x + y = l&niy =#+ 13 will be concurrent. 

Find also the poi«f of concurrence. 

^^12. Find the equation to the perpinnicuiar oisecror oi me 
straight line joining the points ( “ 2, 7) and (8, — I)* At what 
distance is this perpendicular bisector from the origin ? 

1 H. o, 1961 J 

13. Determine the equation of the straight line which passes 

through the intersection of the lines given by - 4i/ + 1 = 0 and 
5jc + y=^l, and has equal intercepts^f the same sign along the 
axes. t 1960 J 

14. A straight line passes through the intersection of the 

lines 3a;-777 + 5*=0, 7 = 0, and has equal intercepts of 

the same sign along the axes. Find the length of the perpendi- 
cular on it from the origin. [ IL S. 1962 ^ Compartmental ] 

15. A straight line is drawn through the point (3, 5) such 
that the point bisects the portion of the line intercepted between 
the axes. Find tfte equation to the line, and calculate its 
perpendicular distance from the origin, [ H. S. 1960^ Comp, J 

•«4g6. The portion of a straight line intercepted between the 
axes is divided internally in the ratio 2 : 3 at the point ( - 9, - 2). 
Show that it passes through the point (0. — 5) and is perpendi- 
cular to the line y = 3x, 

17. (i) Find the equation of the line joining the point of inter- 
jection of the lines fl; + 32/ + 2 = 0, — 3 = 0to the point of 

ntersection of 7.r - j/ - 3 = 0, 2x - 5i/ ~ 15 = 0. 

(ii) Find the equations of the diagonals of the parallelogram-^ 
)rmed by the lines 4a;-6|/-7 = 0, - 14-0, 3a; + 7v-8 

= 0, 3a? + 77/-12 = 0. 

18. Determine the angle between the lines i/“J(x-6) and 
• * ^ • A equation to the line through their 

)int of intersection making a positive angle 60* with the positive 
rection of the !c-axis. 
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19. Show that the lines jc cos a 4- y sin 


triangle. 


X cos (a + + V sin (a + in) 

X COB (a - in) + y sin (a - l?i) 



an equilateral 


[ Angl»t%tween each pair is 60'’ ] 


[ As in § 8'7(A), from the first two lines 


7ni=»-oota and 





— OOt a + <wt as — f 

1 + cot a oot (a 4^1^) oofc [o — (o+8t)] 

'-tan ( 180 ® - 60 ") -tan 60 ®. d= 60 ®. 


Again considering the last two lines, we have 

tan Bmi (a + jy) + cot (o — 8^) 

l + cot (tt+Sir) cot (a “•§»•) 


cot [(a + 8») — (a — §t)] 

“cot 
-tan 60® 

^-60® 

Thus eaoh of the two angles of a triangle bsing 60®, the third angle most 
be 60°. Henoe the triangle is eqSilateral. 

20. Find the equations of the two lines through the point 
(3, - 1) which make an angle 45’* with the line 2» - j/ = 2. 

21. In any triangle, show analytically that 
(i) the medians are concurrent 

[We take BC as os-axis and the mid-point of FO, say D, as origin. Let 
the oo-ordinates of B, 0 be (-a, 0) and (a, 0). Equation of AD is 


aj— oJi 1/ — t/i ^ 


••• ( 1 ) 
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Mid-point ot AC, say E, has oo-otdinates 


(%*“■ ’i)- 


Equation of 



or, *t. xv,-y{x,+aa)+a^^0. 

flj + od y 1 

Mid -point of il-B is 

Equation of CF is — ~ 

^ £Ci-a yy^(\ 

-'2 ^ "2 ® 


la; 


or, xyi-ylxi-Sa)-ayi = 0, ^ 

Solving the last two equations, the co-ordinates of the point of intersec- 
tion of two medians are obtained and the co-ordinates are (ij'i, 

(i®i» iVi) is satisfied by the equation (1). Hence they are concurrent. ] 

(ii) the perpendicular bisectors of the sides are concurrent. 

[ Taking the co-ordinates of vertices of ^ABC as in Ex. 21 (i)* equatio) 
of line through D perpendicular to BC is a;=0. ••• (Ij 

Equation of line id i is — or, x?/ , - j/ (x ^ + a) + aj / 1 = 0. 

Xi'T d y I u 

r ‘w’ of this line® ^ ] 
. L Xi+aJ 

Equation of line through F (mid-point of AB) is * m 
If this line is perpendicular to AB, m =-1. 

Xi-fa 

Hence equation of line through F perpendicular to id B is 

Vx X\'\‘ CL ( jr.—aX 

y" 2= - 2' r 2.v^/x + 2xlx,+a)® ... (2) 

Similarly equation of line through F (mid-point of AC) and PL-peridioulai 
to AC iB 

Vi !f^x "“d ( Xt -t-nX 

^“2 1/7 r~~ 2 / ^i/t/i+2x(x,+a)=x* + y,’‘-a> (3) 

SoIviDg^W^and (2), the point of intersection of the two bisectors is 

(®- ~ bj equation (3). Hence perpendicular 

bUeotors are oonourrent. j 
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(Hi) the perleodiot^uFS from the vertkes on opposite sides 
are cononrreni, 

[ Taking the oo-evdinates of vertices of /lABO IRt. 01 /i). mnAtioii 
of line AB is {»yi-jy(«i+a)+oyi*0, 

as in Ex. 21 (ii), of this line is j 

Hence equation of line through 0 perpendicular to .dB is 

p-0«wi(»-a). or, since -1 1 

Vi L Xi-ra j 

or. y2/i + (flc-a)(®i+a)«0 — (1) 

Similarly equation of line through B perpendicular to AC is 
3yyi + (a;+a)(a?i+a)«^ — (2) 

Equation of line through A perpendicular to BC is a;«a;i (3) 

Solving (1) and (3), the point of intersection is ^cci, V ^ 
is satisfied by (2). Hence the result ] 

^ 22. Find the ortho-centre of the triangle 

(i) whose vertices are (2, 7), (-6, l) ant? (4, -5). 

(ii) whose sides have equations 2r + 7i/ + 24 = 0, 4« + 2 / = 4, 
and x-3y^l, 

23. Find the area of the triangle formed by the straight lines 
whose equations are a; + 2^/ - 5 = 0. w + 2a; - 7 = 0 and a? - v + 1 ■* 0. 

Find also the co-ordinates of the circum-centre of the triangle. 

[ Solving the equations pair-wise the oo ordinates of three vertices A, B, C 
of the triangle are (3, 1), (2* 3) and (1, 2). 

From § 1*4, area of A 4 BC -»4[3(3 - 2) + 2(2-1) + 1(1 -3)] 

Let P{xt y) be the co-ordinates of oircum-centre. Since oiroum-oentre is 
equidistant from three vertices of A^iBC, hence 

(®-3)« + (l/-l)»-(x-2)»+(2/-3)*-=(a;-l)^ + (V-2)» 

which gives on simplification 2x-4y+3“0, »+y-4=0. Solving, the co- 
ordinates of the oiroum-oentre ar6 (V^, -V-)* ] 
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24. Show that the feet of the perpendiculars from the origin 
to the lines 

x + y- 4^^ x + 5y- 26 = 0, 15a; - 27y - 424 = 0 
all lie on a strai^t line, and find the equation of this line. 

[ ‘w* of the line’.aj+f/- 4 = 0 is - 1. 

Equation of line through (0, 0) perpendicular fi)a: + ^-4*0is 

2/*7«a;=x [ since wa;-!- - 1. .*. ?» = !] or, y-x^O, 

Similarly equation of line through (0, 0) perpendicular to x + 5^-6*=0 i 

(0, 0) perpendicular to 15x-27?/-424 = 0 is 27 x+ 15 y= 0 . 

Solving .y-a; = 0 and x+?y-4=0, the foot of the perpendicular is (2, 2), 
Solving y- 5 x =0 and x+Sy-G^O, tbo/ot of the perpendicular is ( 1 , 5). 
is a^-lZ 15 x+ 27 y-m==o. the foot of the perpendicular 


Equation of line through ( 2 , 2) 




Wh.h is satisfied h. 

intercepts on is^’consSnf ^s^iprocals of its 

passes through a fixed point. Show that it always 

[ Let the equation of line bo ® ^ , 

a^6 “I (asin§3-:A) 


and 


1.1 

a + b = const. = A, say. 


• Tb™.b„ tt, 

passes through (l/ii, j 





J ^3(1+1). 2. 3z+2j,+ 15=o 5 

•W^2y.,3=0. (il) 

7. 8«-23,+ 39 - 0 8 n s 

y 0. 8.(1) 4aj-32/+io«80. (ii)2, 3. 
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9. (ii) 3 and -Ij. 11. (ii) A;-6 ; -2, 8. 12. 5a;-4v=3 ; 

13. 23a;+ 2335/«ll. 14. 85/ ^2. 15. 

17. (i) 2a;-j/=3^ (ii) 5a;+692/=28. 37a; + 202 ^ = 112. 

18. 45“ ; 5.v+3= ^/3(5|;•19). 20. 3r^+2/=8, a;-3?/=6. 

22. 2 ?) J (tJi "t's)' 23. (- 5 -, -V-). 24. 3a;+t/=8. 

3“9. Length of perpendicular from a given point to a 
given straight line. 

(i) Perpendicular from 
the point P (x^, y^) to the 
straight line AB given by B 

the equation ax + by-^-c 

= 0 . 

A and B bein^? the 
points of intersection of ^ 

the line with the axes, X O 
from its equation ax + 
by + c = 0, the intercepts 

OA and OB (putting y = 0 and a;=«0 respectively) are - ~ and** 

PN and PM being the perpendiculars from P(.Ti, j/i) on the axes, 
PM=Xi, PN = yi, 

Let Pi be the required perpendicular from P on AB. 

First method : 

APAB= AOAB-APOA - APOB. 
iPi,AB--iOA.OB-hPN.OA-hPM.OB, 




CO-Oi^DINATE GBOMETBl 

- 2 /i(- '„)"''^(" b\ 

or. ±piJa‘ + b%=ax^+iyt+c. 

. ax.+byi+c 

•• ± Va» + b“ 


Second method : 


P, il, B have co-ordinates (aJi, t/i)t ^ ^ (^’ 6 ) 

respectively. 

■■■ AP^B-m(o+ ‘) + (- ‘)(- I -».) + 0(». -4 


or. + — 


c(aa;i + +c) 


r/fc 


. _ ^•'Tl bvx + c 

■'• ±'4/a*+6'" ' 

Note. To choose the proper sign of the denominator, it should bo noted 
that the perpend^cular from the origin (0, T)) to the line is ahrays taken 
as positive, 

the sign of the denominator should he taken same as that of c, aa is 
apparent by putting a;, =0, yi—0. 

The perpendicular distance of the point P from the lino AB is thus posi- 
tive, if P lies on the same side as the origin with respect to the lino AD. 
For this case ax^ + byi-hc has the same sign aa that of c. If P be on tho 
opposite side of the origin with respect to the line AB, the perpendicular from 
P on AB will be negative, and in this case, axi + byi+c will have its sign 
opposite to that of c. In this connection, see § S' 10. 
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(ii) Perpendicitlar from the point P{xt, Vi) to the line x cos a 
+ y sin a=p. 

Here, from the equa- 
tion to the line, the 
perpendicular from the 
orif;in on it is t)N = p, 
and ON makes an anglfe * 
a with the ay-axis. 

Let Pi be the per- 
pendicular from the O 
given point Pix^, y-^ to 
the given line AB. If denotes the parallel line through P, 
clearly ON is perpend icuIarV> as well, and the . perpendicular 
OM from 0 on A'B' is clearly 



Hence, equation to the line A*B' is 
X cos a -1- 1/ sin a = p - Pi, 

As it passes through P(aJi, ?/i), we must have 
cos a 4- 2/i sin a = p~pi. 

pi *■ p - Xi cos a - y 1 sin «• 


Note. Case (i) can be deduced as a tiorollary to (ii), for the equation ‘td^ 
the line being of the form ax + hy + c^Q^ it is reduced to the form of (ii) by 

dividing by + ^ [ See § S'^ ]. Thus (when proper sign is 


selected) is of the form p- a; cos a-y sin o, being positive and 


c 


also positive by proper choice of sign. 


3*10. Theorem. 

The points (x^, y^) and {x^, 1 / 2 ) t,he same side or opposite 

sides of the straight line ax-^by + c = 0, according as the expres- 
sions axi + byi +c and uXq -hbpQ+c are of the same or opposite 
signs. 
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P. p. be .tbe poml. 

(ia: + 6j/ + c = 0. — (i; 

Let the line Pj P 2 inter- 
sect ids af Q where the 
ratio- PiQ * QP 2 is A : 1 . 

Tfien the co-ordinates of 
Q are 

+ y., ^ 

A + 1 A 4- 1 

As 0 lies on AB^ these co-ordinates must satisfy the 
equation (i). 



Hence, 


Arcg H-iTi , ?.y^ *^7/i 

“'A + l 


+ c = 0, 


or, A(a.r2 + ii/g + c) + (axt + by^ + c) = 0 ; 
ax2 4 * by 2 4 -c 


4 


If Pi and Pa bg on opposite sides of AB, Q must be within 
Pi Pa and so the ratio A. : 1 is positive ; if Pi and P 9 be on the 
same side of AB, Q must be external to AB and so A : 1 is 
^neg;ative. 

Hence, Pi and Pa will be on the same or positive sides of AB 


according as - 


ax^ 4- by-i -I- G . 


is negatiire or positive, z.e., as ax± 4* 


ax2 4- by 2 4- G 

bvx 4- c and acco 4- by 2 + c are of the same or opposite signs. 


Cor. The point Pd^i, 7/1) is on the same side of the line ax + by + c =^0 
as the origin if aa; i -t-tr/i + c is of the same sign as of c. 


3*11. Equations of bisectors of the angles between two 
given straight lines 

aiX + biy+Ci “0, a2X + bay+C2'"0. 

Any point a?i, (say) on any of the bisectors must be equi- 
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w - 

distant from the two licaSi so that the perpendicular distances 
from it to the two lines 
must be equal in mag- 
viitude. If it be on the* 

-bisector of the angle in 
which the origin lies 
'(as at P) both perpen- 
diculars must be of tUfe* 
same sign, because the 
point and the origin lie 
on the same side with 
respect to each of the 7 
lines. On the other ^ 

hand, if it be on the 
bisector of the angle in \ 

■which the origin does not lie (as at Q) clearly it must be on the 
same side of the origin with respect to one of the lines (AB), and 
on opposite side of the origin with respect to the other line {CD), 
Hence, the two perpendiculars, being equal in magnitude, must 
be opposite in sign. 

Hence, for points on one of the bisectors, 

+ &2 2/i_"*'C2 

and for points on the other, 

aiJi + fell/, + Ct <7 20*1 + 63^/1 + To ^ 

Hence, the equations to the bisectors of the angles between 
the two given lines {i.e,, the locus of Vy) are 

aiX-hbiy+Ci ^ ^ a^x-f b2y+C2 
\/ai* + bi^ “ \/a2^ + b2® 

Note. If Cl and Ca be of the same sign, the 4- sign on the right-hand 
■side will give the bisector of the angle in which the origin lies, and — sign 
will give the other bisector. 

If Cl and C.J be of opposite signs, the — sign on the right-hand side will 
give the bisector of the angle containing the origin, and f sign will give the 
other bisector. 
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3 ’ 12 . Illustrative Examples. 

Ex. 1. Find the perpendicular distance from the point (-2, -7) to the 
straight line 7y-Ux = W Is the point on the same side of the line as the 
origin^ or on the oppc^0 side ? 

The equation o£ the r.an be written as 
24a; -7i/ + 10 = 0. 

The perpendicular distance from (-2, -7) on it is given by 
^24.(-2)-7r-7) + 10^ 


The proper sign to be chosen for the dc • -i - - i 
sign of the constant term + 10). 


Hence, ' 


-48 + 40+10^11 
+ 25 25* 


As 24( — 2)-7( — 7) + 10 (t.e., +11) has the same sign as of the constant 
term +10, the point (-2, -7) is on the same side of the given line as 
the origin. 


The perpendicular from the point on the line is thus to bo associated 
with positive sign, as hasibeen found to be the case. 

Ex. 2. Find the bisector of the angle containing the origin between the 
l^es 4a; — 3.7/+ 5 = 0 and 5x — I2y -2=0. 

The bisectors of the angles between the given lines are [ See § 3'11 ], 

4:^37^+5_ 5x — 12?/ — 2 
^4.+ 3a Jr? +12^ ' 

Of these, (by note of § 5’J7), the — sign on the right-hand will give the 
bisector of the angle containing the origin ( ’.’ here 6 and —2 are of opposite 
signs). 

Thus, the required bisector is 

4a;— 3^-f 5_ __5a; — 12^ — 2 
5' " 13 

or, 77a; -997/ + 55 = 0, i.e., 7® - 9.7/ + 5 = 0. 

Ex. 3. If (®^, j/Jj (xj, y.j) and (Xa, be the co- ordinates of the vertices 
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of a triangUt and a, 5, c respectively he the lengths of the sides opposite to these 
vertices^ then the co-ordinates of the in-centre of the triangle are 


aXx + hr i + cx 
a+ 6+c 


and 


aVi+hv i-^cy 

a+b+c 


Let il, B, C denote the 
vtrtioes having co ordinates 
V^^ (®2. Vi) a,nd (rj, y ,) 

respectively; D(j = a, Cd = 6, 

AB^c, 

Let AD ho the bisector 
of the angle BAG, meeting 
DC at D ; then wo know from 
geometry that 

BD.DC = AD : AC = c.b. 

the co-ordinates of 
D are [ See ^ VS ] 

CT cv^-\-hVi 

c + 6 c+ 6 



C(x„ y,) 


Also, 


BD_ r ^ . BD^ c 

DC b B(* 6+c 


Hence, 


BD== 


c 


Now, BI being the bisector of the angle ABC^ meeting AD a.t I, I is the 
in centre of the triangle ABC, 


Also, 


DI 
I a" 


BD 

BA^ 


b + c 


: c = a . (6 + c). 


Thus, the co ordinates of H^and A being known, the co-ordinates of I are 
a.Zi + (fc + c)- . a.7/i + (5 + c)- l,- 

C-HO , 0 + C 

n-+(6 + c) o+(b + c) 




aXi^bXi + cr^ ai/i + fc^/j + c?/. 


a + 6 + c 


a+6+c 


Examples Ill(b) 

1. Find the perpendicular distance (i) from the point ( - 1, - 3) 
to the straight line 5x - 12y + 8 = 0, (li) from the point (o, b) to the 

straight line *-?=!. 
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2 . Show that the distance of the point (-5,2) from the point 
( - 1, - 1) is equal to its perpendicular distance from the straight 
line i{y - 1) = 3(ir - 2j 

3 . Show the^the point (-3, l) is equidistant from the two 
lines 4:X-3y = 2 and 94 r + 7« = 20. 

^ Find the perpendicular distance foi the point of intersec- 
tion of the two lines 2a; + 3y + 6“0 and 6a7”i/”19 — 0 from th0 
line 6rc~8'// = 0. What are the co-ordinates of the foot of the 
perpendicular ? 

5. Find the points on the 2/-axis whose perpendicular distance 
from the straight line 5y = 12x- 16 is 2. 

6. Find the distance between un^araiiei lines ox - ^yr i = tp 
and 3{x - 2) = 42/ - 3. 

7. (i) Show that the product of the perpendiculars from the 
two points ( ± 4, 0) on the straight line 3 .t cos 0 + 52/ sin 0 = 15 is 
independent of d. 

(ii) Show that the product of the perpendiculars drawn from- 
the two points (± 0) upon the straight line 

^ costf + r sin 0 = 1 is 
a 0 

8. (i) Find the perpendicular distance of the point (2, 2) from* 
Mae line joining the points ( - 5, and (3, - 5). 

(ii) Prove that the points (2, - 6) and ( - 4, - 12) are 
equidistant from the line joining (l, - ^ and (- 3, - 14), and are 
on opposite sides of it. 

9. Show that the points (2, ” 3) and ( “• 4, — 2) are on opposite 
sides of the line bx-ly - 11 =0. Which of the points is on the 
same side of the line as the origin V 

10 . Prove that the origin is inside the triangle whose vertices- 
are (2, 1), (3, - 2), ( - 4, - 1). 

[ The origin lies on the same side with each vertex with respect 
to the line joining the other two, ] 

11 . Find the bisector of the angle between the lines 12a? + 5i^ 
« 4 and 3a; + 42/ + 7 = 0 containing the origin. 
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12. Find the bisectors of the angles between the lines 
21® - 7i/ — 2 “= 0 and 3i/ - 4® + 7 = 0, and verify that these bisectors 
are at right angles. Which of these bisects tj;^e angle in which the 
origin lies ? 


13. Find the^in-centre of the triangle 

(i) whose verticefifire (-1, -2), (- 1, 3)*and (ll, - 2). 

[ As in Ex. 3, § 3’12, let A,B,C denote the vertices having co-ordinates 
(-1, -2), (“1, 3), (11, -2) respectively. 

Then AB= ^/(-l + ij" + (3+^*= 5 ; BC= v/(ll+i)-^ + (-2-3y^ = l3 


and 0.4= ^/(ll + l)" + (-2 + 2j* = 12. 


Let AD 
BD_AB^ 5 
Da~^AG 12 


be the bisector^^f 

^ /5 

Co-ordinates of D ( — 


the /LB AC meeting BG at D. 
ll + 12f-l)^ 5(-2)-t-1^3\ 

5 + 12 5 + 12 / 


Then 



BD ^ 5 . BD ^ 5 

DG 12 • * BG 17‘ • ‘ 


BD- 




65 

17* 


Now BI being the bisector of Z.ABG meeting AD at J, I is the incenlre 
of the HABC. 


DI I^^-V-^13 
IA’^BA 5 17* 


r. . rr /13(-l)+17.4^ 13( - 2) + 17.^f\ . n\ 

Co-ordinates of I are ^ isTlJ * 13+17 — ') ^ 


(ii) whose sides are 3, 2 / = - 4 and 3x + Ay = 17. 


[Solving the equations pair-wise let the co-ordinates ot A B^C respectively 
ire (3, -4) ; (11, -4) ; (3, 2). 

As in Ex. 13 (i), ^B= ^/{ll-8p + (-4 + 4r = 8 ; 

BC = 4 - 2)» = 10 ; CA^ V(l^‘ 3 )“ + (^ 4 - 2 )’' = G, 


BD 

dg" 


AB 

Axr 


Co-ordinates of D are 

/45 4\ 

\7* " 7 )* 


3 + 3.11 
4+3 


4.2+3(-4)\ 
4+3 ) 


4 

I)0“ 3* 


BD 4 
BC* 7 ■ 


10-^. 
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Now, 


DI BD -V B . 
1A° bV 8 “ 7* 


. « /5.3+7.-V 6(-4)+7{-^)\. 2) 1 

•*, Co-ordinates 0 ^ are I— j* w* J 

14 , The algebraic sum of fche perpendicular distances on a 
straight line from tbo three given points (5, -^3), (-2, 4) and 
(-3, -7) is zero. Show that the straight line passes through a 
fixed point. 


[ Let the equation of the line be aa;+fe?y+c=0. 

— , 5rt“36+c — 2n+ 46+c , “3/x — 7Z)-f c > 


or, 5a-3t+c-2a+4t+c-3a-76+<^0, or, -€6+3c=0. 

h _ 1 

c“ 2' 


Now na+6i/+c = 0 can always be written as “a+^l/+l = 0. liut 

whatever be the value of a, the sum of perpendicular lengths remains un- 
changed. 

Hence a“0 or - = 
c 2 

Therefore the required equation becomes iy+l = 0 or -2, 

H^enoe the straight line always passes through (0, *-*2). 

* it.B. For example straight line passing through (0, -3) is v+2'-»i(x-0) 
or mx—y-i^O. And when we consider the sum of the X length, it 

Becomes -^-^^^(Sw+3-2-2m-4-2-3/Pl+7-2)=0,] 


ANSWERS 




8 . 2 . 


8. (i) 5. 


9- (-4, -2). 


12. 44®-22p-37=0, 4j:+8p+33=0; latter. 


B. (0,2)and(o, 

11. 99x+77j/+71»0. 

W. ii)U,0). (ii)(5. -2). 
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CO-ORDINATE GEOMETRY 
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Oircles, chords, tangents ; Normals and elementary properties oonneoted 
with them ; Parabola, Ellipse, ^yperbola referred to their principal axes ; 
Analytical treatment of these curves in respect of (1) the focus and 
directrix properties, (2) tangents and normals and elementary properties 
oonneoted with them, (3) centre and diameter. 

[ Note — Discussion should always be restricted to rectangular cartesian 
coordinates. 1 
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IMPORTANT FORMULiE & RESULTS 

H. S. Co-ordinate Geometry (Vlass XI ) 

1. Equation of the circle 

(i) standard forij a a:* + v®=a®. 

centre* : (0, 0) ; radius a. 

(ii) general form : a:® + y® + 2gx + 2fy + c = 0 

centre: {-g, -/), radius = Jg^+f’^-c. 

2. Circle •with the given points (Ri, i/j) and {xa, Va) as 
extremities of a diameter a:i)(a5 - ^a) + iy- y^iy - ya) = 0. 

3. Equation of the tangent to the circle at (xi, y^) 

(i) for standard form ; xx^ + yyi=‘a°, 

(ii) for general form : 

xxi + 2 / 1/1 + g{x + Xi) +fiy + i/i) + c ■= 0. 

4. Equation of the normal to the circle at {x^, y^) 

(i) for standard form : ® =» -• 

J/i 

(ii) for general form : x(.Vj. +/) - v{xx + g) =fxx - gVi. 

5. Length of the chord of the circle x’‘ + 1 /® =a® intercepted 
by the line y = mx + c is 

^ V a®(l+?» ® )-c® 

^/l + m® 

6. Condition of tangency : condition that t he line 
y = mx + c may touch the circle a:® + 1/® “ o® is c = ±a 

y = mx + a is a tangent to the circle aj* + !/*■“ a* 

for all values of m, and in that case the point of contact is 
_ am . a 
Vi+m® s/l+w® 

7. Length of the tangent from an external point (xx, Vi) 
to the circle a:® + 1 /* + 2gx + 2/y + o ** 0 is 

-s/®!® +1/1®+ 2fl®i + 2/i/i + c. 


XT a n a A 
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, ( 

8. Standard forms of the equations of conioa. 

(a) Parabola . . ^ 

(i) (with axis and directrix as axes of 

co-ordinates). 

(ii) (standard form), 

(with the vertex as origin* and the axis and the 
tangent at the vertex as axes of co-ordinates). 

(b) Ellipse 

2 a 

i (standard form), 

a o 

(with centre as ori/rin, and major and minor axes 
as axes of co-ordinates) 

(c)v Hyperbola 
^2 2 

- « ^ *3 1 (standard form) 

(I 0 

(with centre as origin and transverse and conjugate 
axes as axes of co-ordinates). 

9. Parabola : 

(i) Standard form y^ = iax, 

(ii) Latus rectum -4a ; focus is (a, 0) ; extremities of the 
latus rectum are (a, ± 2a ) ; directrix is x= - a, 

» (hi) Equation of the tangent at (xj_, y^) is yy^ - 2a{x + Xx), 

(iv) Normal at (xx, Vx) is 2 / - i/x •= - ^^(a; - a^i). 

(v) Length of the chord interdhpted by the straight line 
y^mx-^c is ~2 Ja{a-mc){l + m% 

(vi) Condition that y = mx i- c may touch the 
parabola is c=- - (m^O), 


The line y = mx+ ^ is a tangent to the parabola for all 

values of m (except zero), 

the point of contact being |-o» 

\m ml 
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(vii) Parametric representation i x^at*, y-2at, 
(viii) Equation of the diameter : y “ 

10. Ellipse 

(i) Standard forip.^a = 1. 

(ii) Latns rectum = 2a(l - 6^) = 2 ^ • 

(iiij Eccentricity : =a^(l- e^) or 

0/ 

(iv) Focal distances (^P(aJi, 2/i) : 

SP^a-exxt S'P-a + cflJi ; SP + S'P = 2a. 

(v) Tangent at (cCi, Vx ) : ^ “ 1. 

a 0 


(vi) Normal at Vi) : ^ 

a" 

(vii) Length of the chord intercepted by^the line 
y = inx 4* c on the ellipse 

2a6^1jh + 

(viii) Condition of tangency : 

The line y = mx is a tangent to the ellipse if 
c = ± Ja^vi^ + b^. 

The line y=mx+ + b'^ is a tangent to the ellipse 

for all values of m, and the point of contact is 

a^vi ^ 6® ^ 

+ b^ sla^m^ + 

(ix) Auxiliary circle : = a*. 

(x) Parametric representation : a; = a cos 6, i/ = 6 sin 0. 

b^ 

(xi) Diameter i/-* — ^x, 

am 

(xii) Director circle a?® + y® * a® + 6*. 
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11. Hyperbola 

(i) Standard^^uation ; “ 1 

J2 

(ii) Lafcus rectum : = ^a{e^ - l) = 2“ • ^ 

• • 

(ill) Eccentricity ; h^=a^{e^ — l) or e 


• • - a" + fe® 


For rectangular (or equilateral) hyperpola 

a = 6 ; e= s/2. 

(iv) Focal distances of P{x^^ l/i) 

SP = ex± - a, S'P = ex^ + as 
S'P-SP = 2a. ^ 

(v) Equation of the tangent at (iCi, j/i) 


XX X 

: '2' ‘ 


VVx, 


> 1 . 


a- 6" 

(vi) Equation of the normal at l/i) is 
X-Xx V ~ t/i 


* 

a 


Ui 


(vii) Length of the chord of the hyperbola intercepted 
by y^7nx + ci^ ^ 

2ab s/l + 7^^ Jg^ 

(viii) Condition of tangency : * 

The line y = inx + c will be a tangent to the 
hyperbola if c = ± J - h'^. 

The line y — inx-^ fjahn^-b^ is a tangent to the 
hyperbola for all values of m, the point ol contact 

■-ft®)' 


being 


a^m _ 


b^ 

•J 0^771^ -b^ 


(ix) Equation of the diameter is y^ z ^x. 
' a 7n 


(x) Equation of the asymptotes : 2 / = ± ^ a:. 



CO-ORDINATE GEOMETRY 

( To be taught in Class XI ) 

CHAPTER IV 

CIRCLE 


4*1. Circle of given radius, with centre at the origin. 


Let a be the radius 
of a circle whose centre 
is at the origin 0. If P ^ 
(Xi y) be any point on the 
circle, the distance OP = a, 

or, OP^=a^; 

This being the relation 
satisfied by the co-ordi- 
nates (a?, y) of any point on 
the circle, it represents the 
equation to the circle. 



4*2. Circle of given radius,* with centre at any given 
point. 



X' 0 


Let C (a, j5) be the 
centre, and a the radius of 
a circle. If P (x, y) be any 
point on the circle, the 
distance CP = o, or OP® = a* ; 

(x-a)“+(y-i9)®-a“. 

I 

This beinf* the relation 
> satisfied by the co-ordinates 
{x, y) of any point on the 
circle, it represents the eqna* 
tion to the circle. 
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Note. From above it is clear that any circle, %irith centre anywhere 
(say a, /3) and radius of any length (a say) has equation of the form 

a:® + 2 /^ 2aa; - 2/3?/ + (a^ + ^ - a *) = 0. 
i.e., of the form + y^ +2gx+2Jy+c = 0 
where g, /, c are constants. 

This is thus the most general form of the egujiion to a uiruiu. 

[ See also § 4*3 and its note ] 

For a circle with centre as origin, g and / are zeroes. 

4*3. To show that the equation 

+ 2gx + 2fy + c = 0 

always represents a circle (for all 'filties of the constants r/, /, c)^ 
and to find its centre and radius. 

The given equation can be written in the form 
+ 2gx + + 2/^ + 2fy +f^ = g'^ - c, 

or, {x + gy + {y+f)^ = g^+f-c, > 

or, {a: - ( - < 7 )}®^+ {?/ - ( -/)}'■“ = ( cY. 

This shows that the distance of the variable point (x, y) from 
the fixed point {-g, -f) is a constant = 

r m ^ * 

Hence, the locus represented by the equation is a circle, 
with centre ( “ g, “ f), and radius Jg^ + P - c. 

Note. The equation may be multiplied by a constant factor a, and put 
in the form 

ax^ + ay^-^2g'x’h2f'y+c' = 0 (i) 

This also represents a circle, but the centre here is not ( — fl'', — f). nor is*’ 
the radius= — c'. In fact, whenever in a second degree equation 

(in rectangular co-ordinates) the coefficients of and are equal, and there 
is no term involving the product xy^ the equation represents a circle. The 
equation (i) is thus the most general form of the equation of the circle. To 
get its centre and radius, wo are to divide out the equation by the common 
coefficient a of or 2 /®, and reduce it to the form »® + 2/® + 2^a;+2/|y+c*0. 
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Then {-< 7 , -/) are fhe co-ordinates of the oentre and - c is the 

length of the radius. 

4'4. Circle with the given points and (x 2 , y 2 ) as 

extremities of a diameter. 

^ (i’ll Vi) S (xg, t/ 2 ) being the extremities of a diameter, 
ihe mid-point of AB, whose co-ordinates are i (xi + X 2 ), Kj/i + J/a) 
8 the centre. Also the radius = iAB = i 

Y 

')tl 

(*i. Vi) 

X' 0 

Hence, the equation to the circle is 

{x - + *2)}* + {y - Uvi + y 2)}® 

=i{(®i-»2)®^{yi-y2)“l — Co 

Alternatively 

P being any point {x, y) on the circle, AB being a diameter, 
PA and PB must be at right angles. Now ‘w* of PA is ~ ^ 

® “ aji 

and that of PB is [ See § 3' 1(E) 1 

X‘~ X 2 

Hence, for PA and PB to be at right angles, 

y-yi y-ya^ _i 
X-Xi X-X2 ’ 

or, (x-Xi)(x-Xa)+(y-yi)(y-ya)"0 



(ii) 
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which being the equation satisfied by the co*ordinates of any 
point P on the circle, it represents the required equation to 
the circle. 

Note, It may be ^ted that the forms (i) and (ii) are identical, as can 
be showii by simplifying. 

4‘5. Circle pasfiing through an^ three® given points 
yi)» 3 ^ 2 )* (^35 ys)* ^ 

Let + 1 /® + 2fif® + 2/f/ + c = 0 ••• 0) 

be the equation to the circle. 

As it passes through the three given points, \ 

iCi® +1/1^ + + 2/^1 +/=0 

+ 2/2 ® + 2/1/2 + c = 0 

^ + 2/3 ^ + 2gfiC3 + 2/1/8 + c = 0. 

Prom these three equations, which are linear equations in the 
unknowns (7, /, c, we get definite values of these unknowns 
when {xu 2/i). («2» 2/2) and {xq, 1/3) are given. 

Substituting these values of g, /, c in (i), we get the required 
equation of the circle, as also its centre {-q, -/) and radius 

4'6. Definitions of Tangent and Normal. 

If P be any point on a curve, and 
if we take a neighbouring point Q on 
it, then if the line joining P and Q 
be turned about P so that the other 
point of intersection Q gradually 
approaches P, the limiting position 
FT of the line PQ, when Q ultimately 
coincides with P, is defined as the 
tangent to the curve at P. 

The line PO through P, perpendi- 
cular to the tangent at P, is defined as 
the normal to the curve at P, 
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4'7. Equation to the tangent at a given point (zi, yi) on 
the circle : 

^ (A) x*+y“ — a*. 

(B) x“+T“+2gx+2fy+c-0. 



(A) Lot P be the point (xi, on the circle 

'ry^ = a^, (i) 

and let Q (a%, y^) be a neighbouring point on it. 

The equation to the chord PQ is 

y-yt’=^J‘~^{x-Xi) ... ... (u> 

3/2 SCi 

Now, since P and Q both lie on the circle (i), we hare 

Xx^ + ... (ii) 

+ ... (iv) 

subtracting, 

(oJa ® - a:i + (i/a ® - {/i ®) = 0, 


whence 


y^ -yi ^ xa + x -,^ 

Xb-Xx 3/2+ Vi 
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/, equation (ii) can.be written as 




... (v) 


Now make Q approach P and ultimately coincide with it, so 
that the co-ordinates (iTa, y^) coincide with (flJi, t/i). In that 
limiting position, the«chord PQ becomes the tanfent at P , whose 
equation, [from (v) ] then becomes 


23^1 / \ 

y-yi = {x-xil 

or, Xi(x-x^) + yiiy-y]) = 0 , 
i.e., xx-i, + vvi=Xi,^ + Vi,^ = a^ {by 
Hence, the equation of the tangen/at {xi, y^) is 
xxi+yyi=a“. 


(B) Let P be the point (cci, t/i) on the circle 

ic® +2/^ + 2.7ir + 2 /i/ + c = 0 , ... ... (i) 

and let Q(x2, be a neighbouring point on it. The equation t 
the chord PQ is 


y-Vi 


Jy^ryj- 

X 2 -iCi 


ix-Xj) 


... (ii) 


Now, since P and Q both lie^on the circle (i), we have 

+ 2 giri + 2 /i/i +c = 0 ... (iii) 

and flJg” + 2/2^ + 2fl^®2 + 2/1/0 ... (iv) 
subtracting, 

{x2 '"a?! ) + (2/2 ”2/i ) + 2<7(aj2 — jCi) + 2/(?/j> *" l/i) = 0, 
whence, (x^ - x-^^x^ + + 2 g) + (y^ - 2/i)(2/2 + ?/i + 2 /) = 0 , 


or, 


aJo -aJi 


, a^+ ® 1 + ^ 

1/2 +J/i + 2 / 


Hence, equation (ii) of chord PQ can be written as 

3/2 a? “t" 2^7 / \ 

<*■**>■ 
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Now making ^ approach P and ultjmately coincide with it 
[ so that (iCa. y2) coincide with {xi, y-^ ], the chord becomes the 
tangent at P, whose equation is then 


2(rri + ^7) , . 

'-''‘"-fc +/)<*-**>• 
or, (r,*+ g){x - oji) + ivi +f){y - j/,)*= 0, 


or, xxi + yvi + gx+fy = xi^ + yt^ + gxi +fyu 
or, adding oxi +fyi + c to both sides, 

XXi + yyj^ + g(x + xj +/(y + 2/i) + c 

= ail® + j/i® + 2 gxi + 2/1/1 + c = 0 . [by (Hi) ] 
Hence, the tangent to^e circle (i) at (®i, y^ is 
xXi + yyi + g(x+Xi)+f(y+yi)+c-0. 


4*8. Equation to the normal at (xi, yi) to the circle : 

(A) x*+y’ = a®. 

(B) x® + y“ + 2gx+2fy+c = 0. 

(A) The tangent at (aji, y^) to the circle «*+!/* = a® is 

xxi + Wx^ar, or, y= - a: + ^ - > of which the W is - • 

yx y\ 2/1 

The normal, which is perperfflicular to the tangent, thlrougtf 
(iCi, 2/1) is then 


2 / = 


or, 




iCi 2/1 xi yi 

which evidently passes through the origin, i.c., the centre of 
the circle. 


(B) The tangent at y^) to the circle 
+ 2 /* + 2 gx + 2 fy + c = 0 , 
xxi + !/2/i + g{x + Xi) +f{y + !/i) + c « 0 , 


is 
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i,e,i x{xx + 1?) + +/) + +/^/i + c) =• 0 

of which the ‘m’ is 5 

^ 1 +/ 

The Dormal, which is perpendicular to the tangent, through 
(^Cn Vi) is then 


or, x(yi+f)-y(xi + g) = fxi -gyi. 

Note. Evidently this line passes through the point (-^ 7 , -/), which is 
the centre of the oircle. 

7hnS, t}l6 nOTIfl^l at dfiy point of Ct iju^sv{> nt^Tvutjth 'oua Lf^'nutf^ ijj 

other words, the radius to any point of a circle is perpendicular to the tangent 
at the point* 

4*9. Length of the chord of the circle = inter- 

cepted by the straight line y = mx + c. 

At the points of in- 
tersection of the line 
with the circle both 
the equations are satis- 
fied. Hence, elimina- 
ting y between the two 
equations, the abscissce 
^ of the points of inter- 
section will be given 
by 

or, +7?i®) + 2wc.^’ + 
(c®-a®) = 0. ... (i) 

there are only two values 
of X and accordingly only two points of intersection of the 
straight line with the circle (which may be real and distinct, 
real and coincident, or imaginary). 



which being a quadratic equation in 
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Let (xi, pi) and (xq, 1/2) be the co-ordinates of the two points 
A and B of intersection. Then Xi and X2 are the roots of (i). 


2 wc c® -V 

and 


(xi-X2i^ =(xi + X2 )^ • 

l + 77i^ 

B= ^ - a^)(l + m^)} 

(1 + m^)^ 

+m^) “ 

Again, yi_ = mxx + c and y^=mXi + c. 

•'• yi-y2=m{xi~x^). 

Length of the chord AB 

- Jixi - Xz)^ + (vi - 1/2)® = Jix^- X2V (l + m®) 




4|a®(i + ?n®)-c*i_n s/a*ll + in*)-c“ 

7i^ 


1 + TO® 

Cot. Condition of tangency. 

The given line will touch the soirole if the chord intercepted is zero. 
Hence the condition that the given line y=mx+c may touch the cirole 
+ is c^ = a'(l + m^), 

or, c=±aVr+m®. 

Alternative method for condition of tangency. 

The perpendicular from the centre of the cirole to the line is equal to 
the radius. 

perpendioulr from 0, 0 on mx- 3^+0 = 0 is equal to a, 
or, 

± x/l + m 

c“ ±a /s/l + m®. 

Note. There are thus two tangents to the cirole parallel to a given 
line y^mx+c, (i.e., with a given wt), namely. 

y*w®±a/s/l + w®. 
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4*10. To show that y = 7tix + a/Jl-i-m'^ is a tangent to the 
circle a;® + 1 /“ = and to find the point of contact. 

The tangent at (aJi, t/i) of the circle is 

xxi + yy^=a^ or xx-l + yy^- a^ ^0 ••• (i) 

If the line 1 / = ma; + a s/l + m^ or mx^ y = 0 ••• (ii) 

be a tangent to the circle at (oji, i/i), the equation (i) and (ii) must 
be the same. Hence, comparing coefficients, 

Xji ^ j/t_ ^ . 

m “1 a + 


The line (ii) therefore will touch the circle only if the assumed 
point (iTi, «/i) is really a point on the circle, 




which is evidently satisfied. 

Thus, y = mx + ajl + m^ touches the circle, whatever m may 
be and the point of contact is given by 


Note. Similarly, y==mx-a + is also a tangent to the circle 


the point of contact being 


slX + m* n/1 + 7?i* 


4*11. Length of the tangent from an external point (®i, y-i) to 
the circle cc® + + 2gx + 2fy + c = 0. 

Let P be the point (x^, i/J and PQ a tangent to the circle 
from P . The centre C of the circle is ( — r/, — /), and the radius 
CQ is 
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Now sinee, as proved befor^ ( § 4‘8, Note ), OQ is perpendi- 
cular to CP, 



PQ^ = GP^ -CQ'‘ 

= {a:i + c)® + (j/i +y)® - (<?* +/* - c) 

= ®i® +l/i® + 2 fifa!i + 2/1/1 +c. 

PQ"* \/xi‘* + yi“ + 2gxi+2fyi + c. 

Cor. The length of the tangent from the external point (cCi, t/i) to the 
circle x’* + y^ = a^ is + 

Note. We notice that when the co-ordinates (xi, Vi) of any point are 
substituted for (x, y) on the left-hanS side of the equation to a circle 
x® + 7/* + 2 < 7 x+ 2 /«/+c = 0 or x^ + ?/’*-a^ = 0, we obtain the square on the length 
of the tangent from the point^Xi, to the circle. If this is positive, the 
point is outside the circle, and the length of the tangent is real. If the 
expression is negative, the point is inside the circle, and the length of the 
tangent is imaginary. 

If the equation to the circle bo in the form ax® + a7/* + 2g'x+2/"?/+c' = 0, 
we are first to divide out the equation by a, and reduce it to the form 
X® + ?/’ + 2(7 x+2/7/+c = 0 and then substitute on the left aide to get 

the square on the length of the tangent. [ See § 4'3 note in this connection. ] 

4*12. Illustrative Examples. 

Ex. 1. Find the equation to the circle passing through the points (2, ~3) 
and (-3, - 4) and having its centre on the line 7x+2?/+G«0. 
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« 

Let (a, /3) be the co-ordinates of the centre of the circle. As the circle 
passes through the points (2, -3) and (-8, -4}, these points must be equi- 
distant from the centre.^ Hence, 

(a - 2)" + (/3 + 3)» = (tt-1- 3)» (i3 4)^ 
or, 10a 4- 2/3 12 = 0, i.e., 5a-f/3 + 6 = 0." 

Also, since the centre lies on the given line,av7« have 

7a-f 2/3-f 6 = 0. — — ••• (ii) 

From (i) and (ii), solving, a= — 2, /3=4. The radius of the circle, r, is 
equal to the distance of the point (2, -3) from the centre (-2, 4.) 

r*=(2-l-2)" + (-3 -4)* = 65. 

Hence, the required equation to the cir^ is 

(a;-a)’ + (2/“/3)’ = r*, or, (a; + 2)’^-f (2/-4)’* = 65, 
or, ?y’ + 4a;-8i/-45 = 0. 

Ex. 2. Find the length of the chord intercepted hy the straight line 
3x-4j/-f-5=0 of the circle passing through the points (1,2), (3, -4) and 
(5, -6). 

Let -f iy® + 2^)fx+2/i/-4-c=0 ••• ••• ••• (i) 

be the equation to thc^ circle passing through the given points (1, 2), (3, -i/ 
and (5, —6). 

Then, substituting values of the co-ordinates, 

5 + 2(7 + 4/+c = 0 
25+6gf — 8/+c=0 

and 61-f 10^-12/+ c=0 

Solving these, we get {/= — 11, /= —2, c = 25. 

Hence, the circle (i) becomes 

+ “22x-4jy+25 = 0 ••• ••• (ii) 

The given straight line is 

3x-4i/-f5 = 0 ••• ••• ••• (iii) 

For the common points of intersection of (ii) and (iii), eliminating y, the 
abscissae are the roots of 

x’ + (--^-®) ’ - 22x - (8x + 5) + 26 = 0, 
or, 6j’*-74x+69 = 0 


— (iv) 
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If (iCi* 2 / 1 ) (^at 2/a) be the oo-ordinates o£ the points of interseotlon of 
(ii) and (iii), then Xi and are roots of (iv). 

a;i + aJa=-V-i ®i®a = -V-‘ 

Also, ixiyVi) ani (yj, y.^) both lying on (iii), 

Sxi -42 /i + 5«0, 3a;a'“4ya + 5 = 0. 

3 (a;i -oJa)- 4(2/1 - 7 ya) = 0 . ( 2 /i- 2 /a)® = iVaJi-aJa)*. 

the length of the intercepted chord being Z, 

•= (iCi ■"flJ2)* + (2/i"2/a)* = (l + Ty(®i —iCa)* 

= ^Sx^SI^=256. . 

/ = 16. 


A Iternatively 

The centre of the circle (ii) is (11, 2) and its radius r is a^u “'+^■‘*'1^2588 10 
[ See § 4 3 ]. 


Perpeudicular from this centre on line (iii) is 


J? 


3.11-4.2 + 5 ^ 

T SS 6, 

av^J" + 4'" 


Now if AR be the chord along the line, and CN be the perpendicular on 
AB from the centre C, then N is the mid- point of AB, Also AN^ = CA® - CN^. 

Hence, the length of the chord intercepted is 
AB = 2AN= 2 = 2 v/l00^6 = 16. 


Ex. 3. Show that the straight line 4®+3y-31 = 0 touches the circle 
+ T/’* — 6a;+ 4y= 12, and find the point of contact. 

If possible, let (a;i, ^i) bo the co-ordinates of the point on the circle 
a;“ + 3/*-Ga; + 42/- 12 = 0 ••• ... (j) 

at which the given line 

4a5+37/ — 31=0 ••• ••• .*• (ii) 

a tangent. 

As the equation to the tangent at (xi, t/J of the circle (i) is 

X + 2/2/ 1 - 3(« + « 1 ) + 2(jy + y 1 ) - 12 = 0, 

H. S. 0. G— 6 
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or, (iCi ““3)iB+(?/i +2)y (8®! 2j/i + 12) 0 

this must bfl identical with (ii). Hence, comparing coefficients, 

T ,_^3 _ 1/ _ 3s , - 23 / , + 12 

i 3‘ 31 ' 

and each of these 

_(3a;,«-Jv.+12)-3(a;_^-3) + 2(v,+2) r 

“31-3.4+2.3- " t, e 

whence a;i = 7, ?yi = l. 

Substituting these values in (i), we see that the equation is satisfied. 

Hence, there is the definite point (7, 1) on the circle (i), at which the 
tangent is identical with the line (ii). 

Hence, (ii) touches (i), and the point of contact is (7, l). 

Alternatively, the centre of the circle W is clearly, (3, —2) and its radius 
is ^/(-"3)" + (2)" --T“12) = 5. 

The straight line (ii) touches the circle (i) if the perpendicular distance 
from the centre on it is equal to the radius of the circle. 

Now perpendicular from (3,-2) on (ii) is 

- __ ^ - = 5 = the radius of the circle. 

(ii) touches (Vff 

Assuming the point of contact to be (jCi, 2 /i), comparing the equation of 
the tangent at the point with fiil- t-ho cn-nr/l in tr. < 1 /. oro r\V»fninftr1 
as before. 

Ex. 4. Prove that the locus of the middle points of any system of parallel 
chords of a circle is a diameter passing through the centre. 

Taking the centre of the circle as origin, the equation to the circle can be 
written as a;^ + 2 /* = a’* ••• ••• ••• (i) 

Let any one of the system of parallel chords be 

j/=mx+c ••• ••• ••• (ii) 

where m is constant for all chords of the system, but c is different for different 
chord. 

For points of intersection of (i) and (ii), eliminating y, the absoissse are 
given by the equation 

a;^ + (wfl!+c)* = 

or, a;’(l+m*) + 2wcaj+(c* — a*)*0. 
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Hence, if (xn j/i) and (xat 2/a) the extremities of the chord of inter- 
section of (i) ^ith (ii), Xit being roots of the above equation. 

2mc 




l + w’* 


Thus, Jf, Y being the middle point of the cho'*'^ 


Also, X, Y being a point on (ii), Y=mX+c, 

Eliminating c between these, 

X=--x”-i(r-mX), or, X+mr=0. 

As this is free from c, this equation is satisfied by the co-ordinates of the 
middle point of every chord of^Jio system, and it evidently represents the 
equation to a straight line passing through the origin i.e., passing through the 
centre of the circle, and is thus a diameter* 


Exampleg IV 

!• Obtain the equation to a circle having its centre at (3, 7) 
and diameter 10. 

What is the length of the intercept of this Circle on the 2/-axis ? 

[ H, S. 1960y Compartmental ] 

2. The extremities of a diameter of a circle have. co- 
ordinates (-4, 3) and (12, - 1). Find the equation to the circle. 
What length does it intercept on the jz-axis ? 

[ H, S. 1961, Compartmental ] 

3. Show that the equation 3®^ + 32/^ - 5a? - 62/ + 4 = 0 re- 
presents a circle, and find its radius and co-ordinates of its 
centre. 


^/VfAuvo Ify \v, \jfy \ JL, ^/, cauu UJXUO ADS uaiiOlO aUQ 

radiuB. [ E. S, 1961 ] 

Obtain the co-ordinates of the centre of the circle passing 
through the points (1, 2), (3, - 4), (6, - 6), and determine the 
length of its diameter. 

Is the origin inside, or outside the circle ? [ H. 1960] 
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[ Let the equation of the oirole be 

05® + j/* + 2^05 + 2/2/ + c = 0. 

Since (1, 2) ; (3, -4)<nd (5, -6) lie on circle, hence they satisfy the above 
equation. 

2flf+^4/+c + 5 = 0 
6flf “• 8/+ c + 25 = 0 
10^--12/+c+61 = 0 . 

Solving the equation, </ = -11 ; /= - 2 ; c = 25. 

Co-ordinates of centre (- g, -/) i.e., (11, 2). 

Eadius«= N/g®+/®“C= s/(“^lip + r“2y‘'-^25 = 10. 

, Diameter* 2 X 10 = 20. 

Length from origin to centre 

= >/(-ll)‘^ + (-2)® = Jl25-5J5 > 10 (radius of circle. 

Hence origin lies outside the circle. ] 

6. Find the equation to a circle which passes through the 
points (0, - 3) and (3, - 4), and which has its centre on the 
straight line 2a; “ 52/ + 12 = 0. 

7. Find the ^nation to the circle passing through the 
origin and having intercepts 4 and - 6 on the x-axis and 2/-axis 

respectively. 

« 

8. Find the equations to* the circles which touch the axis 
of X and pass through the points (1, —2) and (3, - 4). 

9. A and B are two fixed point® on a plane and the point 
P moves on the plane in such a way that PA = 2PB always. 
Prove analytically thot the locus of P is a circle. 

[ H. S. J961, Compartmental ] 

[ sc-axia ia taken aloog AB with the origin at mid-point of AB and lot 
.^*2a. So that the co-ordinates of A and B are ( — a, 0) and (a, 0). And 
let the oooidinatea of P be (xi, 2 / J. 

Hence from the given condition 

n/(® 1 + a) + (2/1 - “ 2 #y(x j. “ a)® 4 - (2/ 1 “ 0 )® . 

or (a;. + u)® + ^,®«4 [(a;, -a)® + 2 /,®] 

or a;i® + 2/4®--V'-aa;i+Ja®«0. 
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Hence locus of P is + --^4«+}a*“0 which is the equation of the 

circle with the centre as (Ja, 0) and 


r 




3 “ a. J 


10. jB, G arg fixed points having co-grdinates (3, 0) and 
>^(-3,0) respectively. the vertical angle BAG be 90®, show 

that the locus of the centroid of the triangle ABG is a circle 

whose equation yon are to determine. [ H. S. 1961 ] 

11. (i) Find the length of the chord of the circle x^+y^ = 64c, 
intercepted on the straight line Sx + 4j/ - c = 0. 


r As in § 4’12, c x - 2 for the common point of intersections eleminating 
y between + = and 3a; + 4^^c=0, the abcissae are the roots of 






or 25x^ - 6cx + - 64 x 16 - 0. 


^f (^i» Vi) (^21 Va) be the co-ordinates of the point of intersection, 
ihen flJi, aja are the roots of the above equation. 


. ^<5 j 

a;i + a;2 = 25 Xi,x.2 = 


c®“64 X16 
26 


(aJi -ajg)* =(Xi 4 flJa)’ - 

^ 36c’_4c=*-64x64^64x64x«,, 

“ 625 25 “ 625 

Also (x,, yj) and (x,, y^) both on Sx+4y-c = 0, 

3i/4 + 42/i - c = 0 and 3xa + 43^2 -c=0 
or 3(a:,-®,)= (yi-J?,)’ = T's{*i-*a)''' 
Now if length of the intercepted ohord be 

II (a:.-®,)’ 

25 64X64x25-640’ 64x100- 4c’ 

“l6' ' 626 - 25 

= ^(l600-c’). f- I ^/^60y-^.] 


(ii) Obtain the co-ordinates of the points of contact of any 
)ne of the two tangents to the above circle ®* + j/® = 64, parallel 
.0 the line 3® + 4y - c = 0. [ H. k 1960 ] 
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12 . Prove that the straight line »■=« + «> c*^oi? 1 

circle + !/* and find its point of contact. L -a. o. iwx i 

13 . Show that^he line 3 a: + 4v + 7“0 touches the cieote 
aj* + y* — 4® — Gy “ 12 = 0, and find its point of contact. 

14 . Determine Whether the straight line x + 9 ^ 2 + n/ 3 touches 
the circle + y* — 2® — 2y + 1 = 0. If it denes, find the co-ordinatetf 
of the point of contact. 

15 . Find the equation to the circle 

(i) having its centre at the point (3, 4), and touching the 
straight line 5® + 121 / + 2 = 0. 

(ii) having its centre at (l, - 3l and touching the straight 
line 2® - y 4 = 0. 

16. Find the points at which the tangents to the circle 
®^ + 2/® - 6® + 8y = 0 is parallel to the line 3® + 4i/ = 0. 

17. Find the points on the circle ®** + 2 /® -2® + 6y~68 = 0 at 
which the tangents are perpendicular to the line 4® - y = 2. 

[ Equation oE any line perpendicular to 

4x-2/ = 2 is x+4y-c "• ••• (1) 

Eleminating x between (1) and + y* - 2 x + 6 ?/ - 58 = 0 •• • ( 2 ) 

we get (c — 42 /)® + !/* - 2 (c — 4?y) + 6 T/ — 58=0 

^r, 11 + 2t/(7 - 4c) + (c* - 58) = 0. 

If ( 1 ) touches ( 2 ), the two roots of above equations must be equal. 

• 4(7 — 4c)® = 4.17.(c’* — 2c — 58) whenc^c= 23, —45, 

Lot (xi, t/i) bo the point of contact of tangent. Equation of tangent a 
(®ii Vy) of the circle ( 2 ) it? 

a®i+yyi-(®+®i)+%+yi)- 68=^0 
or »(®i“l) + 2 /( 2 /i + 3 )-(xi- 37 /i + 58j = 0 . — ( 3 ) 

If (1) touches ( 2 ), ( 1 ) and (3) must be identical, 

. gi^l_ 2 /i + 3 Xi-32/i + 68 

1 “ 4 “ c 

.’. solving and substituting the values of c, 

2/1 = 6 and ®i = - 1 , yi- — 1 , 

Hence, two points of contact are (— 1 , — 11 ) and ( 8 , 5). ] 
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18. Show tbat the two circles 

(i) a!* +tf* +6« + 14y+9*0 and 
aj* + * - 4® - lOy -7 = 0 

touch each other externally. 

[0o-oidinate8(8tbeoitoleaia(— 3, — 7)andiadiAi>B ^/(8j*+(7ji*— 9«i7»»»'i 
o£ the oiiole 0. 

E'er the second otrole ** + ^* + 4®— 10^— 7—0, oo-otdinates of the centre 
(2. 5), r, = V(-2)*+(- ^7- 6. 

r, + ri«>18. 

Distance between centres of two circles 

= ^/(-8-3!|^+(-7-5)'-13=r.+r,. 

Hence two circles touch each other externally. ] 

(ii) a;* + 1 /^ -6a; + 6i/-18 = 0 and 
aj* + 3/^ - 2i/ = 0 

touch each other internally. 

19e Find the length of the tangent drawn from 
(i) the point (-3, 11) to the circle 
+ 2 /^ “ 4a; + 2i/ - 20 = 0. 

[ As in § 4'11, let be be the length of tangent, 

(i) 6* ^/(-3? + (llF-l(-3)4%.ll-20=v/^^4«12. ] 

(ii) the point (7, 2) to the circle 

2a;*+22/*+5!c + 2/-15-0. 

20. Show that the locus of the points from which the lengths 
of the tangents to the circles 

+ 2 /* — 3 ® + 42 / ”■ 7 = 0 

and a?"+2/^+2cc-52/ + l = 0 

are equal, is a straight line perpendicular to the line joining 
the centres of the circles. 

[ Let (xi, Vi) be a point such that lengths from this to two given oircles 
are equal. 
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Hence, + +4^1-7= + + 

or a;,> + yi*-3fl;i + 42/i-7=»x" + 2 /i" + 2x,-5i/i + l 

or 5a;, -92/, -1^ = 0. ••• - U) 

Hence locus of (a,, 2 /,) is 5x — 9i/+8 = 0 whicli is a straight line and 7n 
of this line say 

Centre of sc’ + 2 /® -3x+42/- 7 = u is (s, -z/. 

Centre of a;^ + ^® + 2a;-5^+l = 0 is (-1, J). 


Equation of straight line passing through (|, -2) and (-1, S) is 

«?/+2 a ;-? 7 y +2 

-l-« a'j-Q ® 9 

‘ill’ of this line say, TOj = - 

Since, m,m.j=Sy - §= - 1, hence (1) a,n^2) are perpendicular, j 


ANSWERS 

1. s’‘ + 2/»-6*-14»+33=0; 8. 2. a:'‘ + j/*-8x-2i/-51 = 0 ; 4 ^/I3. 

3. Jn/IS; (5,1). 4. x’+;/’'-6i+ 2!/-15 = 0; (3, -l); 0. 

5. (11,2); 20; outside. 6. x’‘ + !y''‘- 8 x- 83 y -33 = 0. 

7. x’ + ;y’ — 4x+6w=0. 

8. x’' + ,v”-6x+4y+*9=0, x’+?/'‘ + 10x+20.v+25 = 0. 

to. x»+K'‘ = i. vii. (i) i^ieoo-c’. (ii) (V-,-V-) or (-V. —Y)- 
(" ^2’ Js)’ (-1- -!)• 1^- Yes; (l+ 

IB. (i) x'’+jf’-6x-8p=0. (ii) 5x;+5j/»-10x+30//+49 = 0. 

16. (6, 0)and(0, -8). 17. (.3, 5) and (-1, -11). 

19. (i) 12. (ii) 8. 
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5*1. DefinitTons. 

If a point moves on a plane so that its distance from a fixed 
point on the plane always bears a constant ratio to its perpendi- 
cular distance from a fixed straight line on the plane, the locus 
traced out by the point is defined to be a conic. 

The fixed point is called the focus of the conic, and is usually 
denoted by the letter S. 

The fixed straight line is referred to as the directrix of the 
conic. 

The straight line through the focus perpendicular to the 
directrix is called the axis. 

The constant ratio (of the distance of any point on a conic 
from the focus to the perpendicular distance of the point from 
the directrix) is called the eccentricity of the conic, and is 
usually denoted by the letter e. 

When e = 1, the conic is defined to be a parabola. 

When e < 1, the conic is defined to be an ellipse. 

When 6 > 1, the conic is defined to be a hyperbola. 

Note. The name 'Conic' or oonio-section’ is due to the faot that these 
curves were first obtained and studied as sections of a cone by planes in 
various ways. 

5*2. Parabola. 

(A) Equation with axis and directrix as axes of co-ordinates. 

Let S be the focus, and MM^ the directrix of the parabola, 
which are fixed, and let OSX be the straight line through S per- 
perpendicular to the directrix, so that it is the axis of the para- 
bola, 0 being its point of intersection with the directrix. 
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Let us take OX as rr-axis and OY (along the directrixj as 
2/-axis, and let (x, y) be the co-ordinates of any point P on the 



parabola. If PN and PM be perpendiculars from P on OX and 
0 Y, then PM = ON = x, PN= y. 

Let the distance OS of S from the directrix be d. Then co- 
ordinates of S are (d, 0). 

Prom the definition of the parabola, 

1^* 1. or, PS = PM. PS® = Pilf" 

• or, {x- d)^ +y^ y^=2d{x-id) 

or writing d = 2a, this can be written as 

y*“4a(x-a) . ••• ••• (i) 

If A be the middle point of OS, clearly OA = AS = a. 

The co-ordinates of A are then (a, 0) and they evidently 
satisfy the equation (i). Thus, is a point on the parabola. 
This point A is called the vertex of the parabola. 

(B) Standard form of the equation to a ‘parabola. 

If we transfer the origin to the vertex A, the equation (i) of 
the parabola reduces to 

y“-4ax ... ... (ii) 

which is the standard form of the equation to a parabola. 
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Here the vertex is the origin, the axis of the parabola is the 
jc-axis, and the line through the vertex parallel to the directrix is 
the t/-axis, a being the distance of the vertex from the focus, 
which is also equal to the perpendicular oistance of the vertex 
from the directrix. 

Note. For a iisoussion on the shape of the parabola and its elementary 
properties, see Chapter Vi. • 

5*3. Ellipse. 

(A) Equation with directrix as y-axis and perpendicular to it 
through the focus as x-axis. 

Let S be the focus, MM^ the directrix, and e( < 1 ) be the 
eccentricity of the ellipse\ 

SO being perpendicular on MM\ OSX is taken as the cc-axis, 
and OY (along the directrix) as 2 /-axis. Let (^r, y) denote the 
co-ordinates of any point P on the ellipse. Let the distance SO 



(of focus from the directrix) be d, and let PM be the perpendi- 
cular from P on the directrix, so that PM = x. 

Now, from the definition of the ellipse, 

^ = e, or, PS = e.PM. 

PS’‘^e*.PM\ 

Hence, co-ordinates of S being evidently {d, 0), 


(i) 
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This is then the equation to the ellipse with directrix as 
j^-axis, and perpendicular to it through the focus as aj-axis, 
d being the distance of the focus from the directrix. 

(B) Standard form of the equation to an ellipse. 

The above equatio^i (i) can be written in the ferm 

'-e^)-2dx + d^ + 1 ^* = 0 , 


or, 


or, 


/I 2^l d \\ ^ d^ 




/ d ) 

1* . 

de \ 





Writing 


de 


1 -e 


2=fl, and transferring the origin to G whose 


co-ordinates are remaining 

parallel to their original directions), the equation to the ellipse 
reduces to its standard form 


z,e.j 

where = a®(l - e^). 


x_ V" 
a^ 

5 !+z! 

o • o 




... (ii) 


Here the origin G is on the axis perpendicular to the directrix 


through the focus, at a distance 


_d 

1-e* 


from the directrix. 


and the jz-axis, GB is parallel to the directrix. 

The point G is called the centre of the ellipse, the reason for 
which will be explained in Chapter VII. 

Distance, GS — . ^ 2 ^ ® 

1-e 1-e 

Note. For a disoussion on the shape of the ellipse, and its elementary 
roperties, see Ohaptee VH. 
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5*4. Hyperbola. 

(A) Equation with directrix as y~axis, and perpendicular to 'it 
through the focus as x-axis. 




Let S be the focus, MM' the directrix, and e ( > 1 ) be the 
eccentricity of the hyperbola. 

SO being perpendicular on MM\ OSX is taken as the ar-axis, 
and OF (along the directix) as 2 /-axis. Let {x, y) denote the co- 
ordinates of any point P on the hyperbola. Let the distance 80 
(of focus from the directrix) be d, and let PM be the perpendi- 
cular from P on the directrix, so that PM=jc. 

Now, from the definition of the hyperbola, 

pc 

-p^=c. or, PS^e.PM. 

Hence, co-ordinates of S being evidently (d, 0), 

{x- dY ••• (i) 

This is then the equation to the hyperbola with directrix as 
tZ-axis, and perpendicular to it through the focus as aj-axis, d being 
the distance of the focus from the directrix. 

(B) Standard form of the equation to a hyperbola. 

The above equation (i) can be written in the form {e being 
greater than 1 here), 

fl;®(e®-l) + 2dar-i/*=d" ; 
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"• ‘.‘"-I'l*-!) ■ 

df6 

Writing ^ , =^t®and transferring the origiff to C whose co- 
e - 1 • • 

ordinates are oj Le., ^ * oj» (the axes remaining 

parallel to their original directions) the equation to the hyperbola 
reduces to its standard form 

/-2 .,2 

® V _ 

^2 ^ 2/^2 
Ob a 1 ) 

or, 

where =a^(e^ - l). 

Here the origin C is on the axis perpendicular through the 

d CL 

focus to the directrix, at a distance v — T from the directrix 

% 

on the side opposite to the focus. This point G is called the 
centre of the hyperbola. 

► • ^ • dp^ 

Distance, GS = d+~^~—= 2 " ^=ae, 
e -1 e -1 

Note. For a discussion on the shape the hyperbola, as also its 
lementary properties, see Chapter VIII. 


5'5. Examples. 

Ex. 1. Find out the equation to the parabola whose focus is ( — 3, 4) and 
irectrix is 6j; — 7i/+ 5 = 0. [ JJ. 5. Ii/6I 1 

Let (xi, yi) be the oo-ordinates of any point on the parabola. 

Its distance from the given focus (-3, 4) is \/(a;i + 3)^ + (i/i -4P, and its 
srpendicular distance from the given directrix 6x -72/ + 5 = 0 is 
or the parabola these two distances are equal. 
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Hence, + Thus, the oo-ordinateB (*», 

Vi) of any point on the parabola satisfy the equation 
85{(aj + 3)» + fe-4)»V»{6«-7y + 6)». 
or, 49x® + 840!^ + 36v“ + 450x — BlOjy + 2100 « 0 

whioh is then the r^uired equation to the parabola. • 

• • 

Ex. 2. Find live equation to the ellipse, whose focus is the point (-“1, 1)» 
and directrix is the line £c — 1/+3 = 0, and whose eccentricity is J. 

Let (xi, 7 /i) be the oo-ordinates of any point on the ellipse. 

Its distance from the given focus (-1, 1) is \/(x, + 1)® + (vi -1)®, and its 
perpendicular distance from tke given directrix x-3y+3=0 is 

The ratio of these two distanc^ is equal to the given eccentricity } for any 
point on the ellipse. 

Hence, + +(,y, - 1)^ = 2 

or, 8{(®i+l)’ + (j/,-l)’}=(®i-J/i+3)^ 

Thus, the co-ordinates (x,, j/,) of the any point on the ellipse satisfy the 
equation 

or, 7x'* + 2xjy+7i/'* + 10x — 10//+7 = 0, 
whioh is then the required equation of ^e ellipse in question. ^ , 
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61. Parabola. 

As has been defi^led in the previous chapter, a parabola is a 
curve traced out by a point which moves® dh a plane such that its 
distance from a fixed point on the plane is always equal to its 
perpendicular distance from a fixed straight line on that plane. 

The fixed point is called thQ focus, and the fixed straight line 
is called the directrix. 

6*2. Standard equation of a parabola. 

Let S be the focus, and MM' thC directrix of the parabola. 
Draw SZ perpendicular from S on MM', and let A be the middle 

point of ZS. Clearly, AS 
= AZ, the point A is a point 
on the parabola. This point 
A is called the vertex of the 
parabola. 

Let AS (the distance of 
the vertex from the focus) = a. 
Then AZ is also = a, and SZ 
= 2a. 

Take A as origin, and ASX 
(perpendicular to the directrix 
through S) as fr-axis, AY 
paraMel to the directrix through 
A being the iz-axis. Clearly 
the co-ordinates of S are (a, 0). 

P being any point on the 
parabola whose co-ordinates are {x, y), if PN be perpendicular 
on AX, and PM perpendicular to the directrix, 

then PM= ZN^ AZ + AN = a + x. 

Now, from the definition of a parabola, 

PS = PM, or, PS^-^PM\ 

(oj-a)® +y^ ={a + xy. 

y*-4ax. ••• ••• (i) 
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This being the relation satisfied by the co-ordinates of any 
point on the parabola, it represents the equation to the parabola 
in standard form with vertex as origin. 

Here a represents the distance of the vertex from the focus (or 
^rom the directrix, the t^o being equa’^ 

The line ilX (perpen^yular to the directrix through S). which 
is chosen as the axis of x here, is referred to as the axis of the 
parabola. ^ 


Note. In the previous chapter the equation was obtained with Z as 
origin, and then by transference of the origin to A^ the equation to the 
parabola was obtained in the above standard form. 


snki] 


6*3. Shape and elementary properties of the parabola. 


From the equation = 
it is evident that if x be negative, 

2/® being negative, y is imaginary. 

Hence, there is no real point with 
X negative, that is, there is no 
^point of the parabola to the left of 
the origin A, 

Again, for every posith e value 
of X, there are two equal and 
opposite values of y. Hence 
corresponding to a point P on the 
parabola with positive ordinate 
PN, there is a point P' op the 
parabola with the same a; ( = AN) 
with equal negative ordinate P'N, In other words, the parabola is 
symmetrical with respect to the au-axis AX^ which bisects every 
chord of the type PNP^ perpendicular to it. As x diminishes, 
ind ultimately becomes zero, the two ordinates, which are equal 
in value and opposite in sign, become zero, and the point coin- 
cides with the origin A, which is the vertex of the parabola. As 
X becomes larger and larger, the values of y also become larger 
in magnitude. Hence, the shape of the parabola is as shown in 
the figure, closed at the left end A^ and open on the right, y 
gradually becoming numerically larger and larger with oj, the 
whole curve being symmetricahxxbout OX. 



H. 8. 0. G.— 6 
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It is for this property that OX is defined as*the axis, and A is 
called the vertex, 

A chord PNP' ^Jrpendicular to the axis (i.e., parallel to the 
directrix) and bisected by the axis, is called a double ordinate. 
PN or P'N is the ordinate of P or P'. 

The chord LSL'^through the focus S^paralleT to the directrix 
(and so perpendicular to the axis) is called^the Latus Rectum. 

If LM be the perpendicular on the directrix from the extre- 
mity L of the latus rectum, from the property of the parabola, 
LS = LM“ ZS = 2AS * 2a. 

Thus, the Latus rectum = 4a, 

i.e,, the laHs rectum is four times distance of the focus from 
the vertex, or, double the distance of the focus from the directrix. 

The equation asserts the geometrical property of 

the parabola, that PN‘^ = iAS.AN, or, the square on the ordinate 
is equal to the rectangle contained by the abscissa and the latus 
rechim. 

To sum up, we note that for the standard equation = ^ax 
of the parabola, 

(i) the vertex is tne origin ; 

, (ii) the length of the latus rectum is 4a ; 

(iii) the focus has co-or(finates (a, 0) ; 

(iv) the directrix has equation x= - a \ 

(v) the axis is the axis of x ; 

and (vi) the co-ordinates of the extremities of the latus rectum 
are (a, 2a) for L, and (a, - 2a) for L' , 

Note. Equations x*=4ay, y®=-4ax, x“=-4ay. ^ 

If in the equation 2/^“4a*c of a parabola, the axes of x and y are inter- 
changed, i.e., choosing the vertex A as origin, and latus rectum being 4a as 
before, the axis of the parabola (the line perpendicular to the directrix 
through the focus) be taken along the ^y-axis, the » axis being parallel to the 
direotriz, the equation to the parabola becomes = 4(iy and the figure is as 
shown here. 
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Here, the oo- ordinates of the foous are (0» a) and equation to the direotriz 
is The oo-ordinates of the extremities L and L' of the latus rectum 

are (2a, a) and (-2a, a) respectively. 



If in the equation jy^ = 4aar, the direction of the a-axis is reversed, 
if the positive direction of the cc-azia be taken from the vertex towards the 
directrix (the direction from the vertex to the focus being negative), the equa- 
tion becomes 2 /® = — iaxt and the figure is as shown below, the concavity of 
he parabola being towards the negative side of the x-axis. 

The co-ordinates of the focus xre (-a, 0) and directrix is x=a. 

Similarly, in the equation x“ = if the direction of T/-axis is reversed, 
the equation becomes and the figure is as shown below, the 

cavity of the parabola being towards the negative side of the ^-axis. 
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The oo-ordinates of the foous are (0, —a) and direotrix is 2 / ■•a. 
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6'4. Equation to the tangent at a given point (xi, ji) on 
the parabola y®“4ax. 



Let P be the point (rci, on the parabola y^ = 4ax 
and let Q (jCg, 1 / 2 ) be a neighbouring point on it. 
The equation to the chord PQ is 


y - Vx - a^i) 

Tl/ 2 *^1 

Now since P and Q both lie on the parabola (i), 
.we have = 4aa:i ... (iii) and 

substituting, =4a(a:2 -Xi), 

Va-Vx^ . 

«2-®i Va + Vx • 

equation (ii) can be written as 


or, 


(0 


(ii) 


(iv) 


(v) 


Now make Q approach P and ultimately coincide with it, so 
that the co-ordinates 1 / 2 ) coincide with foi, Vi). In that 
limiting position, the straight line PQ becomes the tangent at P, 
whose equation [from (v) ] then becomes 

4ci) 

y-!/i = 2^^ or, »Vi-»i“ = 2a(a:-®x), 

i.e., Vl/i “ 1 / 1 * + 2o(» - ®j) = 40*1 + 2a(fl! - * 1 ) [ by (iii) ]. 
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Hence, the equation to the tangent at (jci, i/i) is 

yyi-2a.(x+Xi). 

Cor. The tangent at the vertex of the parabola = 4cax is the y-axis. 


6*5. Equation to the normal at (zi,yi) to the parabola 
y® = 4ax. * 

• • 

The tangent at {xu Vi) to the parabola = Aax is 

VVi = 2a (x + Xi), or, y = -- [x + Xi), 

y 1 

of which the is 

'V 

The normal, which is p%pendicular to .the tangent through 
(iPi) Vi) is then 

y-yi--fj(x-x,). 

6*6. Tangent and norihal properties Subtangent and 
Subnormal. 



The length of the axis intercepted between the tangent and 
the foot of the ordinate of any point on the parabola is defined as 
the subtangent of the point. 

The length of the axis intercepted between the normal and 
the foot of the ordinate of any point on the parabola is defined as 
the subnormal of the point. > 
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Thus, if PT and PO be the tangent and normal at P , inter- 
seoting the axis at T and G respectively, and PN be the ordinate 
of P, then 

TN is the subtangent of P and NG is the subnormal. 

Now from the Equation yyx-2a{x + Xx) cf the tangent at 
■p(a?i, ^i), the point T where it interseatfibthe axis is obtained by 
putting y = 0, and thus for T, a; + a;i = 0 ix,, x= -aJi. 

Hence, AT = AN in magnitude. T being on the negative 
side of A. 

Hence, vve get the geometrical property of the parabola that 
the subtangent of any point on a parab^a is bisected at the vertex. 

Again, in the equation 2 / - (ic -iTi) of the normal 

at P, putting 2/ = 0, we get for the point (?, x-Xi=^2a, i.e., 
AG - AN = 2at or NG = 2a-hBli the latus rectum. Hence, the 
subnormal of any point of a parabola is constant and is equal to 
the semi-latus rectum. 

Further, AT — AN and AS = AZf by adding we have' 
TS — ZN— PM (where PM is the perpendicular on the directrix) 
— SP. Hence, JlSPT— APTS = the alternate fiTPM. Also, 

Z.TPG is a right angle, ZSPG^ Z.SOP. Thus, we get 
further geometrical properties of the parabola, that : 

(i) the tangent at any point on a parabola bisects the angle 
between the focal distance of the pointy and the perpendicular frc 7 n 
the point to the directrix. 

(ii) the tangent at any point on a parabola makes equal 
angles with the focal distance of the point and the axis. 

(iii) the norinal at any point on a parabola is equally inclined 
to the focal distance of the point and the axis. 

6'7. Length of the chord of the parabola y^*-4ax, inter^ 
cepted by the straight line y — mx + c. 

At the points of intersection of the line with the parabola, 
both the equations are satisfied. Hence, eliminating y between 
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tlie two equajilons, the abscissse of the points of intersection 



{mx H-c)® = 4aa;, 

or, +2(wc-2a)a; + c® =0, ••• (i) 

which being a quadratic equation in a?, there are only two values 
of X and accordingly only two points of intersection of the 
straight line with the parabola (which mav be real and distinct, 
real and coincident, or imaginary). 

Let {xx, Vx) and {x 2 , be the co-ordinates of the two points 
P and Q of intersection. Then and x>a are roots of (i). • 

2 (me - 2a) . c 

.* . {xx “ iTo)® = {xx + JTgV “ 4aJia,2 

^ 4 (me ~ 2a)® _ 4c® ^ 16 (a ® - mcc^^ 

m* 771® 


Again, P and Q being on the given line, 
yx = mXx + c, yz-^nxQ-^ c. 
y-L-y^^m(xx "- 0 ^ 2 ). 

^^ngth of the chord PQ 

= N/(.ri-^a)“+_(^i_“[/2)®= N/(cci-a;2)‘‘*(l + m®) 

- . +«•) . ^ , 
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Cot. Condition of tan^ency. 

The given line will touch the parabola only when the two points of 
intersection come into Coincidence, i.e., when the length of the chord inter- 
cepted is zero. Hence, the condition that the given line y—mx + c may touch 
the parabola y^ = ^ax is 

a-97ic=U, or, c=— • 
m 


6*8. To shoio that y = mx+^is a tangent to the parabola 
= 4aa; for all values of ??i, and to find the point of contact. 

The tangent at l/i) of the j|)arabola y^=^4:ax is yy^ 

(ii) 


n / , \ 2a ^ 2ax 

= 2a(x + a;i), or, y= -x-\ 

y± Vi 


of the Jp\ 

^ (i)Xft 


the line y = onx + 


m 


be a tangent to the parabola at (oji, 2 / 1 ), the equation (i) and (ii) 
must be the same. Hence, comparing coefficients, 

2a 


2a 2axi 

= m, 

2/1 2/1 


a . a 

• n ^1”* 2 * 2/1”" * 

m m m 


The line (ii) therefore will touch the parabola only if the 
assqped point (a?i,^i) is really a point on the parabola y'^ = 4air, 


. l2aY 
t.e,, if I I 
\m1 


‘ 4a’ which is evidently satisfied. 
m 


Thus, 2/“=7Ma;+ touches the parabola, whatever m may he, 

and the point of contact is given by ^ 

a 2a 

m m 


6‘9. Co-ordinates of a point on the parabola y*«4ax 
expressed in terms of a single variable t. 

We notice that if we substitute x = aY^ y = 2at in the equation 
y^ *= 4aa5 of the parabola, the equation is automatically satisfied 
for all values of t. Hence, any point on the parabola can have 
its two co-ordinates expressed in terms of a single variable t in 
the form 


x“at®, y*«2at. 
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For different points, t will be diiferent, and for a definite 
point on the parabola, t will be definite and unique. A point on 
the parabola will thus be referred to as the noint t. 

In working out many examples in parabma, when given by its 
standard form y^=4iax, this assumption of the co-ordinates of 
a point on it in fj^rms of the single variabjp t in the above form 
will be very helpful. 

In this connection wo may note that the equation to the 
tangent to the parabola = 4:ax at the point t is ( See § 6'4 ) 

y,2at 2a{x + at^), or, y= ^ + at. Also the normal at 

t 

the point t is ( See § 6*5^ 

or. y tx=2at + at^ 

Note. Significance of t. 

From the equation of the tangent at t it is apparent that y is the gradient 

of the tangent line at t, i.e., t represents the cotangent of the angle made by 
the tangent line at t with the aj-axis. 

6'10. Locus of the middle points of a system of parallel 
chords ; diameter. 

Let PQ, given by the equation 

y^mx + c (i) 

be any one of a system of a parallel chords 
of the parabola ^ 

y^^^ax ... (ii). 

As the chords are parallel, m is the 
same for all chords, but c is different for 
different chords of the system. 

At the common points of intersection 
of (i) and (ii), eliminating x, the ordinates 
are given by the roots of the equation 

or, my^ - 4ay + 4ac = = 0. 




so 
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If (xi, 2 /i) and {x2t V^) be the co-ordinates of the two points 
of intersection P antj Q, we get i/i + i/2*= Hence, for the 
middle point F, 

This being a relation free from c, it is satisfied by the middle 
point of every chord of the system. 

Hence, this represents the locus of the middle points of the 
system of parallel chords, and we know that this represents a 
straight line parallel to the a?-axis. 

We thus see that the loom of the^niddk poinU of any syste7n 
of parallel chords of a parabola is a straight line parallel to its 
axis. 

Such a straight line is defined to be a diajneter of the parabola, 
bisecting the particular system of parallel chords. 

For different m, i.e., for differently directed systems of parallel 
chords we get different diameters. 

Note. If B bo the^point where the diameter in equation meets the 

parabola, we have for B also, 7/=- • Hence, a:= ’' = - At this point then 
^ m 4.a ^ 

• /z fl 

uhe tangent line is [ See s 6'S ], and this is also parallel to the 

system of chords bisected by the particular diameter. B is called the vertex 
of that diameter. 

In fact any line parallel to the axis of the parabola is a diameter bisec- 
ting all chords parallel to the tangent at its extremity, i.e., at the vertex of 
that diameter. 

6' 11. Illustrative Examples. 

Ez. 1. The focus of a parabola is (6, 2) and its vertex is (3, —2). Find 
the equation to the parabola^ and the length of its latus rectum. Also obtain 
the co-ordinates of the extremities of its latus rectum* 

Let S be the focus having co-ordinates (6, 2), and A the vertex having 
fso-ordinatea (3, -2). The distance AS^ ^A6“ 3F+r2+2)'' =‘5* 
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Henoe, the lenjibh of the latus rectum of the parabola » 4^ 20. 

Again, ‘m* of the line joining A and S is and this line AS 

b— o d 

is the axis of the parabola^ The latus 
rectum is perpendicular to AS 
through Sy and so its equation is 
7/-2=-S(®-6) ^ (i) 

{xit Vi) he the co-ordinates of 
an extremity (say L or L') of the 
latus rectum, 

/SL = semi-latus rectum = 10, 

(a;i-6)®4-(jyi-2)* = ^0 (ii) 
and as (aii, i/i) lies on (i), 

J/i-2=-J(a:„ -6) ^ii) 

From (ii) and (iii), 

(®,-6)«(l + -tV=100, 

(aJi-6)’=64. a;i-6=±8. 

Taking +8ign, aJi = 14, and from (iii), ^i = — 4. 

Taking -sign, a:i= -2, and from (iii), yi = S, 

Thus, the co-ordinates of the extremities of the latus rectum are (14, —4) 
and ( — 2, 8). 

Lastly, produce SA to Z, such that AZ = AS, Then the co-ordinates of Z 
being (a, say, as A is the mid-point pf ZS, 

J(a+6) = 3 and J(i3f2)=-2. 

a = 0, )3= — 6. 



Now since the vertex is tne mia-pomt ot tne perpenuicuiar irom tne tocus 
on the directrix, the point Z is clearly the foot of the perpendicular. The 
directrix of the parabola is therefore the line through Z perpendicular to 
ZAS, and hence its equation is 

7/+6= - J(®-0), or, 3®+42/+24 = 0. ... ... (iv) 


If 


(x, y) be the co-ordinates of any point P on the parabola, 
PS = perp. distance from Pon (iv) 


Vix-er+fy-a)’ 


3a;+4v+24 

,73“ + 4’' 


3aj+4t/+24 

, 


whence 26^(a; - 6)* + (jy - 2)®y= (8aj+ 4j/+ 24)® 


which is the equation to the parabola. 
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Ex. 2. By suitably transferring the origin, shotif that the equation 
— 10® — 12.V— 18 = 0 reduces to the standard form of equation to a parabola, 
and hence obtain the co-ordinates of its vertex and focus, and the length of its 
latus rectum. Also deterSiine the equation to its directrix. 

The given equation can be written as 

3(2/"-4t/) = V3«+18. or, 3fe-2)* = 10(a; + 3i 
Hence, transferring the origin to ( — 3, 2), the fiqSation reduces to the form 

= ... ... ... (i) 

which is the standard form of the equation to a parabola. Comparing this with 
the equation 7y® = 4ax, whose latus rectum is 4a, vertex is the origin, focus 
is (a, 0) and directrix is x= — a, we see that for the parabola (i), the latus 
rectum is -3°, the vertex is the new origin, and ra^rrod to this, the co-ordinates 
of the focus are (J, 0), and the equation to the^rectrix is x = 

Hence,* returning back to the given old origin, the co-ordinates of the 
vertex are ( - 3, 2), the co-ordinates of the focus are ( - 3 + J , 2 -b 0) i.e. , ( - 2i, 2), 
and the equation to the directrix is x= - ^-3 i.e,, x= -3J. 

The latus rectum has already been shown to bo -V-. 

Ex. 3. Prove that the length of any tangent to a parabola intercepted 
betiueen its point of contact and the directrix subtends a right angle at the focus. 



Taking the vertex as origin and axis as x-axis, let. the equation to the 
parabola be = 4a®. ••• ... ••• (i) 

Then its focus 8 has co-ordinates (a, 0) and the equation to the directrix 
ia®*»»-a. (ii) 
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The tangeSt at any point P(Xi, Vx) is given by 

yyx^^o{x+Xx) — (iii) 

This meets the directrix (ii) at whose a;= 

' and (-a+a!i) i from (iii) 

Iv 

Now the slope ‘m’ of 41m line SP=*^'-_— = and the slope *?»'’ of the 
(jCi -a)-0 

OT^ ’Vi Xx~a 

lino SK IS ^ • 

-a-a yx 

mm*= —1. Henoe, SP and SK are at tight angles, i.c., PK subtends 
a right angle at 5. 

Ex. 4. Tioo, equal parabql^ have the same vertex^ and their axes are at 
right angles ; prove that their common tangent touches each at an end of its 
latus rectum. 



Let y^ = iax ••• (i) bo the equation to one oE the parabolas. The other 
parabola, which is equal to it (and henoe has an equal latus rectum 4a)> 
having the same vertex A (ohosen as origin) and having its axis perpendicular 
to that of (i) {i.e,t along the ^-axis) is then given by 

aj® = ^ay 

Any tangent to (i) is 2 /-ma+ ^ 
having the point of contact at — 2am. 


(ii) 

(iii) 



94 


CO-OBt>INATE GEOMETRY 


If it be a tangent to (ii) also, the two points of intersection of fiij and (ni> 
must coincide, or eliminating y, the two roots ol 

x^ — 4a = 0 *•* **• 

are equal, which requires 

(4am)® 4^4.— =0, 
m 

or, 1. w=— 1. 

the common tangent of (i) and (ii) is ^ = -aj-a, 
or, a; + jy+a=0. 

The point of contact of this common tangent on (i) is [putting m = -1 
here] (a, -2a), which is clearly the co-ordinates^ of one extremity 7/ of the 
latus rectum. 

The point of contact of the common taffgent on (ii) [ *.* for the equal 
roots for (iv) the sum of the roots is 4am = —4a J is given by a;= —2a, and 
hence from (ii) y = a. Bat ( — 2a, a) are clearly the co-ordinates of the extremity 
L\t of the latus rectum of (ii). 

Hence, the common tangent of the two parabolas touch each at an 
end of its latus rectum. 


Examples VI 

1. Find the point on the parabola y^=l8x at which the 
ordinate is three times the abscissa. 

2* * The parabola 1 /® =4aa; passes through the point (2, -6). 
Find the length of its latus rectum. 

3. Find the equation to the line joining the vertex to the 
positive end of the latus rectum of the parabola =^8x. 

4. A double ordinate of the parabola =Aax is of length 8a. 

Prove that the line joining the vertex to its two ends are at right 
angles. [ H. S. 1960 ] 

5. Find the latus rectum of the parabola whose focus is 
(2, - 3), and directrix is bx - 12y + 6 0. 

6. Find the equation to the parabola 

(i) whose focus is (5, 3) and directrix is 3a; - 42 / + 1 = 0. 

(ii) whose focus is ( - 6, - 6) and vertex is ( - 2, 2). 
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[ Consider the dfture o£ Ex. 1 of § 6*11. 

Eq[uation of the line joining <S(“6, —6) and -4(-2, 2) is 

?/+6*2(x+6). 

Let the co-ordinates of s be (a, j3). 


, a — 6 

. . = — 2 ana - ^ L o^nce co orainates oi rocus ^ — u, — o; ana 

vertex ^(—2, 2) ] 

a = 2, /3 = 10. 

Equation of directrix which passes through 2 ( 2 , 10) and perpendicular to 
is line (1) is yy- 10= - J(a;-2), or, a; + 2?y-22 = 0. 

Let P(a;, ?y) any point on^^|e parabola. 

. . SP’ = (*+C)» + (j/ + G)’ and 

Since, SP^=PM‘‘. (x+C)''+(?/ + G)’ = *®‘''®''j“— - is the equation 

of parabola which on simplification becomes 

+ -4a;?y + 104x+148?/-12?y = 0. ] 


7. Find the vertex, focus and latus rectum of each of the 

parabolas 

(i) j/® = 4(a: + j/). 

[ iy^ = 4(a;+?y) or T/^-4a;=4a; or (?y-2)® = 4(a; + l). 

Eeplaoing y — 2-Y and aj+l = X, ^* = 4X which is the equation* of the* 
parabola with vertex atX=0 and F«0i.e., a;+l = 0 and jy — 2 = 0 i.e., «=— 1» 
y = 2 and focus at X=l, lf=0^i.e., s+l = l and 7y-2=0, i.e., 05 = 0, 7y = 2and 
latus-rectuB = 4. ] 

(ii) a?'** + 22/ = 8a; - 7. 

x^+22/=8x- 7 or (a;-4)’* = -2(7/- J)=2(J -7y). 

Replacing £C-4 = X, 7 -J/=r, equation becomes X® = 2r which is the 
equation of parabola with vertex at X=0, F=0 i.e., a; — 4 = 0 and t.e., 

x = 4; 2 / = ? ; focus at X=a5-4 = 0 and F=rJ-7/=i, 05=4, 2/»4. and latus- 

reotum = 2. ] 


8. Find out the equation of the tangent to the parabola 
=4aa; at the extremity of the latus rectum, [ H. S. 1960 ] 
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Vb 


9. Mnd the equation to the tangent to the parabola 
(0 y* = 9x at the point whose ordinate is 6. 

(ii) y® “ 12® at Qie positive extremity of the latns rectum. 

[ Equation of latus rectum is for the two extremities of latus-rectum, 
solve jy® ■* 12a and a=3. ipo-ordinates of extremities are<r(3, +6). Equation 
of tangent at positive extremity (3, 6) is 3y.6=6(a-i#3Vor ?y=a+3. ] 

10 . Show that the foot of the perpendicular from the focus 
of the parabola = 4ax on any tangent lies on the y-axis. 

[ IT. S. 1961, Cojnpartmental ] 

11 . Prove that the tangents at the extremities of the latus 

rectum of a parabola meet on the (Lvectrix, and are at right 
angles.* / 

12 . The two tangents drawn from a point P to the parabola 
are at right angles. Find the locus of P, 

13 . (i) Prove that any two perpendicular tangents to the para- 
bola j/® = 4ax intersect on the directrix. 

(ii) If two tangents to a parabola are at right angles, show 
that their points of contact are at the extremities of a focal 
chord. 

14 . A tangent to the parabola y^ = 12x makes an angle 45° 
with the axis. Find the co-ordinates of its point of contact. 

15 . A tangent to the parabctla y^=4ax makes an angle 60® 
with the axis. Find its point of contact. 

16 . Find the equation to the tangent to the parabola = lx 
which is parallel to the straight line x-4y-3 = 0. Find also its 
point of contact. 

17 . Find the equation of the tangent to the parabola y^ = 8x 
which is perpendicular to a; + 2i/ + 7 = 0. 

18 . Find the point on the ^parabola y^=8x at which the 
nornaal is inclined at an angle 60® with the positive direction of 
the a;-axis. 

[ Equation of normal at (ai, y^) to parabola ^® = 8a is 
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Sinoe this line is Siollned at an angle 60* with (s-asds# 

-^“tan 60®« js/3. 

Again since (®,, ^i) lies on parabola Vi^^Sxi <.e.^-4 s/3)*«8»i, 

. ' . (Bi « 6. Hence point of contact of normal is (6» — 4 JS), 1 

^ 19. Find tbeaeqnation to the locus of the foot of the per- 
pendicular from the vartnx on the tangent at any point of the 
parabola t/® = ^ax. 


[ Equation of tangent at (cci, 2/i) the parabola is i/t/i = 2a(a; + »i). 


Equation of normal to above line passing through (0, 0) is = ^ a. 

Ad 

Solving above two equatiol^to foot of perpendicular is obtained and is 
given by 


jy X 1 


QaaTijyi — 4a‘^aJi 4(a;+a) 


Locus of the foot of the perpendicular is obtained by elimination. 

From above relation, 

*(a:’'+i/’)= ^ Substitute y^^ = iaxi ] 

or, x(x® + y^) + aj/’* = 0 which is the reqd locus. ] 

20. Find the equation to the chord of t’Je parabola j/*=8a; 
which is bisected at the point (2, - 3). 

[ Let 2 / = ?7ix+ c be a chord to parabola y"* = 8x. 

« 

Eliminating x between two equations, my'* — 82/ + 8c = 0 . 

If {®ii Vi) ?/-*) points of intersection of chord with parabola 

8 ^ H 

But + .-. m=-5. 

Hence equation of chord is ?/= -Jx+c and passes through (2, -3). 
-3=-^-2 + c. .-. c=-i. 

^ Hence equation of chord is y = -}x-J or, 32/+4x + l = 0. ] 

21. Prove that the locus of the middle points of all chords of 
the parabola 2 /“ “ ^ax which are drawn through the vertex is the 
parabola — Saa:, 

22. Find the length of the chord of the parabola 

which is inclined at an an^le of 45^ with the axis, and nasses 
through the point (l, 3). 


H. S. 0. G.— 7 
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23. Find the length of the chord of the parabola -20x 
along the straight line » - 2*/ + 4 = 0. 

24. Find the Itfigth of the normal chord of the parabola 
j/® = Aax through an extremity of the latus rectum. 

25. Find the middle point of the line 3i/— ^4a;-4 intercepted 
by the parabola = 8a:. 

[ Let (ft, k) be mid-point. 

.-. f-=3 [Note §6-10] 

Also since {h, k) lies on 3jy— 4a;=4, 

3/c-4/i = 4 or, 41i = 3A;-4 = 9-4=5^ /. 7i = J. 

Kequired middle-point ($, 3). ] 

26. Prove that the product of tl!^ ordinates of the extremities 
of a focal chord of a parabola is constant, and deduce that 
the normals at the extremities of any focal chord are at rif^ht 
angles. 

[ Let the equation of parabola be = 4aa:. Equation of any chord which 
passes through focus (a, 0) i. e. equation of focal ohord is y^m[x-a)» 

Let (xi, j/i) and (xa, 2/a) the co-ordinates of extremities df focal chord. 

Solving and y^m{x'-a), the co-ordinates of extremities can be 

obtained, and eliminating x, between two equations”, w2/*“4a?/-4ci*7?i = 0. 

Product of ordinates of extremities of local chord 

, =y^y^ - — - - 4a'* =con8tant. 

Again equations of normals at (xi, y^) and (xa, y^) are 

2/-2/i= and 2/r?/, = (x-x-J, 


*m' of the first line being w* = -^^aud that of second being - - 


.y 

2a 


, jVj.Va 4a 

4a'* 4a'* 


Hence normals at extremities of focal chord are perpendicular. ] 


27. Prove that the normal chord of a parabola at the point 
whose ordinate is equal to its abscissa subtends a right angle 
at the focus. 

[ Let the equation of parabola be y * « 4ax and the co-ordinates of point P 
on parabola at which ordinate is equal to absoissa is P(4a, 4a). 
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Equation of normal chord at (4a, 4a) is jy-4a«= or y+^x^l2a. 

2ct 

Solving y^ = iax and ^+205= 12a, the points at which chords intersect 
parabola are obtained and co-ordinates of points of Aterseotion are P(4a, 4a) 
and (3(9a, -6a). 

5P® = 25a* ; 5(^* = 100a'' ; PQ^«125a'* wh— ^ 

SP* + SQ^ = PK\^ pence the result. ; 

28. Find the equation to the common tangent of the para- 
bolas = 325C and = 42/. 

29. Prove that the common tangents of the parabola iax 

and the circle -2ax = 3a^ are both inclined at 30^ to- 

the ®-axis. * 

80. Show that the snm^f the ordinates of the extremities ot 
any chord of a parallel system is constant. 

[ Consider chords parallel to y^mx. 

Equation of any chord parallel to y^mx is yo^mx+c* 

Solving y^mx'irc and 2/*= 4a®, co-ordinates of extremities are obtained. 
Eliminating ® between two equations, 

y^=‘^2^y-c) or, my*-4a^+-^-=0. 

VI 'fn 

If (a^i) ^i) and f®,, y^) are co-ordinates of extremities 

4^3 

l/i + ?/j* i=* constant, 

m 

[ Since m for all parallel chords remain same. } 
ANSWERS 

1- (2.6). 2. 18. 8. i/=2x. 5. 8. 

6. (i) Q5!(*-5)’ + (j/-3)’}=(3*-4k+1)*. 

(ii) 4x*-4xp+i/’+104x+X48y-124=0. 

7. (i) (-1, 3) ; (0. 2) ; 4. (ii) (4, 4i) ; (4, 4) 2. 

y=±(x+a). 9. (i) 3x-4y+12 = 0. (ii) j/=x+3. 

12. *--l. 14. (3.6). 

16. *-4y+28-0: (28.14). 17. y=2x+l. 18. (6, -4 n/S). 

19. x(x*+y‘)+(iy» = 0. 20. 4x+3y+l=0. 22. 4^/6. 

28. 80. * 24. 8a^/2. 26. (1.3). 28. 2z+y+4»0. 



CHAPTER VII 


ELLIPSE 


7*1. Ellipse. 

An ellipse is a curve traced out by i point which moves on 
a plane so that its distance from a fixed point on the plane 
always bears a constant ratio to its perpendicular distance from 
a fixed .straight line on the plane, the ratio being less than unity. 

The fixed point is called the focus, the fixed straight line is 
called the directrix, and the constant r^o (less than unity in this 
case) is called the eccentricity of the elj/pp. 

7'2. Standard equation of an ellipse. 



Let S be the focus, MM' the directrix, and e( < 1 ) the given 
eccentricity of the ellipse. 

Draw SZ perpendicular from S on MM', and let it be divWed 
internally at A and externally at i' in the ratio e ; 1. As e <1. 
SA' < A'Z, and accordingly A is to the right of S as »b® 
figure, on the same side of the directrix MZM as i, S being 
between A and A'. Then SA = eAZ and SA'^e.AZ Hence, 
by definition of the ellipse, A and A are points on the ellipse. 


Let C be the middle point of AA’. 

Thus, SA + SA’ = e{AZ + A'Z) and SA' - SA^e{A'Z - AZ). 
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Hence, AA^ oi^(^A=^e,^CZ and 2C8 ^ e,AA' = e,2CA, 
Let CA( = CA')=-a. 


Then CZ = - and CS = ae. Let us choose C as origin, and 

G 

CX along AA' as a-axis, the i/-axis CF being^JB'CJS perpendicular 
to AA' through G. 

Now P being any point on the ellipse whose co-ordinates are 
{x, y)t let PN be the perpendicular from P to the aj-axis AA\ and 
PM be perpendicular to the directrix MM\ Then CN^x, 

PM= ZN= ZG+ CN= ^ Also co-ordinates of S are evi- 
dently ( — ae, 0) [ “.* GjS — 3^. 

Hence, from the property of the ellipse, 

, SP = e. PM or SP^=e^. PM^. 

(aj + ae)® + i/® +a:j 

or, + ( */ ^ < 1 here ) 

or, writing a®(l - e^) = 6^, 




{i) 


This being the relation satisfibd by the co-ordinates of*any 
point on the ellipse, it represents the equation to the ellipse in its 
standard form. 

• 

Here, 0, the middle' point of AA' ( called the centre ) is the 
origin, CA «■ GA' = iAA' - a, and = a®(l - e®). 

- 7*3. Shape and elementary properties of the ellipse. 

Prom the equation 2 + t 2 ~li it is apparent that corres- 
Cb o 

ponding to any value of there are two equal and opposite 
values of 1/, namely ± ^ Hence, on a line perpendi- 

• Cl 

cular to AA\ corresponding to any point P on one side of it, 
there is another symmetrical point P' on the other side. Thus 
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every line perpendicular to AA' is bisected by it, and accordingly 
the ciorve is symmetrical with respect to the x-axis. 



values of a;, and thus the curve is symmetrical with respect to the 
y-axis also. Accordingly if we take points S\ Z* on the aj-axis, 
such that OS'*=CS and GZ' = GZ on opposite sides of C, and 
draw KZ'K* parallel to MZM\ the ellipse, from symmetry about 
BGB\ can as well be described with S' as focus and KK' as 
directrix, e being the same. Thus there is a second focus and 
a second directrix of the ellipse symmetrically situated with 
respect to G, 

Again, from the equation to the ellipse, for 2 / = 0 we get 
x= ±a. Hence, the ellipse cuts the cc-axis at points A' and A 
given by x’^a and x = - a respectively. Similarly, for £C = 0, 
we get y—± 6, so that the ellipse cuts the iz-axis at B and B' 
given by 1 / = 6 at B and y=-b at B\ so that GB — GB' = h 
in length. 

Moreover, from the equation of the ellipse, if a; > a or 
x“ 

< -a, ^ > 1 and so y is negative, and hence y is imagi- 
nary. Thus there are no points of the ellipse beyond A' to the - 
right, or beyond A to the left. Similarly, if i/ > 6 or < - fe, cc is 
imaginary, and thus there are no points of the ellipse above B or 
below B! in the i/-direction. Hence, the ellipse is limited in all 
directions, and is a closed curve. 

Lastly, from the equation "2 + ra “ 1 of the ellipse, if f/j.) 

a 0 

be the co-ordinates of a point P on the ellipse which satisfy the 
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equation, the co-ordinates (“CCi, -^i) will also satisfy it, and 
accordingly the diagonally opposite point Q, where PQ is bisected 
at C, is also a point on the ellipse. Thus every chord of the ellipse 
through 0 is bisected at C, and thus the elnpse is symmetrical 
with respect to the origin C, the mid-point of AA' or BB\ That 
is why C is ca^^^*^ nonvtvp rkf f.l^A Alli-naA 

The length AA^ — 2tL%,long the aj-axis is called the major axis 
of the ellipse. 

The length BB' = 26 along the i/-axis is called the minor axis 
of the ellipse. 

The points A, A\ B, BL. are called the vertices of the ellipse. 

The chord LSL' through the focus S, or LiS^Li through the 
focus S , perpendicular to the major axis AA^ (i.e., parallel to the 
directrix) is called the latus rectum of the ellipse, both being of 
same length by symmetry. 

Now ae being the length CS\ the a?-co-ordinate of the extre- 
mity Li or L\ of the latus rectum is ae. Hence, from the 
equation to the ellipse, the j^-co-ordinate of Lx or L\ is given by 

a" ^6^ 

Hence, y- ±b Jl- e^ — ±a(l 

Thus the length or Llf of the latus rectum 

»2a(l-e»)-2-- 

• a 

6^ 

Semi-latuB rectum = ^ail-e^). 

a 

Co-ordinates of the extremity Lx, of the latus rectum are 
[ ae, a{l-e^). ] 

The eccentricity of the ellipse is given by 

b*-a*(l-e“) or 

• a 


Lengths of the focal distances ST, SP of any point P on the ellipse : 
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Let the co-ordinates of P be (*11 Vi). TThose of S beinf 
(ae, 0), we get 

S'P* = - oe)* + 1/1® =(x^ -aeY + 6 ® (l - -^a’) 

^ [ from the equation to the ellipse ] 

= foi - aeY 

[•/ 

= * - 2x^ae + a® = (a - erri) 

•*• S'P“=a“exi, which is the positive value of S'P, 
Xi < a, as also e < 1, ^ 

Similarly, SP “ a + ex i . 

Thus, SP + S'P== 2a = length of the major axis. Hence, wo 
get an important property of the ellipse, namely, the s^im of the 
focal distances of any point on the ellipse is constant and equal to 
the major axis. 

Cor. Focal distance of an extremity of the minor axis is equal to the 
semi-major axis. ^ 

Note 1. As the whole figure is symmetrical with respect to the minor 
axis henceforth, for convenience, as a matter of convention, we shall 

denote the right-hand focus {ae, 0) as S, the right-hand vertex (a, 0) as and 
the left-hand focus (-ae, 0) as S\ the left-hand vertex (-a, 0) as A\ the 

right-hand directrix having equation ^ being denoted by MZM\ and left- 

hand directrix a;= - - as KZ*K\ 
e 

X® V® 

Nolo 2. The equation a>b, 

2/^ 

If in the equation ® V 1^® interchanged, the 

£C* ‘Z/* 

equation becomes = l or , Here, a being greater than 6, 

a o 0 a 

the major axis having length 2a is along the ^-axis, and the minor axis of 
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length 2h is along tA os-axis. The fooi» being on the major azis« ^-azi0» 
will have co-ordinates, (0, ± The eccentricity is as before- 


% 


e= sj(a'^ - b'^)!a. The directrices being parallel to the minor axis i.e., as-axia 
here, are given by 1 / = ± ^ • 



7*4. Equation to the tangent at a given point (xi,yi,> 

X* V® * 

the ellipse 

a D 

Let P be the point (a;i, 1/1) on the ellipse 

= l (i) 


and let Q (a? 21 2) be a neighbouring point on it. The equation 
to the chord PQ is 


X2 
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Now since P and Q both lie on the ellipse (i)^ we have, 

+y4^i 

••• (iii) 

^2' ■^1,2 —1* 

% 0 

- (iv) 

Hence, subtracting, * • 


2 “ + 2 — u, or, ^ — 

Qi 0 2/2 *^1 

_ X 2 + Xi 

a“'2/2+!/i 

equation (ii) can be written as 


. -i’VT+T. <*-/■' 

... ^v; 


Now make Q approach P and ultimately coincide with it, 
«o that the co-ordinates (iCat 1 / 2 ) coincide with (a; i, t/i). In that 
limiting position, the straight line PQ becomes the tangent at P, 
whose equation [ from (v) ] then becomes 

or, (y - j/i) 15 + (® - ®i) = 0, 

.,8 + 1;2» = 1- I. h (MV J 

a 0 a 0 

Hence, the equation to the tangent at (ari, i/i) to the ellipse (i) is 

xxj . yyi . 

«2 + 1,2 !• 


7*5. Equation to the normal at (xi, yi) to the ellipse 




The tangent at («,, i/,) to the ellipse is + 

CL O 

or, y= — 2 -^®+ -> of which the m is — 2 “ * 

a Vi !/i a^Vi 
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The normal, which is perpendicular to the tangent through 
(a?!. l/i)i has its accordingly jts equation is 


or, 


CL^Ui / \ 

% ^ *^1 

LZillLlXi. 

Za 

b* 


7*6. Length of the^hord of the ellipse -1, inter- 

cepted by the straight 1^ y-mx+c. 



At the points of inte^ection of the line with the ellipse, both 
the equations are satisfied. Hence, eliminating y between the 
two equations, the abscissae of the points of intersection will be 
given by 

[mx + c]^ _ - 

1,2 1 . 



which being a quadratic equation in x, there are only two values 
of X and accordingly, only two points of intersection of the given 
straight line with the ellipse (real, coincident, or imaginary). 
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Let {xu Vx) and (ara,'»») be the co-ordinates of the two points 
P and Q of intersection. Then and are the roots of (i). 


%nca^ 


• • (^'l ~ 3^2) ^ ^ 2 )^ ~ 

^ 4»n“c®a‘ _4a®(c®-7;*) 


_ 4 a® -Jc® - /j/j(a®»?i® + h^)] 


_ “-//{ 
(a®w®-/®)* 


4 a® 6 ®(a®)n® + fe^-_c®) 
iaV+bY, '■ 

Again P and Q lying on the given line, 

1/1 = mxi + c, 1/2 = moJa + c. /. - 1/2 =«i(a!i - 3:2). 

length of the chord PQ 

== Vtei“%)^ + (l/i~^/ 2 p= \/fei-a: 2 r(l+m^) 

, /4a®6 6'^ - c‘'^)(l + 7 n^) 

V (aV+J^r 

_ 2ab \/l+iii^ 

a^m^ + b® 


Cor. Condition of tangency. 

The given line will touch the ellipse only when the two points of inter* 
section come into coincidence, i.e., when the length of the chord intercepted 
is zero. Hence, the condition that the given lino y-mx+c may touch the 

ellipse + ^-g = 1 is + 6® - c® =0, or, c = + )Ja®m*+b*. 

7 7 . To show that y = mx+ Ja^m^ + b^ is a tanf/ent to the 

77- 

ellipse ^8 + ja = l for all values of m, and to find the point of 
contact 
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flJ* V* 

The tangent at {xu ^i) of the ellipse + f2 = 1 

0 / 0 

% 

. xxi.yvi , 

T* ■*■ ?,8 “ 1 * ® ■*■;;;■■ 

a 0 ci Vi Vi 


(i) 


^ If the line Ja^m^ + b^ ••• (ii)l 3 e tangent to the 

ellipse at (aJi, i^i), the eqTfcitions (i) and (ii) mnsf^e Hence, 

qp^mparing coefficients, 

f 2 2 . r ‘2 

— 2 — = m, = + 

a Vx * 1/1 




The line (ii) therefore will touch the ellipse only if the assumed 

^2 2 

point (cCi, i/i) is really a point on the ellipse “2 + ^ = li 

CL 0 

■^(754® +5*) 

which is evidently satisfied. 

^ 

Thus, y^mx+Ja'^m^’^b^ touches the Ellipse 2 + r2 = li 

a 0 

whatever may be, and the point of contact is given by 

a’^m • b* 

" Va«m*+b»’ "7a^*+b»’ 


Similarly, y = mx- Ja^n^ + b^ is also a tangent to the ellipse 
a/ a 

— ^ + V a ” li for all values of ? 7 i, the co-ordinates of the point of 
a 0 


— itact being 

a^m 


JaV'+y^ 





7‘8. Auxiliary circle. 

The circle on the major axis AA^ of an ellipse as diameter is 
defined as the auxiliary circle of the ellipse. 
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The centre of the circle being the origin C, and its radius being 
the semi-major axis a, the equation to the auxiliary circle is 


x^ + y 





Let PN be an ordinate of the ellipse, which, when produced, 
meets the auxiliary circle at Q. 

Then x being the abscissa CN of the point P, from the equa- 
tion ^ ^ ellipse, the ordinate of the ellipse 


Also, from the equation x^ + y^-a^ of the auxiliary circle, 
the abscissa CN^x being the samfl thp nrilinnf;A nN= — 


PN 

Thus ■ — ■ 
inus. 


b 

— • 

a 


Hence, the ratio of any ordinate of the ellipse to the corres- 
ponding ordinate of its auxiliary circle is always the same, and 
is equal to the ratio of the minor axis to the major axis of the^ 
ellipse. 


Note. Co-ordinates of any point on an ellipse expressed in terms of 
a single variable ; eccentric angle of a point on the ellipse. 


• • 


Let Then, CQ=a, clearly CN’<=acos(, NQ^a sin 6. 

NP*= a sin sin 0. Thus, co-ordinates of any point P on the 
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ellipse can bo written as a COB 

Here, S is called the eccentric angle of the point P dli iSw dlip®*’ 

7*9. Locus of the middle points of ^ sysfeoi of JwrAlfSlk 
chords ; diameter. 



Let PQ, given by the equation t/ = mx + c ... (i) 

be any one of a system of parallel chords of the ellipse 

••• ••• ••• vnJ 

a 0 


As the chords are parallel, m is the same for all chords, but 
c is different for different chords of the system. 

At the common points of intdtsection of (i) and (ii), elimina- 
ting ?/, the abscissae are given by the' roots of the equation 

Unx + c)® # - 

or, + 6 *)®^ + -h^) = 0 ... (iii) 

Thus, if (oJi, 2/i) and {x2f I/2) be the co-ordinates of P and 
Xi, Xo are the roots of (iii), and so a^i +a;a = — Hence. 

Cb 7Ti ’TO 

if (Z, Y) be the co-ordinates of the mid-point L of PQ, 

^ 1/ , ^ a^mc 

+ aW + 6** 

Also, L is a point on (i), F=»»X+c. 
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/• eliminating c, 


X V- X. 

* a 7n a m 


ivhlch is independent of c, and so holds for the middle point of 
any chord of the parallel system. ^ 

Hence, the locus of middle points co£ a system of parallel 
<jhords of the ellipse, parallel to y=^mx, is 


b 

5 ^ 


which is evidently a straight line passing through the origin, i.c., 
the centre 0 of the ellipse. This straig^. line is called a diameter 
of the -ellipse. For different values/4)f m (i.e., for differently 
directed system of parallel chords) wef get different diameters, all 
passing through the centre. 


7*10. Illustrative Examples. 


Ex, 1 . Show that the equation 5aj®+9t/* + 10x-36]|/-4 = 0 represents an 
■ellipset and find its eccentricity^ latus rectuvit and co-ordinates of the foci* 
Find also the equations to its directrices. 

The given equation can be written as 

5(a;’* + 2ai.+ 9(i/®-4^) = 4, or, 5(a;+l)*+9(^y-2)’ = 45, 




{x+iy , 

9 5 
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whioh is the standard form of the equation to an ellipse, with centre as 
origin. 

Hence, the given equation represents an ellipsg whose centre (the new 
origin) has co-ordinates (-1, 2) referred to the original axes of co-ordinates. 
Comparing equation (i) with the standard equation 

^ +^a = 1, we notice that for (i), a’ »®9, 6* = 5. 

Thus, eccentricity of the given ellipse Is 




2 

3* 


ra 5 

Latus rectum =2 **2* r; =3i. 

Up U 

Go ordinates of the foci rmrred to the centre are 
(±ae, 0), i.e., (^1^5, 0), or (±2, 0). 

Hence, referred to the original axes, the co-ordinates of the foci are 
(-1 + 2, 2-f-O) and ( — 1 — 2, 2-t-O) i.e., (1, 2) and ( — 3, 2) respectively. 


Also, the equations to the directrices referred to centre are ® = ± - 

e 

3 9 

or, «= ± j = ± 2 * Hence, referred to original axes, the equations to the 

dirictrioes are «= ± J — 1 i.e., and x— —V- respectively. 

Ex. 2. Prove that the point (oji, t/J is inside or outside the ellipse 



1 according as 




- < 1 or > 1. 



Let P be the point where co-ordinates are (sxi Vx) and let CP, the line 
joining the centre (origin) to P intersect the ellipse at Q. Then, if 

CQ 

clearly P is outside the ellipse if X > 1 and inside if X < 1. 


H. 8. 0. G.— 8 
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Now, PN and QM being perpendioulars on the cc-axis CAX, clearly 

Xi^CN, Vi-NP, and Qp^ x‘ 

.•. the co-ordinates of Q, namely CM and MQ are respectively 

As Q lies on the ellipse, its co-ordinates will satisfy the equatidn to the 

ellipse, and hence ^ 

4. nr ^ + = 

X»a*^\*6’ ’ a" ^6“ 

Hence, the point P is outside or inside the ellipse according as 
> 1 or < 1, 

Ex.. 3. Prove that the locus of point of ^er section of any two perpendi- 
cular tangents to an ellipse is a circle, v 


Let ^ + ^ = 1 

o'* 


(i) be the equation to the ellipse. 



Any tangent to (i) is y’=‘mx+ >Ja*m' + h 00. For the perpendicula 
tangent, replacing TO by - ^ • the equation is W" “ ~ + 

my^'-x+ ••• (iii) 

At the point of intersection of (ii) and (iii) both the equations ax 
satisfied. Hence, if we eliminate m between these two equations, the reh 
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tion obtained i^ill £e satisfied at the points of interseotion of every suoh pair 
of perpendicular tangents, and will thus represent the equation to the 
desired loous. 

Now, from (ii) and (iii), 

y^mx= + and my+x= sla^ + b^m^» 

Squaring and aAing, 

+ 2/®)(l ?- w*) = (a’ + 6®)(1+ m*). 

which evidently represents a circle with its centre at the centre of the ellipse. 
Note. The circle is known as the director circle of the ellipse. 

the chord of the ellipse It y^hose 

middle point is (i, ?). ^ 

Let the equation to the chord PQ, whose middle point is (}, i) be 

y-% = rn{x-i), ot y=mx+^-^‘ ... ... (i) 


The abaoiBSsa of its points of interseotion P and Q with the ellipse 

... (ii) 


26^16 


are given by [ eliminating y between (i) and (ii) [ 


® + 

25 16 


1 f ^4-5ml= , 

Lg|?7ja;+ j =1, 


or, 


(16+ 26m®)a3’* + 67^(4 — 6yt)x+ 0. 

4 


(iii) 


Now, if (xl, ^i) and (a;,, y<f^ be the co-ordinates of P and Q, then x^t sca 
are the roots of (iii). 


Hence, aji + x-* 
and XxX 2 


16 + 25771’* 

( 4-677t) ’*-16W 

4(16+25771*) 


.. (iv) 


... (v) 


But the abscissa of the middle point of PQ is given to be 

.’. J(®i + «a)*ii or, flJi + ®a = l. 

from (iv), 16+ 25771* = 6771(6771 -4). .•. 77i*-J. 


(v) gives aJiOJa 


64-1600_ 

4.32 


. (® 1 - ®a)* = {«1 + ®a)* - 4ei®a “ 1 + 48 “ 49. 


... (vi) 
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As P and Q both lie on (i), 

»ii -}“»»{*» -i). 

pg- +(»7-^,T’ - *s/(*i-*a)’{i+«) 

Ex. 5. Prove that in the ellipse ^ + ^^=1, if the line y=m'x bisects all 

CL 0 

chorcls parallel to y=mx, then y-mx also bisects all chords parallel to y=m'x. 

As in § 7'9, we see that the bisector of all chords parallel to y=mx is the 
6 * 

diameter i/= Hence, if thia diameter Jjfj given to be i/*= m'x, we must 

havem's=--a— or ••• (i), wl/ch is the condition that 3 y = w'a; 

CL m CL 

may bisect all chords parallel to y=mx. 

Similarly, the condition that y — mx may bisect all chords of the ellipse 
parallel to y^rnx is which is identical with (i). 

Hence, if y^m'x bisects all chords parallel to y==mx of the ellipse + 

= 1, then y=mx will also bisect all chords parallel to y = 7 n'x, the common 

condition being mni^ — 
a® 

Hence, if a diameter of an ellip|e bisects all chords parallel to another 
diameter, the latter will also bisect all chords parallel to the former. 

Two such diameters are referred to as conjugate diameters of the ellipse. 

Examples VII 

1. (0 Find out the eccentricity, and the co-ordinates of the 

foci of the ellipse 9x^ + -= 225. [ H. S. 1960 ] 

(ii) Find the co-ordinates of the foci of the ellipse + 5y^ 

-46. 

2. An ellipse has its major axis along the a;-axis and minor 

axis along the y-axis. Its eccentricity is i and the distance 
between the foci is 4. Find its equation and show that the ellipse 
passes through the point (2, 3). [ H. 8. 1961, Compartmental ] 
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[ Let the equation of the ellipse be * !• 

Distance between the fool»2ae«4 or [giinoe 

Again 6> = a*(l-e*)«16 (1-J)«12. 

Hence the equation of the ellipse is « 1 wJuioh is satisfied by (2, 8).] 


3. (i) Find the equation to the ellipse whose centre is the 
origin, whose axes are the axes of co-ordinates, and which passes 
through the points ( - 3 . Y) and ( 0 , - 4). 


Find also the co-ordinates of its foci. 

[ Let the equation’of the ^^e be ® ^ ^ 

Since it passes thiS^ugh ( — 3, V*) {^» 


9 256 _ 

Solving, a* = 25 and 5* = 16. 


and 


Henoe the equation of the ellipse is 


Again 16 = 25(1 -e’) or e= +|. 

co-ordinates of foci (±a«, 0) i.e., (±5.|. 0) i.e., (±3,0).] 

(ii) An ellipse having centre as origin and axes along the co- 
ordinate axes, passes through the points (f , - 3) and ( - a/G, 2). 
Find the equations to its directrices. 

4. Find the equation t«) the ellipse having centre as origin, 
and axes along the axes of co-ordinates, whose latus rectum is 6 
and eceentricity i. Write down the co-ordinates of the extre- 
mities of its minor axis. 


5. (i) The latus rectum of an ellipse is half its major axis ; 
find its eccentricity. 

(ii) The distance between the focus and directrix of an 
ellipse is 16 inches and its eccentricity is f . Obtain the lengths 

of its principal axes. 

• 

6. Find the equation to the ellipse whose focus is ( - 1, 1), 
eccentricity is i, and directrix is a; - y + 3 = 0. 
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7. Find the latus rectum, eccentricity and co-ordinates of 
the centre and foci of the ellipse : 

(i) 3a;® + 42/® +*6a;-8!/ = 5. 

(ii) 9a:^ + 5l/^-302/ = 0. 

8. Is the point* (i) (2. - li), (ii) (2, - l), inlide or outside the 
ellipse 4®^ + 9i/® == 36 ? 

‘ 9. Find the equation to the tangent of the ellipse 9x^ + 

= 144 having equal positive intercepts on the axes. 

[ H. S. 1961 ] 

10. Find the distance from the orL^n of the point where the 

tangent at the extremity of a latus r^cum of the ellipse 9x^ + 25i/“ 
= 225 intersects the major axis. [ H, S, 1960 ] 

11. Show that x-Sy — IS touches the ellipse 

2.2 2 

= 1. [ H. S. 1960, Compartmental ] 

What are the co-ordinates of the point of contact ? 

[ Since \/25(4)* + J^ = -y- 'which is equal to the numerical value of the 
X 13 

constant of lino ^ [Cor. §7*6], hence the line touches 

the ellipse. 

Let (ajx, 2 /i) be the point of contact. 

The equation of tangent at ^i) 

^ ^iist be Identical with x - 3j/= 13. 

xj25 yJlG 1 . ^ X . /25 48\ 1 

= co-ordinates of point of contact 

12. Find the equations to the tangents to the ellipse 9®^ + 16y® 
= 36 which are parallel to 3® — 32/ + 7 = 0, and find out the points 
of contact. 

' 13. If a tangent to the ellipse "2 + = 1 intercepts lengths 

€t u 

a and jS along the axes, prove that a*/a® +6*/^* = l. 
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[ Equation of tangent is - + ^ * 1. 

P 

/. since tangent to 


or, 



1 .] 


% 

• 14. Prove that t^eeproducfc of the perpendiculars from the 
foci on any tangent to an ellipse is constant, and is equal to the 
square on the semi-minor axis. 


15. The straight line 3® - Sj/ + 25 = 0 touches an ellipse whose 
principal axes are along the axes of co-ordinates, and whose 
eccentricity is given to ^ Find the distance between the foci 
of the ellipse. 

[ Let the equation of ellipse be = 

= = - - (1) 

Since 3a; — 5i/+25*=0 is a tangent to the ellipse, 

5« or, 25=/5a» + 6“. ••• - (2) 

Solving (1) and (2), a=5. 

Co-ordinates of foci (±ac, 0) i.c., ( + 3, 0). 

Distance between fooi = 2ae“6. ] 

16. Find out the equation to the normal to the ellipse 
2a;^ + 7|/^ = 71 at (2, - 3) and dd;ermine the distance of the point* 
where it intersects the major axis, from the foot of the ordinate. 

xl 

[ Equation of ellipse is ?? + ? , = 1. 

- 5 " ~ 1 ~ 

A • Q rr.e j.- c i • 2 ?/+ 3 

As in § 7 5, equation of normal is 

-V ~-V- 

5- T 

. or 21x+4i/=30. 

When it intersects major axis, i.e., x-axis, y=0, 

x*“ tIx (•?> 0)» 

Distance of the point (5?* 0) from the foot of the ordinate^ J? - 2= — ] 

17. 'Wirite "down the equation to the normal to the ellipse 

a + ta*! at an extremity of the latus rectum, and show that 
a o 
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if it passes through an extremity of the minor axis, the eccentri- 
city of the ellipse is given by = K \/5 " l)* 

18. If the norm at to the ellipse a:^ + 3i/* = 12 at a point be 
inclined at 60** to the major axis, show that the line joining the 
centre to the point is inclined at 30® to the sam^ «'s’is. 

19. Obtain the equation to the chord ^f the ellipse -- + 

= 1 which is bisected at the point (2, - 1). 

a* ^2 

20. Find the length of the chord of the ellipse ^ + 10 ® 1 

intercepted by the line a; + i/ = 3. What^are the co-ordinates of 
its middle point ? 

21. Find the equation to the diamOTer oi the ellipse 6a;® + 92/^ 
“ 1 bisecting all chords parallel to y=x, 

[ As in § 7*9, equation of diameter is ?/= — 7— x. 

a^m 

Hence 6® = ^, and m=l. 

1 

y= w 8y+2x=0. ] 

22. Show that the straight Ifnes 32/ = ix and x + 3y = 0 each 

% rr® j/‘^ 

isects all chords of the ellipse g + ^ = 1 parallel to the other. 

ANSimBS 


1. (i) i ; (±4, 0). (ii) (0, ±2). 2, *’ + "’ = !. 

lo 12 

16+12“^ : ±2 n/3). 

5. (i) • (ii) 30 inohea, 24 inches. 

6. 8{(®+l)’ + {y-l)*}>»(a-9+3)’, or, 7s’ + 2x»/ + 7^’ + 10s-10//+7 = 0. 

7- (i) 3 : J : (- 1, 1) : (O, l) and (- 2, 1). (ii) 3J ; J ; (0, 3) ; (0, 1) and (0, 6), 
8. (i) Outside, (ii) Inside. 9. x+y^S, 10. 6^. 11. (^|, -{J). 

12. 2*-2j/=±6: (j, -i*o) and (-?, to)- 15- 6. 16. 21x-f4j-=;)0; -f. 
17. x‘=e(y+ae‘). 19. 8x-9v-25. 20. 71{ ;(}{.}?)• 21. 9x-f.Sf/»0. 
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8*1. Hyperbola. 

A hyperbola ii^a curvj traced out by a point wbioh^ moves on 
a plane so that its distance from a fixed point on the plane 
always bears a constant ratio to its perpendicular distance from 
a fixed straight line on the plane, the ratio being greater than 
unity. 

The fixed point is ca^d the focus^ the fixed straight line is 
called the directrix^ and constant ratio (which is greater than 
unity in this case) is called^h^ eccentricity of the hyperbola. 

8*2. Standard equation of a hsrperbola. 



Let S be the focus, MM' the directrix, and e( > 1) the given 
eccentricity of the hyperbola. 

Draw SZ’ perpendicular from S on MM', and let it be divided 
Mnternally at A and externally at A' in the ratio e : 1, As a > 1, 
SA' > A' Z, and accordingly A' is to the left of S as in the figure^ 
on the side of the directrix MZM' opposite to A, S being not 
between A and A'. 

Then, SA'^e.AZ and SA' = e.A' Z, 

Hence, by definition of the hyperbola, A and A' are points on 
the hyperbola. 
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Let C be the middle point of AA'. 

Thus, SA + SA' = e(AZ + A'Z) 
and SA'-SA = eW2!-AZ), 

or, 2CS^e.AA' -e.20A and A A' or 2CA = e.2GZ. 

• * „ 

Let GA = CA’ = a. Thus, GS = ae, ^oA GZ = - ■ 

e 

Let us choose G as origin, and CX along A^A as a;-axis, the 
y-axis CY being parallel to M'M ix.y perpendicular to A^A 
through C. 

Now, P being any point on the hyjprbola, whose co-ordinates 
are (x, y), let PN be the perpendiculy from P to the a;-axis, and 
PM be perpendicular to the directrix MM\ Then, CN=x, 

PM= ZN—CN- CZ =^x- • Also co-ordinates of S are evi- 

e 

dently (r/ 0 , 0). [ *.* CS = ae]» 

Hence, from the property of the hyperbola, 

SP = e.PM, or. SP^=e^PM\ 

{x-ae)^ -^y^=c^\x- » 

or, x^{e^ =a^{e^ -1), { *.‘ c > 1 here ) 

or, writing a^{e" “ l) = 



This being the relation satisfied by the co-ordinates of any 
point on the hyperbola, it represents the equation to the hyper- 
bola in its standard form. 

Here C, the middle point of AA^ (called the centre) is the 
origin, CA = GA' = a, and 6® =* - l). 

8*3. Shape and elementary properties of the hyperbola. 

Erom the equation ^ - r 2 == 1 of the hyperbola, 4.he following 

Cti 0 

points may be noted. 
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If 2/ = 0, a?=±fl5, so that the hyperbola cuts the aj-axis at 
points A and given hy x = a and x = ~ a respectively. 



If!r = 0, is negative and so y is imaginary. Accordingly 
the curve does not cut the i/-axis at all. 

f y^ x^ 

For values of a; < a; lor > - a (i.e., within AA'), -» - l 

o a 

is negative, and so y is imaginary. Hence, there is no portion of 
the hyperbola within the range AA\ 

x^ ^ y^ x^ 

For values of cc >a or < -a, -g > 1 and so 2 “1 is 

a 0 a 

positive. Hence, y has two equal and opposite values. Thus 
from A to the right, or from 4' to the left, the curve extends? 
being symmetrical with respect to the ar-axis, y having greater 
and greater magnitudes as the magnitude of x becomes greater 
and greater. ^ 

Again, for any values of y, ^3 = 1 + is positive, and so x has 

two equal and opposite values. Hence, the curve is symmetrical 
with respect to the y-B,xis. 

Thus, the hyperbola co^isists of two detached portions as shown 
in the figure, extending from A towards the right and from A' 
toward the left, being symmetrical abo 2 it both the x-axis and the 
y-axis. 

• 

From symmetry about the y-axis OF, we see that if we take 
points S' and Z' on the a:-axis such that CS' “ CS and OZ' - CZ 
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on opposite sides of C, and draw KZ 1\! parallel to MZM\ the 
curve might be drawn equally well with S as focus and KZ'K' 
as directrix, e being tlje same as before. Hence, a hyperbola has 
a second focus and a second directrix symmetrically situated with 
respect to C. 


Lastly, if (a;i,!/i)<be the co-ordinates of appoint P on the 

* •flj® 

hyperbola so that they satisfy the equation ~a - ^ = 1, the co- 

a 0 


ordinates (-aJi. -i/i)will also satisfy it, and accordingly the 
diagonally opposite point Q, where PQ is bisected at 0, is also 
a point on the hyperbola. Thus, every chord of the hyperbola 
through G is bisected at C, and so the Jj^^perbola is symmetrical 
with respect to the origin 0, the mid-pa^ of AA\ This is why 
C is called the centre of the hyperbola. ^ 


The oj-axis is here referred to as the transverse axis, and the 
length AA' = ia is called the length of the transverse axis. The 
IZ-axis here is referred to as the conjugate axis, and a length 
BB' = 26 (where OB = OjB' = 6) along this axis is referred to as the 
length of the conjugate axis. 

The chord LSL' through the focus S (or LiS'L\ through the 
focus S') perpendicular to the transverse axis {i.e., parallel to the 
directrix) is called thel^tus rectum of the hyperbola. 

Now, ae being the length GS, the rr-co-ordinate of the extre- 
*mity L of the latus rectum is ae. Hence, from the equation to 
the hyperbola, the i/-co-ordinate of L is given by 

6 ^"^- 


Hence, ±b ± a{e^ - l). 

Thus, the length LL' of the latus rectum 

-2a(e»-l)=»2— • 
a 


6 ^ 

semi-latus rectum “ ““=a(e^-l). 

a 

» 

Co-ordinates of the extremity L of the latus rectum are 
[ae, a(c® - 1).] 
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The eccentricity of the hyperbola is given by 
b»-a“(e»-l),or, 

Note 1. If a*=&, the hyperbola is said to be a reetaDgalar or equilateral 
hyperbola. For a reotacgular hyperbola the eocentrioity 

Note 2. Lengths of the foeal distances SP. S'P of any point P on the 
hyperbola. 

Let the oo-ordinates of P be (xi, y^). Those of 8 being (aa, 0) we get 

SP* = (*i - oeY + w. • f («, - ae)* + 6’ (^ - 1) 

[ /rom the equation to the hyperbola ] 

= e*Xi*-2a;iae+a^ = (exi-a)*. 

SP=eXi — a, which is the positive value of 5P, 

*.* Xi> a and e > 1 here. 

Similarly, S'Paaexi+a. 

Thus, 5'P-5P=2u= length of the transverse axis. 

Hence, we get the important property of the hyperbola, namely, the 
difference of the focal distances of any point on the^yperhola is constant and 
equal to the transverse axis. 


8*4. Equation to the tangent at a given point (xi, yi) on 
y * 

the hyperbola 


Let P be the point i/i) on the hyperbola 


..a 

7 « 

a 0 


... (i) 


and let Qix^t t/ 2 ) be a neighbouring point on it. The equation to 
the chord PQ is 


= ... ... (ii) 

X2 ” Xx 

Now, since P and Q both lie on the hyperbola (i), we have 


-^- = 1 ... (Hi) ^-^ = 1 
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Hence, subtracting, 

yg*-yi” -o „ ya.-J'i 

Cl v X2 £Ci 


jgg +a?i 

<»*’»9 + Vi 


equation (ii) can be written as 


6? 


a l/a + l/i 



Now, make Q approach P and ultimately coincide with it, s< 
that the co-ordinates {x^t I/2) coincide with (xi, 1/1). In tha 
limiting position the straight line PQ becomes the tangent at P 
whose equation [ from (v) ] then becomes 


y 


-1/1 = 


Xi 

Pi 


{x - ®i), 


or, 


or. 


« 1,2 ^,2 ]L 4 

Cb U il 0 


[ ("mj ] 


Hence, tbe equation to the tangent at {x^, yi) to the hypei 
bola (i) is 


8 - 6 . 
~Ka ' 


Equation to the normal at (x^, yt) to the hyperbol 

1 « P 


The tangent at (a^i, y^) to the hyperbola is ^ 

or, 1/ = — 2 ® ■” * of which the m is o • 

!/i Vi 

The normal which is perpendicular to the tangent throug 
2 

(xi, t/i), has its *m*“ and accordingly its equation is 
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8*6. Length of the chord of the hyperbola 
intercepted by the straight line y-mx+g. 



At the points of intersection of the line with the hyperbola^ 
both the equations are satisfied. Hence, eliminating y between 
the two equations, the absciss® of the points of intersection will 
he given by 

or, - b^)x^ + 27nca^x + a^{b^ = 0 (i) 

which being a quadratic in x, there are only two values of x 
and accordingly only two points of intersection of the given , 
straight line with the hyperbola (real, coincident or imaginary). 

Let (aJi, Vx) and (iCgi 1 ^ 2 ) be the co-ordinates of the two points 
P and Q of intersection. •Then, and Xq are the roots of (i). 

. _ ^mca^ j a^{b^+c^) 

. . 371+ 2^2 /y2»w*— and “ a a r 9 * 

a m o a m 0 

{Xi-Xa)^ ^{Xi + XiV -^XiX2 

im^c^a* _ 4a^(& ^ + c* ) 

(a^m* -b*)* a’‘m‘-b’‘ 

4a* {»»®c*a* - (fe® + c®) (rt®«® - 6®)} 

(a®m®-6®)® 

_ 4a®6*(c® - o*»»® + 6*) 

(a®»»®-6®)®' 
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Again, P and Q lying on the given line y = mx + c, 

yi=mxi+c, y2==tnX3+c. tfi -J/a "SJa) 

r 

length of the chord PQ 

^ -j/(a:i-®a)*+Tvi"l/2)“= - a;a)*(l + to®) 

_ -a®TO* + TO®) 

V (a®TO®-6®y®‘ 


Sab^l+m® 


am 


“-b“ 


Cor. Condition of tangeney. 




The given line will touch the hyperbola only when the two points of 
intersection come into coincidence, i.e., when the length of the chord inter- 
cepted is zero. Hence, the condition that the given line y = 7nx + c may touch 

the hyperbola = l is 

c’ + = 0, or, c=s± 

8*7. To show that y^mx+ Ja^m^ — is a tanaent to the 
2/2 V 

hyperbola -2 ~ ^2 =1 for all values of and to find the point of 
contact. 


XX ^ 
a 


^2 2 

The tangent at (xi, yi) of the hyperbola “a ” f a = 1 is 

Cl 0 a 

Wi_i f\ 

-Ji-J. ... (0 

If the line y = mx+ JaV-b^ — (ii) be a tanrent to the 
hyperbola at (x,, j/^), the equations (i) and (ii) must be identical. 
Hence, comparing coefficients, 

K- =»».--= : 

a l/i l/i ^ * 


^ h* , _ _ ina^Vv 


ma 

’Ja^in*~b'‘ 
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The line (ii) therefore will touch the hyperbola only if the 
assumed point (aJi, i/i) is really a point on the hvnerbola ^ rs 
= 1, i,e., if 

I -A V^i 

which is evidently satiefi^d. 

Thus, y = mx-^ is always a tangent to the hyper- 

a a 

bola “y - ^ = 1, whatever 7 n may be, and the point of contact is 
a ^ 

given by 


Xi = - 




yi“ - 




Similarly, y = mx- Ja^ 7 n^--h^ is also a tangent to the 
2 2 

hyperbola "■ “ 1, for all values of m, the co-ordinates of the 

Ot 0 

point of contact being 


/ a^m ^ b® 

\ Ja^7n^ - Ja^rn^ ’ 


8‘8. Locus of the middle points of a system of parallel 
chords ; diameter. 



Let PQ.^iven by the equation 
l/*waj + c 
H. S. 0. G,-9 
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be any one of a system of parallel chords of the hyperbola 

- (io 


-h=i. 


As the chords are parallel, m is the same for all chords, ^but 
c is different for different chords of the system. 

At the common points of intersectioi? of (i) and (ii), elimi-^ 
nating y, the abscissae are given by the roots of the equation 

or, “ 6^) + c^) = 0. (lii) 

Thus, if (rTi, 2 / 1 ) and y^) be^e co-ordinates of P and Q, 
(Ti. fljg are the roots of (iii), and so. 

^ _ 2a^mc 

X * X 2 2 1.2" 

a m -b 

Hence, if (X, Y) be the co-ordinates of the mid-point V of P(?, 

■^- 1 / ^ a^mc 

A 2 \iCl ®2/ 

a m ^ 0 

Also, ’ V is^ point on (i), Y = 7nX+ c. 
eliminating c, 

^ 2-2 _Tsr “ * or, -b^X=-a7nY, 

a 771 “0 


or, being independent of c holds for 

the middle point of any chord of the parallel system. Hence, 
the locus of the middle points of a system of parallel chords of 
the hyperbola, parallel to y- mx, is 

y*“ ■“2 — X 


which is evidently a straight line passing through the origin i,e,, 
the centre G of the hyperbola. This straight line is called 
a dia7neter of the hyperbola. For different values of m (z,e,, for 
differently directed system of parallel chords) we get different 
diameters, all passing through the centre. 
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8*9. Agympt^ies of a hyperbola. 

We have noticed in § 8‘7 that the line given by 


y = mx+ is always a tangent* to the hyperbola 




= 1, and the co-ordinates of the point of contact are 


a®7?i®-6®=0, or, ?m= ± • the co-ordinates of the point of 

a 

contanct both tend to infinity. 

Hence, the straight linlk 7/ = ± ~ x are both tangents to the 

\ ^ 

2 2 
X y 

hyperbola “a “ , 2 = li where the points of contact tend to infinity. 
a o 

These lines are defined as asymptotes to the hyperbola. 



They are inclined to the transverse axis at an angle 6, where 

tan 0 »= ± - • Hence, with sides equal and parallel to the trans- 
a 

verse axis 2a and conjugate axis 26 of the hyperbola, if we 
construct a rectangle with centre at the origin, the diagonals 
will be the asymptotes, which will continually approach the 
hyperbola, and will ultimately touch it at infinite distance. 
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la the particular case when 6 = a, the asymptotes are inclined 
to the a;-axis at angles ± 46"*, and so they are mutually perpendi- 
cular. The hyperbola in this case, when its transverse and 
conjugate axes are equal in length, is defined to be a rectangulai 
or equilateral hyperbola^ having its asymptotes mutually per- 
pendicular. 


S'lO. Illustrative Examples. 

Ex. 1. The co-ordinates of the foci of a hyperbola are ( — 5, 3) and (7, 3), 
a'iid its eccentricity is J. Find the equation and determine the length of its 
datus rectum. 


Jjet 8 (7, 3) and 8* (-5, 3) be the given fo^ The eccentricity e = f. 
'he the length of the transverse axis, then 

or, 12 = 2axj. Z. a = 4. 

Also, 25 being the conjugate axis, 

= (f-l) = 20. 

Hence, the length of the latus rectum 

= 2 — = 2 «^°= 10 . 
a i 


If 2a 


Again, the middl^point C of 88' is clearly the centre, and its co-ordi- 
nates are 

i (7-5) and i (3 + 3), i.e., (1, 3). 

c 

Also, the transverse axis, ^hioh is along the line 88' has equation 

(^/"3)(7 + 5)=(a;-7)(3-3) = 0, i.e., 
and hence it is parallel to the x-axis. 


Nowr referred to the centre C as origin, and transverse axis as ar-axis, the 
equation to the hyperbola (whose a’ = 16 and 6® = 20) is evidently 

16 20 " 

Hence, referred to given axes [ with reference to which C has co-ordinates 
(1, 3), and to which the transverse and conjugate axes of the hyperbola are 
parallel ] the required equation to the hyperbola is evidently 

(x-D* (tf-3)- _ 

16 20 


1 . 


- (i) 
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Alternatively 

Sinoe the difference of the focal distanooB of any point on the hyperbola 
is equal to its transverse axis, which is 2a =8 here, if (t, y) be the co-ordinates 
of anj point on the hyperbola, 

Vra!+5)“ + (B^* - 

♦_ _ • 

^ or, + 5)« + (p - ^{x - 7)* + (jy - 3) - ± 8. 

Hence, squaring and transposing, 

24a; - 88 = ± 16 ^/(^c -'tJ- + , 

or, (3a; - 11) « = 4{(x - 7)» + (y - 3)®}, 

or, 5a;* -4.V® -10a;+24!/-^ll = 0 

which is the required equation to\he hyperbola, and is the same as equation (i) 
already obtained above. 

Ex. 2. Prove that the tangent to the hyperbola a;*— 32/* =12 at the point 
( — 6, 2 sjl) bisects the angle between the focal distances of the point 

The given equation to the hyperbola can be written in the form 


® ^ =1 
12 4 ^ 


(i) 


.nd hence the co-ordinates of its foci S and S are easily seen to be 

(± N/i^4; 0) (±4, 0). 

Now P being the point ( — 6, 2 ^/2) on the hyperbola, the equations to the* 
focal distances SP and S'P are 

57= i.e., £c ^/2 + 6?/-4 s/2 = 0 ••• (ii) 


aod i;= ;;^^^(a;+^, i.e., X ^/2+^/+4 \/2 = 0 


(iii) 


respectively. 

The equation to the bisector of the angle SPS\ %.e., between (ii) and (iii)^ 
in which the origin lies, is 

X(v/2-t-535^4(^^ X is/2 -H jy j- 4 _^ 

- ^/2 + 25 x/^+i 

or, xx/2 + 5.v-4Ay2 + 3(xs/2 + 3y+4/^/2) = 0, 

or, x+ x/2jy+2 = 0. ••• ••• ••• (iv) 

Now, equatton to the tangent to (i) at (-6, 2 x/2) ia 
x.(-6) ?/.(2s/2)^- 
12 4 
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or, x+ tj2y+2 = 0, the same as (iv). TIence, the tangent at the point 
is the bisector of the angle between the focal distances of the point. 

Ex. 3. Find the length of the chord of the hyperbola - 4;/* =9 along the 
straight line x + 47/+3 = 0, and determine the co-ordinates of its middle j^^int. 

At the points of intersection of the hyperbola x* =9 ••• (i) with the 
straight line x+47/+3 = 0 ••• (ii), eliminating at tJie ordinates are the roots of' 
(4J/+3)® -4.v’ = 9, or, ^(i/+2) = 0. 
or - 2. The oorresponding values of x from (ii) are - 3 or 5 

Hence, the oo-ordlnatea of the extremities of the chord are ( *-* 3, 0) anc 
< 5 , - 2 ). 

Thus, the length of the chord = v^( — 3-^® + {6 + 2)**2 ^Jll, 

Also, the co-ordinates of the middle^oint of the chord are [ J( — 3 + 5] 
i(0-2)] i.e., (1, -1). 

Ex. 4. Prove that the portion of the tangent at any point of a hyperhob 
intercepted between the asymptotes is bisected at the point of contact. 


Let* - 5 ; 
a* 6-* 


(i) be the equation to a hyperbola. Its asymptote 


are given by 


(ii) and ?/= — x 
a 


(iii). 


The tangent at any point P{x\ ?/) to the hyperbola (i) is 

= 1 ••• (iv). This meets (ii) at a point Q whose x co-ordinate [ by eliminatin 
y between (ii) and (iv) ] is given by 




1, or X 


a b 


Similarly (iv) meets (iii) at R whose x-co-ordinato is given by 


a b 


The x-co-ordinate of the mid-point of QR is 


a' _yY' +v!.l 

L a b a h J a* 6*^ • 

Similarly, the 2/-oo-ordinate of thamid>point of QR is y'. Thus, P is t 
mid-point of QR, 
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Exaii il 

1. Obtain the equation to the hyperbola whose focus is (a, 0), 
directrix is the straight line x = \a, and eccfintricity is 

^ [H.S. 1960 ] 

2. Find the equation to the hyperbola, preferred to its axes as 

axes of co-ordinates. * 

(0 whose eccentricity is and distancs between its 

foci 16. 

(ii) whose latus rectum is 10§ and distance between focus 
and directrix is 3^, 

3. In the hyperbola 4®^ - 9?/^ = 36, find the lengths of the 

axes, the co-ordinate^ nf »ia the eccentricity and the length 
of the latus rectum. [ -H". S, 1961 ] 


[ Equation of hyperbola is g “ 

Comparing with the standard form * 

major-axis « 2a = 2.3 >* 6 
min or- axis = 26= 2.2 = 4. 

^"'ain 6’ or. 4 = 9(c®“l). 

Co-ordinates of foci are (±ae, 0), i.e., ( + 

T ^ ^ 26" 8 T 

Latus-rectum=- = o* J 

do • 


1, wo have 



4. A point moves on the plane of the co-ordinate axes 
so that the difference of its distances from the points (±3, 0) is 
always 4. Prove that if traces out a hyperbola whose eccentri- 
city and length of latus rectum you are to determine. 

5. By transferring the origin suitably, show that the equa- 
tion 5x^ - 42/® - 20a; - 82/ - 4 = 0 represents a hyperbola, and 
determine its eccentricity, co-ordinates of its foci, and equations 
to the directrices. 


6. Find the co-ordinates of the foci of the hyperbola 
a;® -w® = 9. 

Also fihd the distance from the origin of the point where the 
tangent to the above hyperbola at (6, 4) meets the a;-axi8. 

[ ff. S, 1960, Compartmental ] 
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X V 

[ Equation of hyperbola is g 9 “ 

/. 9=9(^®-l).« /. J2. 

Oo'ordinates of foci (±3. ^/2, 0). 

Equation of tangent ^t (6, 4) is [ as in S 8*4 1- 

5a;-4^r=9. 

When it meets a:-axis, t/=0 i.e.t 5x=9, .*. a; = i. ] 

7. Show that the tangent to the hyperbola ^^5 " 9 ^ ^ 

3 ach of the points (i) (“5, f), (ii) {8, ^3 bisects the angle 
between the focal distances of the corrslfponding point. 

8 . Find the length intercepted on the conjugate axis between 

the tangents at the two extremities of a latus rectum of the 
hyperbola 7ir^ - = 63. 

9. (i) Find the points on the hyperbola 3x^ - 5y^ = 15 at which 
jho tangents are inclined at 60 ** to the x-axis. 

(ii) Find the tangents perpendicular to £c-^2t/ = 0 of the 
hyperbola Ix^ - iy and find the points of contact. 

10 . Prove that the locus of the point of intersection of any 

jwo perpendicular tangents to a hyperbola is a circle. 

« 

11 . Find the equation to the normal to the hyperbola 
- 26y^ =31 at the point whose ordinate is —3 and abscissa 

positive. 

12 . In the rectangular hyperbola -y^ ^ a®, show that 

(i) the intercept on the x-axis of the normal at any point is 
lonble the abscissa of the point. 

. (ii) the length of the normal at any point intercepted bet- 
ween the axes is bisected at the point. 

^2 2 

13 . Obtain the length of the chord of the hyperbola ^ 

• y Au 

* 1 , passing through the origin and making equal angles with 
he axes. [ H, S, 1960^ Compartmental ] 
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[ Equation of line through origin making equal angles with axes is y^x. 

Solving y^x and 25x*-9^®*225, let (xi, i/.) and (Xa, be the points, 
of intersectione. Then (xu Xa)“ ± -V* 

toi. 

Length of^hord =y(i7-ic„y’''+(y. - »,)» « ] 

14. Find the equation to the chord of the hyperbola 
= 1 which is bisected at the point ( - 3, - 1). 

[ Let the equation of chord be y* = mx+c. 

Since bisected at (-3, —1), 


Equation of chord becomes y=\x+c. 

Since chord passes through (-3, -1), 

-l = J.(-3)+c. c = i. 

Hence equation of chord is 3 y = |x+ J or 22/=3x4-7. ] 

15. Find the length of the chord o^Re hyperbola 
= 1 along the line 3x + 2?/ = 12. 

.T* 

16. Find the equation to the diameter of the hyperbola - g- 
= 1 bisecting all chords nj.rallel to x - 2p + 7 ** 0. 

17. If P be a point on a rectangular hyperbola, prove that 

SP.S'P“CP^ 

[ Let P(xit Vi) be any point on hyperbola -?y^ = a*, and 8 and 5' are- 
two foci of the hyperbola. 

SP^e,PM where PM is the length of the perpendicular from P on 
the directrix 


I a\ 
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Similarly 

= 2 a 5 i^ — a® [ since c* = 2 for rectangular hyperbola ] 

= 2a;i’-(Si“ - 7 / 1 ’)'* [ since 

= CPM 

18. The normal at any point of the hyperbola - ^ 5 ^ = 1 meets 

the axes in M and N, and lines MP a» NP are drawn at right 
angles to' the axes ; prove that the loci^Sof P is the hyperbola 


ANSWERS 


1 . 


2 . (i) a:»- 

- 2 /’ = 3: 

2. 



3. 

6 , 4 : (± s/l3, 0) 

I i s/lS ; 2^. 


4. * ; 

5. 


5. 

* : (5, - 1) and ( 

1); a;=3Jandx = 

6 . 

(±3n/2, 0 ) 

: U. 

8 . 

6 . 9. (i) 

(5’ f) 

_ 5 _ 

“ 2 ’ 

fy 




(ii) y = 2x±B ; ( 

S, i) and (-5, -1 

). 

n. 

75a; --64//*= 

492. 

13. 

-V- n/ 2 . U. 

3x-2j/+7=0. 


^^yI3. 

16. 5x 

- 2 j/ = 0 . 
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GROUP A 

1. (a) Prove that in an obtuse-angled triangle, the square on the side 
subtending the obtuse angle is equal to the sum of the squares on the sides 
containing the obtuse angle, together with twice the rectangle contained by 
one of these sides and thl^rojection of the other side on it. 

(b) Prove that the of the squares on the sides of a parallelogram 
is equal to the sum of the squares on its diagonals. 

2. (a) If two chords of a circle intersect inside the circle, prove that the 
rectangle contained by the parts of one, is equal to the rectangle contained by 
the parts of the other. 

(b) Through any point X on the common chord of two intersecting 
circles, chords AB and CD are drawn one in each circle. Prove that 
AX,XB = CX.XD. 

3. (a) Prove that if two triangles are oquians^r their corresponding sides 

are proportional. ^ 

(6) In the trapezium ABCD^ AB is parallel to DC, and the diagonals 
intersect at 0. Show that OA : OC= OB : OD. , 

4. (a) Prove that the internal bisector of an angle of a triangle 

divides the opposite side internally in the ratio- of the sides containing the 
angle. ^ 

(b) AD is a median of the triangle ABC, and the angles ADB, ADC 
are bisected by lines which meet AB, AC at E and F respectively. Show 
that EF is parallel to BC, 

5. Gostruct a regular hexagon circumscribing a circle of radius 

1'6 inches. Measure a aide of the hexagon. ^ 

[ Statement of construction as well as justification, are to be given, ] 

• GROUP B 

6. (a) Find the co-ordinates of the point which divides in a given ratio 

vti : internally, the line joining two given points (xi, y^) and 
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(b) The co-ordinates of the vertices of a triangle are (a;i, |/a), (a;ai 2/a> 
and (a;^, ^3). Find co-ordinates of the point where the medians of the 
triangle intersect. c ' 

7. (a) Find the angle between the straight lines whose equations are 
y=miV + Ci and jy = maa; + Ca. 

(b) Find the equation of the straight line parsing tljf^ough the point 
(-3, 1) and perpendicular to the line 6® -23/+ 7 = 0. 

8. (a) Find the equation of the circle passing through the origin which 
makes intercepts 6 and 8 on the positive sides of the axes of x and 7/ 
respectively. 

(6) Prove that the centres of the three circles r 
+ — 6 .y *=— 1 

a;’ + y* + 4a;-12.v=9 


and -16 =0 


lie on a straight line. 

9. (a) Find the equation of the parabola, whose focus is at the point (6, 0) 
and whose directrix is the line 3x— 4!/+2=0. 

(a) Show that the straight linoy=7wa:+ - is a tangent to the parabola 

7n 

y* = 4ax. 


10. (a) Find the equation of the ellipse whose major and minor axes lie 
ilong the axes of co-ordinates OX, OY respectively and whoso eccentricity 


is 


1 

3 


and latus rectum is 


3. 


(b) Show that the line x — y = 5 touches the ellipse 


16 


=1. 


GROUP 0 

11. Prove that all straight lines drawn perpendicular to a given straight 
line at a given point are coplanar. 

12. If a right angle rotates about one of its arms, prove that the other 
irm describes a plane. 

18. Find the volume and the lateral surface of a right prism 8 inches long, 
standing on an isosceles triangle, each of whoso equal sides is 5 inches and 
tho other side 6 inches. 
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14. A right pyramid stands on a reotangular base whose sides are 12 inches 
and 9 inches ; and the length of each of the slant edcres is 8*5 inches. Find 
the height and the volume of the pyramid. 


1963 

GROUP A 

1. (a) If two triangles have their sides proportional, when taken in order, 
prove that they are equiangular. 

(6) Prove that the areas of two similar triangles are proportional to the 
squares on their circum-radii. 

2. (a) If the base of a \^angle be divided externally in the ratio of the 
other two sides, prove thatNih^line joining the vertex to this point of division 
bisects the vertical angle externally. 

(b) Prove that the external bisectors of two angles and the internal 
bisector of the third angle are concurrent. 

3. (a) Show that the acute angle made by a tangent to a circle with 
a chord drawn from the point of contact is equal to the angle in the 
alternate segment of the circle. 

(6) Two circles intersect at A and B, and through P, any point on one 
of them, straight lines PAG and PBD are di4^n to cut the other at C and 
jD. Show that CD is parallel to the tangent at P. 

4. Construct, to the scale, an iaosoeles triangle with each of the equttl 
sides equal to 2 inches, and each base angle double the vertical angle. 

Or, 

Divide a straight line of length 2 inches into two parts, such that the 
square on one part may be three times the square on the other. 

[ Statement of construction and full neat traces are to be given in any one 
of the above cases, but no proof. ] 

GROUP B 

5. (a) Obtain the distance between two points whoso rectangular Cartesian 
co-ordinates are (xi, ^i) and (x^, ?/a). 

(i) Prove that three times the sum of the squares on the side of a the 
successive angular points of a rectangle. 
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6 . (a) Obtain the perpendicular distance from the poi^ (Xn 2/1) to the 
gtraight line aaj+6j/+c«0. 

(6) Find the orfchocei^tre of the triangle whose angular points are 
[2, 7), (-6, 1) and (4, -5). 

7. (a) Find the equation to the tangent at (x,, Vi) of. the circle 

c 

aj’ + 2/* = a*. 

(b) Obtain the equation to the circle which passes through the point 
P, 4) and touches the x-axis at the point (2, 0). 

8. (a) A tangent to the parabola y^ = 12x makes an angle 45** to the axis. 
B'ind the co-ordinates of its point of contact. 

(b) The co-ordinates of the foci of a hyperbo^ are (5, 0), and 0) and 
ts eccentricity is Find its equation. r 

9. (a) Show that the locus of the middle points of a system of parallel 

chords of the ellipse ^ + " cl is a straight line passing through its centre. 

Cb 0 

X^ 

(6) Find the equation to the normal to the ellipse 25 “*' ^ extre- 
nity of a latus rectum. 


GROUP C 

10. (a) If a straight line is perpendicular to each of two intersecting 

^ 4 

straight lines at their point of intersection, prove that it is perpendicular to 
he plane in which they lie. 

(6) If PA = PB-PC, where P is a poinC outside the plane of the 
xiangle ABC, and if PO be drawn perpendicular to the plane, prove that 
3 is the circum-oentre of the triangle ABC* 

(c) If two straight lines are both perpendicular to a plane, show that 
hey are parallel. 

(d) If the middle points of the adjacent sides of a skew quadrilateral 
hve joined, prove that the figure so formed is a parallelogram. 

11. A right circular cylinder and a right circular cone have equal bases 
md equal heights. If their ourved surfaces are in ths ratio 8 : 5; show that 
the radius of the base is to the height as 3 : 4. 
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A sphere of diameter 6 cms. is dropped into a cylindrical vessel partly 
filled with water. The diameter of the vessel is^ 12 cms. If the sphere bo 
completely aabmorged, by how much will the surface of the water bo 
raised ? 


1964 

GROUP A 

1. Construct a square equal in area to a given rectangle. 

Or, Construct*h regular hexagon about a given circle, 

(Traces of construction ^ only are required in cither of the two- 
constructions.) ^ 

2. Prove that in every triangle, the square on the side subtending an 
acute angle is equal to the sum of the squares on the sides containing the 
angle diminished by twice the rectangle contained by one of those sides and 
the projection of the other side upon it. 

ABC is an isosceles triangle and ilF is drawn to cut the base internally 
at Y, Show that AY^ = AB^ -BY.YC. 

3. Prove that, if two triangles are equiancular. their corresnondinp sides 

are proportional. ^ 

Prove that the altitudes of two similar triangles are proportional to the 
corresponding sides. 

4. Prove that if two chords of a circle intersect inside the circle, the 
rectangle contained by the parts of one is equal to the rectangle contained 
by the parts of the other. 

In a triangle ABCf perpendiculars AP and BQ are drawn from and R 
to opposite sideeand intersect at 0. Prove that 

AO.OP = BO.OQ, 


GROUP B 

5. Find the co-ordinates of the point which divides the straight line 
joining the points (aji, t/i) and y^) internally in the ratio of m : n. 

Write down the co-ordinates of the middle point of the straight line 
joining the points (7, -4) and (-5, 6). 
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6. Find the equation of the straight line passing through the interseotio) 

)f the straight lines 2fl;-72/+ll = 0 and ®+ 82^-8* 0 if it 

(a) passes through th^ origin ; 

(b) is perpendicular to the straight line 2x~6t/+6~0 ; 

(c) makes eq[ual intercepts on the two axes. 

7. Prove that the straight line 8a;+4t/-h7f0 touches the circle 
- 42 ; - 6t/ - 12 0 and find the co-ordinates of the point of contact. 

8. Find the focus, vertex and directrix of the parabola 

(2/+3)^ = 2(«+2). 

9. What do you understand by the term 'eccentricity’ as applied to 
t hyperbola ? 

Find the equation of the hyperbola whos^oous is (2, 3), and directrix, 
the line x + 2y=l and eccentricity <s/3 .. 

GKOUP C 

10 . Give instances from the sides and edges of a cube of : 

(a) parallel pianos, (b) pianos perpendicular to one another, (c) lines 
parallel to a plane, (d) lines perpendicular to a plane, (e) pairs of 
skew lines. 

Or, Prove that if^straight line is perpendicular to each of two inter- 
secting straight lii^s at their point of intersection, it is also perpendicular to 
the plane in whicl^iey lie. 

11. The volume of a right prism is ou. ft. and its base is a triangle 
whose sides are 3 ft., 4 ft. and 5 ft. respectively. Find the height and the 
area of the total surface of the prism. 

Or, A conical tent is required to accommodate 4 people ; each 
person must have 20 sq. ft. of space on the ground and 100 cu. ft. of air to 
breathe. Find the height and radius of the tent. 










